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Abstract

Purpose: The Pythagorean Comma refers to an ancient Greek musical, ma-
thematical tuning method that defines an integer ratio of exponential coupl-
ing constant harmonic law of two frequencies and a virtual frequency. A
Comma represents a physical harmonic system that is readily observable and
can be mathematically simulated. The virtual harmonic is essential and indi-
rectly measurable. The Pythagorean Comma relates to two discrete frequen-
cies but can be generalized to any including infinite harmonics of a funda-
mental frequency, ;. These power laws encode the physical and mathematical
properties of their coupling constant ratio, natural resonance, the maximal
resonance of the powers of the frequencies, wave interference, and the beat.
The hypothesis is that the Pythagorean power fractions of a fundamental fre-
quency, % are structured by the same harmonic fraction system seen with
standing waves. Methods: The Pythagorean Comma refers to the ratio of
(3/2)'* and 27 that is nearly equal to 1. A Comma is related to the physical set-
ting of the maximum resonance of the powers of two frequencies. The powers
and the virtual frequency are derived simulating the physical environment
utilizing the Buckingham IT theorem, array analysis, and dimensional analysis.
The powers and the virtual frequency can be generalized to any two frequen-
cies. The maximum resonance occurs when their dimensionless ratio closest
to 1 and the virtual harmonic closest to 1 Hz. The Pythagorean possible power
arrays for a v system or any two different frequencies are evaluated. Results:
The generalized Pythagorean harmonic power law for any two different fre-
quencies coupling constant are derived with a form of an infinite number of
powers defining a constant power ratio and a single virtual harmonic fre-
quency. This power system has periodic and fractal properties. The Pythago-
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rean power law also encodes the ratio of logs of the frequencies. These must
equal or nearly equal the power ratio. When all of the harmonics are powers
of a 1 the Pythagorean powers are defined by a consecutive integer series
structured in the identical form as standard harmonic fractions. The ratio of
the powers is rational, and all of the virtual harmonics are 1 Hz. Conclusion:
The Pythagorean Comma power law method can be generalized. This is a new
isomorphic wave perspective that encompasses all harmonic systems, but with
an infinite number of possible powers. It is important since there is new in-
formation: powers, power ratio, and a virtual frequency. The Pythagorean re-
lationships are different, yet an isomorphic perspective where the powers
demonstrate harmonic patterns. The coupling constants of a v Pythagorean
power law system are related to the vps raised to the harmonic fraction series
which accounts for the parallel organization to the standing wave system. This
new perspective accurately defines an alternate valid physical harmonic sys-
tem.

Keywords

Power Laws, Harmonic Systems, Standing Wave, Harmonic Fractions,
Dimensional Analysis, Buckingham Pi Theorem, Pythagorean Comma

1. Introduction

1.1. The Ancient Greeks Insights into the Universal Properties of
Waves and Harmonic Systems

Pythagoras is best known for the fundamental relation in Euclidean geometry
among the three sides of a right triangle. He is less well known as the father of
the mathematics and physics of all harmonic and wave systems, including music.
The western musical scale is referred to as the Pythagorean musical scale [1] [2]
[3]. Many other ancient Greeks, including Euclid, expanded the understanding
of harmony, sinusoidal waves, periodic functions, and wave interactions through
their study of music. They recognized that harmony was defined by the most re-
sonant possibilities of a fundamental frequency and wavelength. Though their fo-
cus was related to music, their observations are the foundation of the understand-
ing of all wave properties and interactions independent of their physical or ma-
thematical setting. The Greeks described the frequency and reciprocal wavelength
relationship, overtone series, harmonic fractions, partial harmonic fractions, fre-
quency coupling constants, and the integer-based harmonic power law relation-
ships. A power law is a functional relationship between two quantities, where one
quantity varies as a power of another. Kepler’s Laws immediately come to mind.
The Greeks believed that the most harmonic of musical frequencies were re-
lated to ratios and powers of the first 4 integer harmonic overtones, {1, 2, 3, 4}.
These ratios include 2, 3%/2% 2%/3, 3/2, 2* corresponding respectively to the fun-
damental frequency, v, second, fourth, fifth, and octave notes. The Greeks central

