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Abstract

In this paper, we investigate the finite dimensions of the global attractor for
nonlinear higher-order coupled Kirchhoff type equations with strong linear
damping in Hilbert spaces E, and E,. Under the appropriate assumptions,
we acquire a precise estimate of the upper bound for its Hausdorff and Fractal
dimensions.
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1. Introduction

G. G. Lin and L. J., Hu have studied the existence of a global attractor for
coupled Kirchhoff type equations with strongly linear damping in [1]. In this
paper, we are concerned with the finite dimensions of the global attractor as

mentioned above:

Uy +M ("Dmu ’ +||D"‘v 2)(—A)m u+AB(-A)"u +g,(u,v) w
= f,(x), inQx[0,+x),
V, +M (”D"‘u ’ +||D’“v 2)(—A)m v+ B(-A)" v, +9,(u,v) 12
= f,(x), inQx[0,+x),
u(x,0)=u,(x), u (x,0)=u,(x), xeQ, (1.3)
V(%,0)=v,(x), v (x0)=v,(x), xeQ, (1.4)
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@:O, Q:O, i=012,---,m-1 xe0Q, t=0, (1.5)
on' on'
where Q is a bounded domain in R" with smooth boundary 0Q, B>0 is
real number, M2>1 is positive integer. M(s) and g;(u,v)(j=12) are
given functions later.

In demonstrating the longtime behavior of evolutional equation, we currently
aim to show that the dynamics of the equation is finite dimensional. To be pre-
cise, one possible way to express it is to say that the dynamical systems of equa-
tion exists a global attractor with finite Hausdorff and Fractal dimensions.

Concerning the wave equation with linear and semi-linear dissipative system,
existence of the global attractor with finite Hausdorff and Fractal dimensions is
proved in [2], for the nonlinear wave equation, the existence of the global at-
tractor with finite Hausdorff and Fractal dimensions is proved in [3] [4] [5].
When the equation is nonlinear, the process of dimension estimation is more
complicated. The method of linearization works very well on it, and meanwhile
we take fully consideration of assumptions on the nonlinearities of the equation.

Recently, Z. ], Yang [6] studied the longtime behavior of the Kirchhoff type
equation with strong damping on R". It showed that the related continuous
semi-group S(t) possesses a global attractor which is connected and has finite

Fractal and Hausdorff dimensions.

Uy —M (||Vu||z)Au —Au +u+u +g(xu)=f(x), inRYxR". (1.6)

At the same time, Z. J. Yang [7] dealt with the global attractors and their
Hausdorff dimensions for a class of Kirchhoff models, and got the existence, re-
gularity, and Hausdorff dimensions of global attractors for a class of Kirchhoff

models arising in elastoplastic flow.

u“—div{a(|Vu|2)Vu}—Aut+A2u+h(ut)+g(u)=f(x), inQxR*. (1.7)

Furthermore, X. M. Fan and S. F. Zhou [8] proved the existence of compact
kernel sections for the process generated by strongly damped wave equations of
non-degenerate Kirchhoff type modelling the nonlinear vibrations of an elastic
string, and they obtained a precise estimate of upper bound of Hausdorff dimen-

sion of kernel sections.

U, — AU, —(ﬂ+y(fQ|Vu|2dx)iju +h(u)+ f(ut)=g(xt), xeQ,t>r.
(1.8)

In addition, G. G. Lin and Y. L. Gao [9] studied the longtime behavior of solu-
tion to initial boundary value problem for a class of strongly damped high-

er-order Kirchhoff type equation:

e+ () 0+ (@ AT ) (-0)" 0+ g (0)= T (x), (%) <x[0, )

(1.9)
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they got the existence and uniqueness of the solution by the Galerkin method
and obtained the existence of the global attractor in Hg'(Q)x L?(Q) according
to the attractor theorem, besides, the estimation of the upper bound of Haus-
dorff dimension for the attractor was established.

The paper is arranged as follows. In Section 2, some preliminaries and main
results are stated. In Section 3, in order to acquire the result of the estimation,
we show the differentiability of semigroup. Eventually, the Hausdorff and Fractal
dimensions of the global attractor for the dynamics system associated with

problem (1.1)-(1.5) are discussed in detail.

