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Abstract
Nonlinear spectral mixture analysis (NSMA) is a widely used unmixing algorithm. It can fit the
mixed spectra adequately, but collinearity effect among true and virtual endmembers will decrease the retrieval accuracies of endmember fractions. Use of linear spectral mixture analysis
(LSMA) can effectively reduce the degree of collinearity in the NSMA. However, the inadequate
modeling of mixed spectra in the LSMA will also yield retrieval errors, especially for the cases
where the multiple scattering is not ignorable. In this study, a generalized spectral unmixing
scheme based on a spectral shape measure, i.e. spectral information divergence (SID), was applied
to overcome the limitations of the conventional NSMA and LSMA. Two simulation experiments
were undertaken to test the performances of the SID, LSMA and NSMA in the mixture cases of treesoil, tree-concrete and tree-grass. Results demonstrated that the SID yielded higher accuracies
than the LSMA for almost all the mixture cases in this study. On the other hand, performances of
the SID method were comparable with the NSMA for the tree-soil and tree-grass mixture cases, but
significantly better than the NSMA for the tree-concrete mixture case. All the results indicate that
the SID method is fairly effective to circumvent collinearity effect within the NSMA, and compensate the inadequate modeling of mixed spectra within the LSMA.
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1. Introduction
Land surfaces are inherently heterogeneous at large scales, and mixed pixels exist widely in remotely sensed
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images due to coarse spatial resolutions. The spectral mixture not only results in errors for the materials’ discrimination and classification, but also greatly hinders the development of quantitative remote sensing. On the
other hand, understanding abundances (fractions) of components (endmembers) will greatly benefit the modeling of biogeochemical cycles and climate at both global and regional scales [1] [2]. Therefore, it stimulates the
development of spectral mixture analysis (SMA) techniques to quantify the fractions of the endmembers present
in the mixed pixels.
The simplest SMA method is to model a mixed spectrum as a linear combination of the pure spectra of the
endmembers weighted by their fractional coverage (i.e. Linear SMA, LSMA) [3]. This method is based on the
hypothesis that incident solar radiation is reflected from earth surface through a single bounce and does not undergo multiple scattering within a pixel. Once appropriate spectra of endmembers have been determined, subpixel mapping can be performed using a fully constrained least squares method to impose the abundance
sum-to-one constraint and abundance nonnegative constraint [4]. Problem is that when the endmembers are not
arranged in discrete segregated patches on the surface, high intensity of multiple scattering usually happens [5].
For example, the interactions between soil and vegetation make the mixed spectra violate the linearity hypothesis [5]-[7].
Accordingly, a number of Nonlinear SMA (NSMA) methods have been developed [8]-[10], in which the multiple photo interactions have been taken into consideration. One typical NSMA method was developed based on
physical principle of multiple scattering [5], and further adapted by [11]. Virtual endmembers (interaction terms)
are introduced into the linear spectral model to reflect the multiple photo interactions in this method. It is denoted as NSMA for brevity hereafter in this study. The NSMA has been successfully applied to hyperspectral
data in recent studies [6] [12]-[15]. Although the NSMA can fit the mixed pixel better than the LSMA, it does
not guarantee that the endmember fractions can be retrieved with higher accuracy. This is because the degree of
collinearity will be largely increased by introducing virtual endmembers in the NSMA, and consequently makes
the retrieval errors increase dramatically with the increasing level of spectral noises [16] [17]. The spectral noises are inevitable in remotely sensed data, and very difficult to be quantified. A direct way to avoid collinearity is
to exclude collinear variables (i.e. virtual endmembers in NSMA) [18], that is to use the LSMA. However, the
LSMA cannot model the mixed spectra adequately when multiple scattering is not ignorable, and consequently
yields estimation errors for endmember fractions.
To overcome the dilemmas for applying LSMA and NSMA to spectral mixture cases with significant multiple
scattering, we applied a generalized spectral unmixing scheme proposed by [19] with a spectral-shape-based
measure, i.e. spectral information divergence (SID). Two simulation experiments were undertaken to test the
performance of the SID method. One is designed to test the sensitivity of the method to spectral noises, and the
other is to test the sensitivity to interactive intensities among endmembers.