doctrine was that “all nature consists of harmony arising out of numbers” [4].
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In music theory, an interval is a separation between two sonic frequencies. An
interval mathematically represents the coupling constant ratio of two frequen-
cies. Successive power coupling constant intervals of a musical frequency result
in an exponential change of frequency, even though the human ear perceives this
as a linear change in pitch. Musical intervals are often defined as cents, a unit
derived from the logarithm base 2 of the frequency ratio. A minute interval is
described as a Comma, a result of the tuning for the same note utilizing two dif-
ferent mathematical and physical methods. The musical Commas closely ap-
proximate unity since the two frequencies are nearly identical.

These ancient mathematical and physical harmonic properties define univer-
sal wave properties and interaction phenomena. We decided to explore the ge-
neralized Pythagorean Comma harmonic power law application to any harmon-

ic system including one based on a fundamental frequency, .

1.2. The Pythagorean Comma Power Law

The Greeks observed that the next most harmonic musical frequency in rela-
tionship to 2, the octave, is the number 3, or, the “fifth” note. They observed that
the fraction, (3/2) which is the fifth within a single octave, raised to the 12th
power, equaled 129.746, and 2 raised to the seventh power equaled 128. The ra-
tio of these two is then 1.01364. This is the closest possible power ratio to unity.
This ratio must be irrational. This ratio is equivalent to the fifth interval raised
12 times is near equals to the octave raised 7 times. Physically and mathemati-
cally those frequencies and notes are the most resonant of all of the note possi-
bilities. Equivalently, the 12™ power of 3, 531,441, is nearly equal to that of the
19" power of 2, 524,288, Equation (1). In musical scale and physical terms, the
12™ “fifth” is maximally resonant, with the 19™ octave. This relationship is de-
scribed in music theory as the circle of “fifths” since the pattern repeats [1] [2].
These power harmonic relationships are periodic and have fractal properties. A
fractal is a repeating pattern that continues independently of scale, and where
each part of which has the same statistical character as the whole [5]. The di-
mensionless resonance ratio, of these two frequencies is referred to as the Py-
thagorean Comma. Due to the primality of both 2 and 3, no integral power of 2

equates to a power of 3.

12 3 2 12
B_”]: (/27) =1.01364326 (1)

It is essential in the physics, mathematics, and the tuning of musical instru-
ments. The resonance of the two Pythagorean power scale frequencies is very
close, but not perfect. “... thus a perfectly pure harmonious system of tones is
impossible, not only physically but arithmetically. The numbers themselves, by
which the tones can be expressed, have insoluble irrationalities” [6].

If a harmonic system is composed solely of powers of the v, then the virtual

harmonics must be equal to 1 Hz, and there are no irrational power harmonic
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frequencies. Physically, these irrationalities in music are related to virtual fre-
quencies leading to an audible beat. These minute frequency intervals are inter-
preted as dissonances and are essential in tuning musical instruments with the
goal of the most pleasing harmonic result. These ancient mathematical and
physical harmonic properties define universal wave interaction phenomena just
as valid as the beat to define wave interference.

The Pythagorean Comma power perspective represents a real physical system
that is observable, essential, indirectly measurable through the beat, and can be
computationally simulated. The virtual harmonic is necessary to maintain the
physical units and mathematically when the two frequencies are not powers of
each other. A simple example would be a sound generator system where the fre-
quencies are 8 and 4 Hz. The powers of the frequencies would be gradually and
systematically stepped through. Every other power of the 8 Hzwould be perfect-
ly resonant with every third power 4 Hz wave. This pattern would generate an
infinitely repeating series of sounds with a resonance that would be readily ob-
servable. Since the virtual power harmonic, v, of that system would be 1 Hz, it
is indirectly measured based on perfect resonance. If the frequencies were an ir-
rational frequency of 8.081273 Hz and rational 4 Hz instead, then the maximum
resonance would be associated with a beat of 0.6534867 Hz which is measurable.

The virtual power harmonic could be derived.