2. Preliminaries and Main Results

Throughout this paper, we need some notations for convenience. We consider a
family of Hilbert spaces V, = D(A¥?),a R, whose inner products and norms
are givenby (-,-), = (Aa/z, Aa/z) =||A¥? " . Obviously

V,=L*(Q), V, =H"xHj, V,, =H?"xHg,
we denote
E, =V, xV, xV,, xV,,
E, =V, xV, xV, xV_,
E =V, xV,.
For our purpose, we define a weighted inner product and normin E; by

(("*‘7’) = (U Uy )+ (P P2 )+ (VYo ) +(h, G, ),

2
lelt, = (2.0)e, =

2

o 2 n 2
Az +|pyf" +A2v |+

with any (/’:(Ula Py vy Ch) P (u21p2’ 2vq2) ek,.
Next, we make the following assumptions for problem (1.1)-(1.5).

(A1) M (S) eC? ([O +oo), R) is not decreasing function and for positive con-
stants m,,m,,
1) 0<f<my<M(s)<m,
m

d
. mo,a(|D u2
m < (lomf I

(A2) There exists 0<x;,&, <1, and for every Ry, there exist ¢, =¢,(R;),
o =¢5(Ry) such that

D™v

+|

2
)>0.

2
My )<O.

o (0.9) = gy (u,v)| < o (6, 7) = (V)
lozi (,7) g, (u,v ||<co||( v)- (u v)||Ki, (i=u,v),

)~
v(0,9),(u,v) || || ). J(uv)|.- <c(Ry).
e

K

D" (V-v)
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3. The Hausdorff and Fractal Dimensions of the Attractor

In order to obtain the result of the dimension estimation, we should prepare the
following lemmas.

Lemma 3.1. ([1]) Suppose that the assumptions of [1] hold, the constants
T>0,4>0 and initial value (u,, py,Vy, 0, )€ E, , then for the problem (1.1)-(1.5),
there exists a unique weak solution such that (u, p,v,q)e L” ((O, +o0); EO) .

Lemma 3.2. ([1]) Suppose that M(s) and g;(u,v)(i=12) satisfy as-
sumptions of [1] respectively. Then for S >0, the problem (1.1)-(1.5) possesses
the global attractor A, which is compact among bounded absorbing set B, in

E,, that is
=o(By)=US(t)B,
>0 t>s
this lemma is result on the existence of a global attractor of system (1.1)-(1.5)
generated by semigroup S(t).

The first step will be to prove the differentiability of S (t).Denote
U=(U,P,V,Q). In what follows, we put M (s)= (”Dmu” + "D V" ) for
simplicity. The first variation equations of (1.1)-(1.5) as the following

m m m m

P+ M(s)A"U+2M ’(s)(AZU : Azuj A"u+2M ’(s)(AZV, sz] A"y
3.1)

_g(ﬂAm —g)U +(ﬁAm —(9)P+glu (u,v)U +g,, (u,v)V =0,

Q +M(s)A™V +2M '(s)(Ar;U , Ar;u] A" +2M ’(s)(AZV, An;vj A"v 42
—&(BAT =)V +(BA" - £)Q+ g, (UV)U + gy, (UV)V =0,
(U,P,V,Q)L:O =(&,¢m,0), (3.3)
U(xt)_, =V (xt)
where U +eU =P, V,+&V =Q, (£,¢,n,0)eE,
(u, P,v,q)=S(t)(Ug, Po: V. 0y ) s the solution of Equations (1.1)-(1.5) with

(U, Po. Vo, Gp) € A
Given (Uy, Py, Vo, 0p) € A, the solution S(t)(uy, P,Ve, 0, ) € Ey» by standard

=0, (3.4)

XeoQ)

methods, we can prove that for any (&,{,77,0) € E,, the linear initial boundary
value problem (3.1)-(3.4) possesses a unique solution
U=(U(t),P(t),V(1).Q(t) e L"(R,E,).

Lemma 3.3. for any t>0,R>0, the mapping S(t):E, - E, is Frechet dif-
ferentiable on E,. Its differential at p, =(u,, Py, V,,0y) is the linear operator
on E,.