2. Materials and Methods
2.1. LSMA and NSMA
1) LSMA: The LSMA is reasonable when multiple photon interactions are believed to be negligible, in which
the reflectance of a pixel is modeled as a weighted sum of the reflectance of each endmember within a pixel:
=
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2) NSMA: The NSMA accounts for the multiple photon interactions by introducing virtual endmembers into
the LSMA. The virtual endmembers are presented by the cross-products of the true endmembers [6] [11]. The
mixed spectrum is consequently expressed as following:
M

M

M
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denotes the interaction effect between the endmember i and j;

ci, and ci,j are the contribution factors of the true and virtual endmembers. Reference [13] pointed out that the
virtual endmember cannot be interpreted as an actual physical endmember of the ground cover, but they should
satisfy the sum-to-one constraint from energy view. Therefore, normalization is conducted for contribution factors to satisfy this constraint, i.e.,
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where fi (1) and fi ,( j ) are fractions of the true and virtual endmembers, respectively. According to the assumption that the probability of an endmember’s interaction is proportional to its fraction in the pixel, coverage proportion of the endmember i can be obtained as follows [12]:
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The model fit is also assessed by RMSE calculated as Equation (3).

2.2. Disadvantage of the NSMA
In the mixture cases that the three dimensional (3-D) objects are dominant, the NSMA can fit the mixed spectrum better than the LSMA with a smaller value of RMSE [6]. However, it does not guarantee that higher accuracies for the retrieval of endmembers’ fractions can be derived. This is mainly because the introduced interaction terms may largely increase the degree of collinearity among endmembers in the NSMA [16], especially
when spectra of some endmembers are relatively flat. Collinearity here means that there is a high correlation or
dependence between the endmembers, resulting in some endmembers being explained by the others. The high
degree of collinearity may make the retrieval of endmember fractions change erratically in response to minor
changes in noise level in the matrix deconvolution process, and consequently reduce the inversion accuracy.

2.3. Spectral-Shape-Based Unmixing Method
To circumvent the collinearity effect resulted from the interaction terms, a generalized unmixing framework was
utilized, in which spectrum of a target pixel was matched with a modeled spectrum, and the matching criterion
can be either spectral-shape-based or spectral-magnitude-based measures [19]. Mathematically, it is described as
following:
min d ( R, Rmod ) = G ( f1 , f 2 , , f M )
M

s.t.

∑ fi = 1
i =1

(8)

and 0 ≤ fi ≤ 1

where R is the target spectrum; Rmod is the spectrum modeled as the weighted linear sum of the endmembers’
spectra (same as the LSMA); G is the objective function, which is the spectral matching criterion selected to
measure the difference between R and Rmod; the fractions of the endmembers, f1 , f 2 , , f M , are the decision
variables. The constraints are the same as Equation (2). Equation (8) represents a constrained nonlinear optimization problem, which can be solved using the sequential quadratic programming [19]. Advantage of this me-
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thod is that any spectral similarity measure can be accommodated.
To compensate the modeling errors caused by multiple scattering, the spectral information divergence (SID),
which is a spectral-shape-based measure, is used in this study because of its high effectiveness [19] [20]. The
SID is a measure of the discrepancy between two spectra based on their corresponding probability mass functions, and the corresponding objective function G is defined as:
GSID
=

p 
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q 
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where pi and qi, i = 1, 2, , N , the two probability mass functions produced by the modeled spectrum and target
spectrum, respectively, are defined as follows:
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2.4. Collection of Endmembers’ Spectra
In order to carry out the simulation analysis for evaluating the performances of the unmimxing methods, reflectance spectra of endmembers were collected from the spectral library contained in the software ENVI. Specifically, reflectance spectra of tree, soil, concrete and grass were derived from the John Hopkins University spectral library. All the spectra data sets were resampled to the spectral range of 400 - 2400 nm with an interval of 1
nm. Figure 1 shows the mixture groups of tree-soil, tree-concrete and tree-grass, as well as their products (i.e.
the visual endmembers in the nonlinear mixture model).
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Figure 1. Reflectance spectra of endmembers for simulation experiments with different mixture cases: (a) tree-soil mixture;
(b) tree-concrete mixture; (c) tree-grass mixture.
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2.5. Generation of Mixed Spectra

The spectra were grouped as tree-soil mixture, tree-concrete mixture and tree-grass mixture as shown in Figures
1(a)-(c). Mixed pixels were generated according to the method in [12]:
R = c1 X 1 + c2 X 2 + c1,2 X 1 X 2 + σ