1.3. Hypothesis

The hypothesis includes that the Pythagorean Comma power law method can be
generalized for any harmonic system and wave interaction. Important mathe-
matical, harmonic, and physical insights from this method that are not recog-
nizable using standard harmonic methods that include, the powers, ratio of the
powers and the virtual harmonic. The organization of the Pythagorean power
laws of fundamental frequency, v, are structured in the fraction system identical
to standing wave harmonic fractions, but as powers. All harmonic systems based
on a vz have both an infinite number of harmonics based on the overtone series,
and another infinite set of powers linked to a single virtual harmonic of 1 Hz in

the Pythagorean power system.

1.4. Spontaneous Harmonic Spectra, Power Laws,
and Harmonic Systems

Spontaneous natural harmonic systems typically demonstrate spectral properties
of an infinite number of possibilities mathematically related to the consecutive
integer harmonic fraction series, 1/1, such as the overtone series of a vibrating
string. These harmonics are the greatest possible resonance of the harmonic and
the v, The possible wave amplitudes or energies approach zero, so not all of
them are observable as the integer value increases, but essential to the mathe-
matical system. A classic standing wave example is a vibrating string has a fun-
damental frequency, v, There are observable overtones, harmonics, of the

product of v, with the consecutive integer series. The harmonic wavelengths are
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related to the harmonic fraction coupling constant series {1, 1/2, 1/3, 1/4...}
times the fundamental wavelength. The remaining portion of the harmonic os-
cillator follows the partial harmonic fraction series of {2/3, 3/4, 4/5...} wave-
lengths and frequencies of {3/2, 4/3, 5/4...}. Partial harmonic fractions are re-
lated to 1 + (1/n). Table 1 is an integer fraction array of a standard harmonic
system. The coupling constants that transform one harmonic to another do not
change based on the v An open tube instrument and a laser demonstrate a sim-
ilar pattern, but only the product of v; and the odd numbers of the consecutive
series [1] [7]. The smaller integers are those harmonics that are physically do-

minant, most observable.

1.5. Wave Interaction, Superposition, Interference,
and the Beat Phenomenon

There are many wave interactions, one is a beat frequency, which is related to

Table 1. The harmonic integer fraction system of a fundamental frequency and standing
waves. This table is the rectangular array of the possible consecutive integer series related
to the integer fractions defining the v overtones, vy, green integers referenced to as n,
the wavelengths of the overtones, A, the green harmonic fractions, 1/n,, the wavelengths
of the partial harmonic fractions, 4,, the yellow fractions, 1 — (1/m,), and the coupling
constants of the partial harmonic fractions shaded in gray or blue of a classic harmonic
standing wave v} system. The blue coupling constants are the related to transforming the
smaller partial harmonic fraction to the larger. The gray coupling constants convert the
larger partial harmonic fraction to the smaller. The fractions are a highly ordered system
where all of the wavelengths, frequencies, and coupling constants of the possible har-
monics are based on a single vand the harmonic fraction series.

n i 8 B B B 7 B

nz I
) 1 B F g § [ 7 [@
2 3 2 5 3 7 4 9
3 32 9 ) 3 5 21 4
4 3 8 5 4 7 16 3
4 2 8 3 8 @ § g7 |2
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5 s 05 o1 4 B B B W
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; 3004 9 24 s 3 B @
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1
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the superposition interference of two waves of different frequency. The beat fre-
quency is both a virtual frequency that can be mathematically derived and a real
frequency that can be observed and measured in certain settings. A beat is essen-
tial to accurately define the actual physical interaction, superposition, of two
different frequency waves. We define a beat frequency function v, (v;, v;) for
frequencies v;, v, where v; > v, equaling their difference divided by 2, Equation

(2). This relationship can also be defined as a ratio or coupling constant, /v,

Yo (Vlavz):(%j:%{l_‘;—zj (2)
|

1.6. Resonance of Two Wave Systems

Equation (2).