DS(t)p,:(&,¢,m.0)—>(U,PV,Q), (3.5)

).V (L), (t)) is the solution of (3.1)-(3.4).
01 pO’VOIqO)e Eor» o= (Uo +&, P +4 Vo +17,G, +O')€ E,

where U =(U (t),
Proof. Let p, =

P(t
(u

with ||| <Rys [ Bo]| < Ry» We denote S(t)p, = p=(u, p,v,q),
S(t)p, =/ =(0,p,V,q). First, we can prove a Lipschitz property of S(t) on
DOI: 10.4236/apm.2018.81002 14 Advances in Pure Mathematics
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the bounded sets on E,, that is

()4, <ew(ct)c.cno), . vio. (3.6)

s (t) s

We now consider the difference
(G-u-U,p-p-P,V-v-V,§-q-Q)=(®,0,7,5), with

p-p-U=
U= (U (t),P(t),v (t),Q(t)) the solution of (3.1)-(3.4), clearly,
w(0)=6(0)=y(0)=5(0)=0 (3.7)
0, —e0+ pA"0+ &’ w— PeA"w+M (s) A"W+ gy, (U,V)w+ 0, (U,v)y
(3.8)

=h+(M(s)- M (5))A"d +2M '(s)[A2u , AZUJAmu

+2M’(s)[A2V,A2vJAmu,
"y + 8o (U V) @+, (U V)7

=h,+(M (s)—M(§))Am\7+2M’(s)(AanU,Ar:u]Amv (3.9)

5 &0+ BAS +&%y — PeA"y + M (s) A

moom
+2M’(s)(A2V,A2vJ A"y,

where W, +&W=0,y, +&y =05, with
(gl(u V) gl(u,v)—glu(u,v)(a
h2 :_<92(u'\7)_92(u'v)_92u (uv)(

) g, (uv)(7-v),
0-u)=g,, (u,v)(7-V)). (3:10

We have
=L {0 (4 +6,(8-0).v 6,7 -v) -0 (w1)} (8-0)

{glv(u+¢91(l]—u),v+91(\7—v))—glv(u,v)}(V—v)]del,

= floa e @-v g G-v)-gu)E-y)

+{9,, (u+6,(0-u),v+6, (\7—v))—gZV(u,v)}(\?—v)}dHZ,

dueto v46,,6,<[01],
O (U, V)" <c6" " U'V)”’; ,

gy, (U+6,(0-u),
)

0, [(@.9)~(u V)],

K2

-v))-
< 9’(1 ~~— , K*,
)= 0y (U, v)" c ||uv uv)||E 612
-v))-
-v)

«
)
=
—~
e
+
2
—_~ o~
e
|
e

)-0a(u, V)||<Co *[(@9)-(u vl

K+l

£

[ < 2¢, (. 7) —(u.v)

Similarly
V[ (3.13)

e
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Taking the scalar product of each side of (3.8)-(3.9) with 6 and ¢, and then

we have

Ld {uen oF o 1) (- 0
(Lo o198 [

2 m
AZQ| +||Azs

2

+|AZ

m 112

Ap

ZJ

+|Az

1)

e (||a)||2 +||}/||2)+ &(my— ,Bg){ AZe

m 2
v

<(h -9y, (u,V)@—gy, (uv)7,0)+(h, = gy (V)0 -0y, (U,V) 7, 5)

m

+(M(s)-M(s
(ZM (s )(AZU AZUJA"‘U+2M'(S)[

A2V A?

) A"G,0)+((M (s)-M (5)) A"V, 5)

m

VJAmu,ej

+[2M’(s)(AZU,AquAmVJrZM’(s){AZV A2y ]Amv 5} (3.14)
=(h1_91u (U'V)w_glv(u’v)7'9)+(h2 _92u (U,V)a}— ng (U,V)y,é‘)
+(3,,0)+(J3;,6).
Because of
(h =gy (uv) @ =gy, (u.v)7,0)
~ K+l
<26, |6)(0.9)~ (u. V)| +co ][]+ cs 7 []e]
(3.15)
( , — 92 (U, ) 9o (U, V)}/,é')
< 26/ Jo{(a.9) = (u )= + 3 ol + s 1]

m m

= A2U, A2y

J;

(M (s)-M(5))A"d +2M '(s)[(

)

x[(om(u_u) " (G+u))+(D" (v
(M'(as+(1-a)8)-M'(s))
x[(D"‘(u—u),D (

m

A2U, A2y

m m

A2V A?

e}

M
vBAmquM'(aH(l—a)s*)

~7),D" (v+v)) | A"

m m

A2V A2
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(
+M'(s)[ (D" (u-0),D"(a-u))+(D" (v-7),D" (V-v)) | A"a
+2M’ (s)[(Dm(u a), D’“u)+(Dm(v—v ,Dmv)}Am(u—u) (3.16)
~2M(s)((D"@,D"u)+ (D", D"V)) A"u
=L+, +1,+1,