(11)

with =
c1 f1 (1 − c12 ) , =
c2 f 2 (1 − c12 )
For each two-endmember combination, two groups of mixed spectra were synthesized with different levels of
Gaussian noise (σ) and nonlinear mixing intensities (i.e. c12).
The Group I data were generated to test the sensitivity of the unmixing methods to the Gaussian noise contained in the spectra, in which c12 was set as a constant value of 0.15 for each spectrum. Values of f1 increased
from 0% to 100% with steps of 1%, and correspondingly =
f 2 1.0 − f1 . Consequently 101 mixed spectra were
derived through Equation (11). Then the Gaussian white noises were added into the synthesized spectra. The
standard deviation (σ) of Gaussian white noise changed from 0 to 0.1 with steps of 0.01. Corresponding to each
σ, random numbers used to imitate Gaussian noise were run 500 times.
The Group II data were generated to test the sensitivity of the unmixing methods to the nonlinear mixing intensities. Values of f1 and f2 were determined as in the first dataset, while the c12 was changed from 0 to 0.2 with
steps of 0.02. Gaussian white noises were added with the constant standard deviation of 0.05. Corresponding to
each c12, the Gaussian noises were also run 500 times with different random numbers.
Performance of the unmixing method was assessed by comparing the estimated and true tree fractions. For the
first dataset, RMSE corresponding to each level of σ was calculated as follows:

∑ ( f tree,k − festi,k )
101

RMSE =

2

k =1

101

(12)

in which ftree,k and festi,k are the true and estimated tree fraction. There would be 500 values of RMSE corresponding to 500 runs of Gaussian noises for each σ. Consequently, the mean and standard deviation (SD) of these
RMSEs were calculated. The same calculation was performed in the second dataset for each level of nonlinear
mixing intensities (i.e. c12).

3. Results
3.1. Collinearity among Endmembers in the LSMA and NSMA
The degree of collinearity among the endmembers in spectral mixture models can be quantified by using the
so-called Variance Inflation Factor (VIF, [18]). The higher value of the VIF is, the higher degree of collinearity
there is. Figure 2 shows the VIF in the LSMA and the average VIF in the NSMA for different mixture cases. It
can be seen that for the case of tree-soil mixture, the NSMA has a larger VIF than the LSMA (8.9 vs. 1.3), while
the degrees of colinearity are very low for both the LSMA and NSMA. For the case of tree-concrete mixture,
which would be encountered in urban areas, the VIF of NSMA is about one hundred and twenty times larger
than that of the LSMA (167.0 vs. 1.4), showing that the degree of collinearity is dramatically increased by the
NSMA. It is because that the reflectance spectrum of concrete is relatively flat, and then the interaction term
(tree × concrete) is highly correlated with tree spectrum (Figure 1(b)). For the case of tree-grass mixture, both
the LSMA and NSMA have large values of VIFs since the high correlation between the spectra of tree and grass,
while the NSMA has a slightly larger one (Figure 1(c)). The results indicate that the degree of collinearity will
be increased by the NSMA, while the amount of increase depends on the spectral shape of endmembers.

3.2. Simulation Experiment (I): Unmixing Performance vs. Gaussian Noise
The SID method was first applied to the Group I simulation dataset. For comparison, the conventional LSMA
and NSMA as demonstrated in [12] have also been implemented for the same dataset. Performances of the unmixing methods were evaluated by RMSE (i.e. Equation (12)) for the estimation of tree fraction.
Figures 3(a)-(c) show the mean RMSE of tree-fraction estimation against the standard deviation of Gaussian
noises (σ) for mixture cases of tree-soil, tree-concrete, and tree-grass, respectively. The error bars denote standard
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Figure 2. Variation Inflation Factor (VIF) values of endmembers in Linear Spectral Mixture Analysis (LSMA) and Nonlinear Spectral Mixture Analysis (NSMA) for the simulation datasets.
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Figure 3. Relationship between RMSEs and the amount of Gaussian noise (σ) (with c12 = 0.15) for (a) tree-soil mixture; (b)
tree-concrete mixture; and (c) tree-grass mixture.

deviation for the 500 RMSEs corresponding to each level of σ. It was found that the SID method outperformed
the conventional LSMA significantly for all mixture cases. This is because the conventional LSMA is implemented using brightness-based measure, and then the spectral mixture modeling errors will largely affect the retrieval accuracies. In contrast, the SID method applying the spectral-shape-based measure can compensate the
modeling errors to some extent. Compared with the conventional NSMA, the SID method yielded similarly
small RMSE (<0.05) for the tree-soil mixture, except that when the σ is quite small, the RMSE for NSMA is relatively lower (Figure 3(a)). While for the tree-concrete mixture, estimation errors of the conventional NSMA
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dramatically increased with the increasing σ (Figure 3(b)). In contrast, the SID method showed relatively stable
pattern with the increase of σ. When σ was low, the conventional NSMA yielded slight higher accuracy than the
SID method; while the σ was beyond 0.01 the RMSEs of SID was noticeably lower than the conventional
NSMA. Large variability of estimation accuracy for the NSMA was also observed with wide error-bars when σ
was greater than 0.04. For the tree-grass mixture, RMSEs of the SID and conventional NSMA were both proportional to the σ (Figure 3(c)), due to the high degree of collinearity among the endmembers.