Resonance is another wave interaction of the likelihood of transfer of energy
between two storage modes from one harmonic system to another. It is also the
foundation of natural harmonics. The ratio of the frequencies defines the degree
of possible resonance of the two waves. Therefore, the coupling constant of two
frequencies mathematically encodes the beat, resonance, and many other wave
interactions. Coupling constants physically, mathematically, and conceptually

are related to the transformation of one entity or scalar to another.

1.7. Dimensional Analysis of the Pythagorean Comma

The musical system is analyzed as a dimensionless system, but in spontaneous
physical systems, the units need to be accurately accounted. Dimensional analy-
sis is the analysis of physical systems between different physical quantities fo-
cusing on their physical units [8] [9]. Equation (3) is equivalent to Equation (2)
utilizing dimensional analysis methods for the Pythagorean Comma system, and
a single unit of frequency. In this case, the physical units of Az or s are accurate-
ly maintained. A virtual harmonic frequency is essential to sustain true unit
powers. We define a virtual frequency Pythagorean harmonic, v, inter-relating
the harmonic powers of 3 and 2 as 0.998066 Hz. This frequency is referred to as
a generalized virtual Pythagorean harmonic, v, for any group of frequencies de-
fined within a power law. For a homogenously dimensioned system the sum of
the Hertzian powers of the higher frequency and the v,, equals the Hertzian
power of the lower frequency.

312

19 17
Vep (312’219) :(0,99806601 HZ) = [—] 3)

2. Materials and Methods

2.1. The Pythagorean Comma, The Buckingham Pi Theorem,
Dimensional Analysis Connection

The recognition of these harmonic power properties and the derivation of a vir-

tual harmonic frequency for the Pythagorean Comma represents the first exam-
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ple of a parallel utilization of the Buckingham II theorem and dimensional anal-
ysis [8] [9]. It also represents an early example of the concept of logarithms. This
generalized method was not described for millennia.

The Buckingham IT theorem and dimensional analysis state that any individ-
ual physical unit is not invariant or essential. What are both invariant and fun-
damental are the coupling constants of two physical constants defined by the
same physical unit, and ratios of their exponents based on a v, or the ratio of
their logs. The standard physical unit of these ratios is irrelevant and could be a
distance, frequency, mass, or energy. These methods reduce a complicated phys-
ical problem to the most straightforward perspective by utilizing the concepts of
equivalence, unit transformation, reduction in the number of independent va-
riables, by identifying dimensionless groups, relative magnitudes, and both base
and derived quantities.

The independence of formulas from any specific unit, invariance of dimen-
sionless ratios, and physical relationships is defined as the product of multiple
entities raised to powers, and homogenous dimensions. In Equation (4) the
standard formula of a Buckingham-derived quantity, IT, equals the product of
powers of the independent variables Q, defining a specific physical property. The
powers are usually derived by inspection, intuition, or more complicated algebraic
methods. A power law can be calculated even when the physical relationships are
not explicitly known. For example, if all of the terms for a physical system are
known then the powers can be derived with a computer multi-dimensional search
power engine when their power ratios equal unity or the closest to unity [10] [11]
[12].

[Hi]=|: 1”1an2 Q/?A:| (4)

We analyze the generalized physical setting of a Pythagorean power law har-
monic related to the maximum power resonance for two frequencies, Equations
((5), (6)). There are two different frequencies v; and v;, and are both higher than
1, and by our convention, v; is greater than v,. Their respective Pythagorean
harmonic powers are 1, and n,; where n, must be larger than n,. Table 2 is an
integer fraction array of the possible powers of all of the Pythagorean power laws
for two frequencies. Table 2 & Table 3 are the integer fraction arrays of the
powers, coupling constants, and the infinite number of frequencies of the Py-
thagorean power law harmonics related to a v, analogous to a standing wave
system. For any two individual frequencies there are an infinite number of cells
from the array will represent that specific Pythagorean power law. The ratio of
the powers is constant not the individual powers. The smallest powers are those
defined. The multiples also fulfill this requirement. From dimensional analysis,
the sum of the dimensional exponents of v, ie n,;, and v, ie n, — n, must
equal n,. The specific powers associated with the dimensionless ratio are those
powers of the frequencies closest or equal to dimensionless 1 and v}, closest or
equal to 1 Hz that repeat at integer power multiples. This leads to a specific solu-

tion for the lowest powers for each pair of frequencies. As the powers increase
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Table 2. Pythagorean possible power matrix for two specific frequencies. This table is the rectangular array of the possible con-

secutive integer series powers for a Pythagorean power law of a system v, equal to or nearly to 14z Here n, are the powers for v;,

and n, are the powers of v,. For two frequencies there are an infinite number of cell possibilities with v, closest or equal to 1 Hz.