Taking the scalar product of right side of (3.16) with @, and then we obtain

(1.,0)
S(ZM "(5)[(D"‘ (u-0),D"(a+u)) +(D"(v~7),D" (\7+v))2} D", Dmej

el |
<2c,| ~u)[ + ||D"‘(\7—v)||+ ,

8
~(Mm( 0),D" (d-u))+(D" (v-9),D" (V-v)) |D"8,D"9)
mev)n‘u%}
(1,6)<(2m (s)[( "(u-1),D")+(D"(v-¥),D") D" (a-u),D"9)
. 3¢2|pm 2
o -2

(1,,0)= (—2|v| '(s)[(D"@,D"u)+(D"7.D"V) |D"u,D"0)

2 2 2
S207[4"[j2‘a)" L4 [::y +gz 8m ]

which implies that
(3,,0)|< %( " (i- D" (v-v)| +[D"e| +||Dm;/||2)+cggz
Analogously,
D"S

2 2
0" (a-u)|' + S |om (7-v)[ + L }

: |4
(I1,5)3204(?

(1:0) 22| Aor o-uf + 4o (r-v) '+ MJ
3 2 m 2
<as] Horio-ul o Dm<v—v>|r‘+gTJ’

DOI: 10.4236/apm.2018.81002 17 Advances in Pure Mathematics
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2

4lomef’  4lo™|f  £2D"s

2
(Ii,&)SZC;[ < + = + 5 }

which means that

(a1 S{lo" @-u) +Jon (o) +[oef +[o7[ )+

(3.18)
Taking (3.15)-(3.18) into (3.14), we have

ga{llé’ll #lo + (Jlf +]F )+ (m - ﬁg){ Ao

2

- 2
+ AE;/ ]}

2

m

m m
Alo| +||AZy

2]
2 2

+[§ﬂ{“ -gj(||e||2 +o1 )+ & (Jleff + 11" )+ & (m, - ﬂg)[
AZ

s

+q0(Dm(&1u)

Dm(Jlu)

A2 +(|D™ (vﬂ—v)"4)

+||e||2+||6||2J*Cl—?(lle<u”—u>||4

2(xy+1) )

K1 +1)

“[o"(v=v)

+(|D™ (v—v)

2(xp+1)

N C{o ( 2(,c2+1)).

Let k'=min {ﬂﬂim -2¢, Zg,w} >0

(3.19)

m - fe¢

m |12

d
a{uew+||5||2+nwu2+n7u2+ Ao

n I

+|A2y }
m 2

+ A57/ J

2

+I<'[||6’||2 +ol +lef +IA +|A7e

m 2
Scll[Aza) +J6f +|A7y +||5||J Cn( " (u- (VD_V)||“) (3.20)
e J0" () o ()
i (o (- w) o (v ),

applying the Gronwall inequality and (3.6) we deduce from (3.20) that

m 2

m 2
{AZ”’ +[ef +|Azy +||5"2}
_%exp(cn (o @-uf +[or v fon -
Dm(Viv) (x+1) "Dm U U) 2(x+1) "Dm )2(K2+1))dz-

<cion(c)([(¢cnl | el | e el

(3.21)
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This is equivalent to

|s(t) 2= (1) o =(DS (t) 5 ) (&, 5"7"’)";

4 2 K+1 22)
<ciep(e)([(ECnoll; <[l (e cmo

3
2(;<2+1) ) (

[s()2 (1), ~(DS (1) 2o )(£.¢.m.0 ),
l(e.c.mal,

and consequently £ >0 as

(&,¢mo)—>0 in E,.
The differentiability of S(t) is proved.
The next step will be used in demonstrating the process of dimension estima-

tion. It seems obvious that the equations (1.1)-(1.2) also can be written as

¢ +H(p)=F(9), (3.23)
su—p
AMu—g(BA" —g)u+(BA" —¢)p
H(p)= ( gv—)q ( ) ,

ATV -z (A" -z )v+(BA" - £)q
0

m 2 m 2
fl(x)—gl(u,v)+[l—M[ Azyl +|Azy ]JA”‘U

F(p)= 0 . (3.24)

m 2 m 2
fz(x)—gz(u,v)+[l—M( Azul +|A2v ]}Amv

Lemma 3.4. Forany ¢=(u;, p,,V;,q,) €E,, we have
2
J. (3.25)

LB
(H(0).0)2lole, + {
Proof. Forany ¢=(u, p,,v,,q;) € E, , through the above definition, we get

(H((o),go)E —(gAzu Azp Azu]+(5A2v A2q A2y ]

2 m
A2p| +||A2q

0

+(Amu (BA" —&)u+(pA" - )

+( A"V — e(ﬂAm—g V+(ﬁAm (3.26)
[A?u : M ] e(IolF +1al")
—ﬂg((Amu p) A'"v q) (v.q)).