3.3. Simulation Experiment (II): Unmixing Performance vs. Interactive Intensity
The SID method, as well as conventional LSMA and NSMA were then applied to the Group II simulation dataset, in which the parameter c12 denotes the interactive intensity in the spectral mixture model. Figure 4 shows
the unmixing errors against the levels of interactive intensity (c12) when the level of Gaussian noise is fixed (σ =
0.05).
Results showed that RMSEs of the conventional LSMA increased rapidly when the c12 increased in all mixture cases, while the SID method showed relatively stable patterns against the increasing c12 (Figures 4(a)-(c)).
The RMSEs of the SID were slightly higher than the conventional LSMA when c12 was low; when the c12 was
larger than a certain value (e.g., about 0.04 for the tree-soil mixture), the SID method yielded noticeably higher
accuracy than the conventional LSMA. Compared with the conventional NSMA, the SID method yielded similar accuracies for the mixture cases of tree-soil and tree-grass. While for the tree-concrete mixture, the SID method significantly outperformed the conventional NSMA, totally because of the dramatically increased degree of
collinearity among the endmembers in the NSMA.

4. Discussion
Advantages of the spectral-shape-based unmixing method, SID, are mainly in two aspects. First, the modeling
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Figure 4. Relationship between RMSEs and the amount of nonlinear interaction intensities (c12) (with σ = 0.05) for (a)
tree-soil mixture; (b) tree-concrete mixture; and (c) tree-grass mixture.
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errors results from the linear mixture model can be compensated by using the spectral-shape-based measure as
the matching criterion. This explains the better performance of the SID than the conventional LSMA when the
interactive intensities are relatively high. Second, the increased degree of collinearity due to the interaction
terms in the NSMA can be simply circumvented by using the linear mixture model. The merit of using the linear
model was apparently demonstrated in the case of tree-concrete mixture, in which the SID significantly outperformed the conventional NSMA. It should be noted that the SID cannot overcome the collinearity between true
endmembers (e.g., tree and grass), while its accuracy is comparable with the NSMA even for that case.
Another potential merit of the SID method is that the spectral-shape-based measure is less sensitive to magnitude variations of the mixed spectra. Therefore, it has lower requirement for exact atmospheric correction than
the conventional brightness-based algorithms, which can avoid the difficulties in obtaining all the atmospheric
parameters [19].
The simulation experiments in this study are designed to imitate the simplest two-endmember mixtures with
3-D structures (i.e. the tree), showing three typical variations of collinearity effect between the LSMA and
NSMA. These are: 1) the collinearity of LSMA and NSMA are both low, i.e. tree-soil mixture; 2) the LSMA is
low, but in contrast the NSMA is very high, i.e. tree-concrete mixture; and 3) the LSMA and NSMA are both
high, i.e. tree-grass mixture. Natural circumstances would be much more complicated than the simulated cases.
However, it can be deduced that more complicated experiments will not change the characteristics of collinearity for the LSMA and NSMA, and consequently will not yield different results from this study. Additionally, application of the SID in more field measurements and/or satellite images will be investigated as future works.

5. Conclusion
In this study, the SID was applied to circumvent the collinearity effect in nonlinear mixture model. Simulation
data sets with different levels of Gaussian noises and nonlinear mixing intensities were generated to test the
performances of the SID in mixture cases of tree-soil, tree-grass, and tree-concrete. Results demonstrated that
the SID method is generally more flexible than the conventional LSMA and NSMA. The SID outperforms the
conventional LSMA for almost all the mixture cases, and performs significantly better than the NSMA for the
tree-concrete mixture. For the mixture cases of tree-soil and tree-grass, the performance of the SID method is
comparable with the NSMA. The results indicate the potential of SID method in circumventing the collinearity
effect in NSMA caused by the virtual endmembers. In future works, the SID method will be applied to field
measurements and satellite images to make further validations.
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