The ratio of n,/n, is constant not the individual powers. The cells associated with the v,, do have a repeating pattern based on the

consecutive integer series. The cells labeled with * are examples of first two of an infinite number of repeating powers with the
same vy, The frequency of v, is listed above, and the Pythagorean power law listed below with their Az or time units in each cell.
The Pythagorean power law is shown as the product of one of the frequencies and a power of the v,/v; coupling constant. The
diagonal where n, equals n, are the powers of their coupling constant highlighted in blue. The cells with units of Hz are hig-
hlighted in yellow and are all partial harmonic values.

v, =/ HZ" *

2
v, [V—Z‘) =1Hz
vl

v, =v/P Hz?"

v, = v/ H"

4
v} [L'] = 1H
vl

s 77,10
v, = Vll//k HZm)

n
3 v;,ﬂ Vi,; ~1Hz""
v\

2% B -1 A3 -
v, =V§ v, =V's v, s

= vl
v l] =1Hz V2 [V—] =1Hz y? [ i j =1Hz V! [1) =1H"
vZ vl v2 vZ

~ Vlz/zsl/z /2 1=(m/2)

— 2 * _
- ; v, v, =Vis v, =y
Yy A 2 : 2
v, v, | v
v, v, v, (—‘] =1Hz vf( ‘j =1HZ’ v | = 1H
VZ v2 vZ
v, = v]z/stl/x v, = v]4/3sl/3 V, = v;y./zslf(n‘/z)

3 3 2
v (w : ;
i v, Vi [KJ =1Hz V]ﬂr} [hj =1Hz""

V)

2
A (V—f] =1Hz
vl

1/2 1/2
v, = VPP HZV *

2 3
v (V—f] =1HZ’ v, [V—fJ =1Hz
v\ vl

v, = v fz )

v, = v/ Hz'"* y, = pHim) gim

-1
v
vw|l—+| =1Hz
VZ
- Vllf(l/"z)Hzl/ﬂz

m-2 m-2 m-l v, : Y :
vz[v—zl] =1Hz"7 vf[v—fJ =1Hz"" vz(v—zj =1Hz v, v,

1
vl

vz ~ vls/n:, HZ}—(}/nZ) V.

the pattern repeats and the identical v,, returns. A second alternate, but equiva-
lent mathematical and physical definition is vy, divided by either frequency
raised to the 1, — n, power equals the coupling constant of the two frequencies
raised to a power of n, or n;, Equation (6). The third alternative is virtual har-
monic frequency equals the product of one frequency to a power and their
coupling constant raised to a power, Equation (6). The fourth alternative is one

frequency equals the product of the other frequency and the v}, raised to powers.

[v,,h (vl"] V) )Hz:|(n2_nl) [vHz]" =[v,Hz]" (5)

e 1/(ny=ny) v ny [(ny—my) v ny [(ny—my)
e I B R
| 1 1

These are many algebraic isomorphic transformations possible, Equations ((5),

(6)). The notation for the Pythagorean power harmonic of two frequencies is
1y

Vo (v,”‘,v2 ) We utilize functional notation of the higher frequency and its

power followed by the lesser frequency, and its power in parentheses.
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Table 3. Pythagorean power matrix for a fundamental frequency and its infinite number
of possible harmonics. This table is the rectangular array of the possible consecutive in-
teger series powers for a Pythagorean power law of a v, system where all the v, are equal
to 1 Hz. All of the possible harmonics, v, are based on powers of v, This array is struc-
tured similarly to Table 1 and the standing wave system, but for a Pythagorean power law
system. 12, are the power possibilities of v, which equals v;, and n, are the power possibili-
ties of ¥,. The frequency of v, as a power of v;is listed above, and the Pythagorean power
law listed below with their time units, Hz or s, in each cell. There are five sets of harmon-
ics specifically associated with the harmonic fraction system of a standing wave, Table 1.
The series highlighted blue diagonal set are all related to dimensionless coupling con-
stants transforming v to the cells from the one on the right to the left. These are related
to the dimensionless ;s raised to the + harmonic fraction series. The horizontal set hig-
hlighted in green are related to 1}, and corresponds the harmonic overtone series. The

F

vertical green highlighted set are all related to v/* , and correspond to the wavelengths of

the overtones. The yellow diagonal sets below and above the coupling constant set are re-
lated to the partial harmonic fractions 1 * (1/1,). These represent valid possible physical
frequencies since they have Hz or sunits. The unshaded cells are those with powers of Hz
greater than 1. This number pattern corresponds to the classic harmonic number set, Ta-
ble 1. The cells repeat as seen with the cells labeled with an asterisk.

no 2 8 i "

-*

V. Vv,
1 — |or| - v2
Vye v, —+=1Hz
v2
v, = vi/zsl/z v, = vis * v, = v;,/zs(n,/z)—l
2 V2 Y22 Vv . v
2 =1Hz £ —=1Hz = 1HZ L= 1Hz"
Vr Y, v, v,
v, =vIPHz" v, = v y, = ylstr
3 vz V;IIS sﬂ/3 v4 N
—=1Hz L =1Hz Lo H
Vi v, v,
v, =vIPHZ % v, =v/*Hz"* v, = vl gl
4 v4 v4 vtl]A S11/4 "
2 F v
—=1Hz —==1Hz L_=1Hz
Ve Vi o
v, = vi_/"z HZHZ/"I) v, = vi_/"z HZH!/"Z) v, = v;(‘/"z) HZ'"
Sifn _41fn
n, v v v VS
= 1Hz'" == 1Hz" 2 -=1Hz
=
VF VF vF

We developed a generalized computer multi-dimensional matrix search en-
gine utilizing MATLAB that derives the Pythagorean power law through a
number search starting with the smallest integers, using Equations ((5), (6)) [10]
[11] [12]. This methodology is valid based on searching through a consecutive
integer series. The pattern repeats when the power ratio repeats.

If the power ratio of two frequencies equals unity, then v,, equals 1 Hz. In this
setting one frequency is a power of the other. If there is a v, all other possible

frequencies are mathematically related through power laws, and all v, equal 1
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Hz, Table 3. The ratio of the logs of the frequencies and the powers equals 1,/ n,,
and are rational. The log of 1 Hz is 0 and rational. The power of v, is 0 rather
than the v, equaling 0 Hz in the standard beat relationship. If there is no power
of v, that equals the power of v, then the v,, will not be equal to 1 Hz. It is irra-
tional, and the ratio of the logs of the frequencies will not be rational.

The v, (vl”‘ L V52 ) , is specific for two frequencies, v;, v, with a specific ratio of
powers, n,/n,. Here n, and n, are the lowest values. There is an infinite number
of other n,/n, possibilities as the n’ multiples increase. The (nn,)/(nn,) pair
keeps repeating as each reaches the next integer multiple possibilities. The ratio
of the logs of v and v, are equal to or nearly equal to the ratio of the powers.
Any power law of these two frequencies must be related to v;, independently
even if they are not associated with the maximum resonant v, state. Either fre-
quency, v or v, can represent a power base frequency. All products of either
frequency and any power of their coupling constant are part of this harmonic
system. Defining one frequency as the power of another is valid and is based on
the dimensionally homogenous relationships, Equations ((5), (6)). Defining one

frequency as the power of another is not typically done within standard physics.

2.2. The Coupling Constant Perspective

There are five dimensionless algebraic isomorphic equivalents of Equations ((5),
(6)) viewed as coupling constants, including v, Equations (7)-(9). Coupling
constants are a critical aspect of this harmonic system and explain why they can
be viewed simultaneously as homogeneously dimensioned or as dimensionless
relationships. This coupling constant property is a characteristic of both the
Buckingham and dimensional analysis methods. The coupling constant of v, di-
vided by v; equals 1 minus the ratio of twice v, (v}, ) divided by v;. The coupl-
ing constant of v, divided by v; also equals the coupling constant of v, divided
by v, raised to the power (n, —n,)/n, , or the coupling constant of v, divided by
v, raised to (n, —n,)/n, . In Equation (8) dimensionless v;s raised to the expo-
nent (m/n,—1) plus the product (n,—n, )/n2 and log(vy,)/log(v;). Here
log(v,,)/log(v) is equivalent to log,(v,,), the log base v. In Equation (9) dimen-
sionless s raised to the exponent (n,/n, —1) minus the product (n,-n,)/n,

and log(vy,)/log(v;). These are isomorphic relations. The coupling constants of
the Pythagorean power laws are dependent on the base v. The coupling con-

stants for a standing wave system do not change.

(”2_”1) ("2_"1)
vy (2 ()| _[ v (o)) [em ()] -
Vi Vi Yy Y
Y _ (vls)((”l/'lz)*1)+((”2*”1 )2 )(log(veys)/log(ns)) (8)
Vi
v_l _ (VZS)((nZ/nl)fl)f((nzfnl )/”l )(log(vPh.v)/log(vzs)) (9)
v,
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2.3. The Log Coupling Constant Perspective

The coupling constant ratios of the logs of the two frequencies are invariant and
equal or nearly equals the ratios of n, and ,, Equations ((10), (11)). The ratio of
the logs is a unique component of the Pythagorean system. Transformation to
other units than Hzis related to Equations ((10), (11)) multiplied and divided by
the same transformational constant. Conversion to other units is analogous to

different keys in music, where the harmonic structure and powers are unaltered.

ey 09 = 2 ) ogto) o0

log(v;s) n, n,

JoB (%) _10g  (us) = &‘[uj(l"g(vphs)/ log(v29)) (an

log(v,s) n, n,

2.4. The Essential Physical Meaning of a Pythagorean Power
Harmonic and Its Relationship to the Beat

The v, is an essential physical constant that maintains homogenous units even if
the scalar value is 1. When the v}, is not equal to 1 Hz, then there will be a beat
associated with the two most resonant frequencies. This beat may be measurable
and can be utilized to derive the v,, as in Equations ((12), (13)). Equations ((12),

(13)) demonstrate that the v, is derived from the v, or visa versa.

(na=m)
oy,m n
vPh<v1 V) ) :

Vv (vl,vz)zh 1- (12)
2 v
mp [(my=ny)
2v, (v,, Vv ?
Ven (Vlnl WV ) =V (1 - [%JJ (13)
1

3. Results

3.1. The Generalized Pythagorean Power Laws Are Isomorphic
with the Coupling Constants and the Beat

Equations (7)-(9) demonstrate that the coupling constants are encoded in an in-
finite number of isomorphic Pythagorean power laws. The beat is also defined

within the power laws, Equations ((12), (13)).

3.2. The Coupling Constant Ratio of the Log of the Frequencies
Nearly or Equals the Ratio of the Powers

Equations (10) and (11) show that the ratio of the powers of the Pythagorean
power law are related to the ratio of the logs of the frequencies. The log ratio can
be a close estimate or exact value of the ratio of the powers. The difference of the
ratio of the logs of the frequencies minus the ratio of the powers equals a func-
tion of the product of 1, and n, and the log of vy, It is another fundamental
constant of the system. For a system based on a v, the powers associated with Hz
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units must equal n,-n, equals 1 or n;-n, equals 1 because they are partial har-
monic fractions, Table 2 & Table 3. The partial harmonic fractions are natural

harmonics based on their unit.

3.3. The Generalized Pythagorean Powers of a Fundamental
Frequency Are in a Form Identical to the Harmonic of a
Standing Wave System

There is an infinite number of power harmonics of v and v, related to v,
raised to powers. Table 1 is the matrix array of the harmonic standing wave
system of the overtones, ot, harmonic fractions, 1/, partial harmonic fractions,
1 £ (1/n), and the coupling constants, (n{/n})(n;/n{), transforming any par-
tial harmonic fraction to another. If a v, defines all of the possible harmonics,
then all of the v,, must equals 1 Hz. Table 3 is the matrix array of the possible
powers of a v, system. There are five portions of the array that are related to
the structure of standing wave harmonics. v;s"" is equivalent to the over-
tone series. VlF/nHZF(l/ " or (st)]/n are associated with the harmonic fraction
series and both the wavelengths and the coupling constants. Those harmonics
defined by the physically valid unit Hz to the first power vllp_(l/ "H"" and

VIFW s/ are related to the partial harmonic fractions. Both the Pythagorean
and the standing wave harmonic systems have the same matrix fraction system,

Table 1 & Table 3.

4. Discussion

4.1. Fusion of the Harmonic Power Laws of Wave Interactions
Creates a New Fourier Perspective

These ancient observations represent a profound conceptual, physical, mathe-
matical, and harmonic insight. They encode the interaction between two differ-
ent frequency waves into a power law relationship that encodes all other possible
harmonic wave interactions and encodes explicitly their coupling constant. The
beat does not encode the coupling constant, but both are essential to describe the
interactions of two waves entirely. Power laws and coupling constants are ubi-
quitous in physics and discrete probabilities. Despite its absence in the literature,
a generalized Pythagorean harmonic power perspective represents a valid, in-
ventive, parallel approach to analyzing wave systems. Instead of the standard 1D
Fourier linear perspective, this is a 2D natural unit log or exponent Fourier ap-
proach. The second dimension is related to the powers of v, The natural units
are the frequencies of v and v,. They represent classic inverse mathematical
transformations from linear to power relationships, and as such constitute an

isomorphic system.

4.2. The Significance

This generalized Pythagorean power law perspective is important since it is a

“new” method to interrogate and evaluate harmonic systems. Harmonic systems
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outside of music have not been evaluated with the method. There is new har-
monic information encoded in the Pythagorean power laws not in the standard
physical methods. The virtual harmonic of a v, system is always linked to 1 Hz
which is the wavelength of the fundamental just like the standing wave system.
Though the Pythagorean law is related to two frequencies a system with any
number of frequencies can be evaluated as well. The same methods can be uti-
lized. In physical systems the power harmonics would always be the closest to 1
Hz. It is remarkable that a v, system for those defined by a consecutive integer
series is identical to that of the standard harmonic systems. Therefore any sys-
tem based on a fundamental frequency will demonstrate simultaneous mathe-
matical and physical harmonic number properties in the standard time domain
and in the power law domain. This is known from music and sonic systems, but
has not been described or observed in spontaneous physical harmonic systems.
Without evaluation from the Pythagorean law perspective these relationships
will not be recognizable. It is a repeating occurrence in science that physical sys-
tems are discovered to be defined within mathematical systems that initially ap-
pear to have no broad physical counterpart [10] [11] [12]. The Pythagorean
power harmonic system is associated with an infinite number of possible powers.
This is a characteristic of quantum systems. It is not part of the standing wave
where there is a repeating constant harmonic as the powers proceed towards in-

finity.

5. Conclusions

5.1. New Perspective on Wave Interactions

The generalized Pythagorean power relationship is a new perspective on the
mathematics and physics of unified harmonic systems based on ancient valid
physical and mathematical concepts described by Pythagoras and other Greeks.
The power of the Greeks imagination and intellect is shocking since their obser-
vations describe a virtual power harmonic encoding the coupling of two waves
preceding the recognition of a beat and interference. This harmonic system
represents a known physical phenomenon and is an isomorphic mathematical

representation of wave properties.

5.2. New Future Insights into Actual Physical Systems

This Pythagorean power perspective will generate many valuable insights into
the structure of natural, spontaneous harmonic systems that are not even sus-
pected. The Pythagorean power system have mathematical properties that paral-
lel quantum systems where there are an infinite number of possibilities, but

when analyzed only generate a single recurring result.
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