By applying the Holder inequality, Young’s inequality and Poincare inequality,
we deal with the terms in (3.26) by as follows

DOI: 10.4236/apm.2018.81002 19 Advances in Pure Mathematics
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m 2 m 2 m 2 m 2
—/)’g((A u p)+(A”‘v,q))2—ﬂ2252{ Azu| +|A2v|| +|A2p| +|A2q ] (3.27)
2 m |2 m |12 2
) g - - £ 2 2
£ ((u, p)+(v,q))2—2/11m[ Azul| +||A2v J—?("p" +||a ) (3.28)

B ~3+,[0+6(1+ B4 ) AT
281+ oA 2(1+ 5°47)

(3.27)-(3.28) into (3.26), we obtain

with 0<e&<min , and substituting

2

2.2 2 m m |]?
(H(¢):¢’)2(8—ﬂ; _;W]{ A2ull +[|A2v }
2g? mE & 2 2
7 7 2 2 e
o a-LE) Wl ofef 1o (1 1)
29)
m 2 m 2 m 2 m 2
z[ it +|a +||p||2+||qn2}§[ wp) +acg ]
ﬂ m 2 m 2
. m m
2§||¢||ZEO+2[ Atpl +|a%g J
The proof of lemma 3.4 is completed.
Consider the first variation equation of (3.23)

Y +P(p)¥=T,(p)¥+T,(p)¥ (3.30)
where ‘Pz(U,P,V,Q)TeEO, P=U,+&U, Q=V,+&V and
gz):(u,p,v,q)TeE0 is a solution of (3.23), W(0)={¢&,¢,n,0}eE,t>0.

el -1 0 0
(1-Be) A"+l BA" —¢l 0
=) = 31
() 0 0 él o @30
0 0 (1-Be) A"+ %1 BA" -l
0 0 0 0
—0y (u,v) 0 -g,(uv) O
Le)=| ™, 0 0 ol (3.32)
=0z (UV) 0 =g, (uv) 0
Fz((”)
0
(1-M(s))A™U -2M ’(s)(AZU : AzujAmu -2M ’(s)(AZV,AZVJ A"u
B 0
(1-M(s)) A"V —2M ’(s)(AZU , AZUJA’"V—ZM ’(s)[AZV,AZVJ A"y
(3.33)
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Lemma 3.5. ([2]) Let there be given V,H, and A as above. Then for any
§,0<s<1, and for any orthonormal family of elements of V xH ,

(&=t

--,m, we have

Zm: (3.34)

AS/2§-|2 < ilsfl
1 - - 1 !
I

where {4},
Proof. This is a direct consequence for Lemma 6.3 of [2].
Theorem 3.1. Let A be the global attractor of problem (1.1)-(1.5), then the

Hausdorff dimension of global attractor A is less than or equal to n, and its

is the eigenvalue of A".

fractal dimension is less than or equal to 2n,.

dy (A)<min{n,n, e N, A< :
Wzl en 23 e |
de (A)<2n,. (3.35)
(n—2m)(r—1)—2m' n__ n+2m > om,
L= 2m n—2m n-—2m (orr')  (3.36)
0, n<2m or 0<r< n ,n>2m
n—2m
Proof. Let n;eN be settled. Consider n, solutions ‘¥,,*¥,,---,'¥, of

(3.30), and we memorize that

|‘I’1(t)/\---/\‘1—’n0 (t)

A0 Ey

¥, (0) e, expf TrF'(¢(7))°Q, (r)dr,

we see that ¢(7)= ( (7). p(7).v(7).a(z ))

Q. (T)=Qn0(r,(p0,‘1r’l(0) W, (0)) is the orthogonal projection in E, onto
the space spanned by ¥, (7),--

hi(T):{éj!Cj’njvcj}! =L
Q, (r)Ey =Span{¥,(r), ¥, (), ¥, (7)}»

=¥, (0) A+ A

W, (7). Atagiven time 7, let
N, denote an orthonormal basis of

+00

T (p()) 0y (7) = 2T (0(2)) =@, (411 (£).1y (),
> (T (0(2)hy (). (0),.

and norm ”"Eo , we omit for the

0

h

N
]

With respect to the scalar product (-,-)E0

moment variable 7,

(hwhl)

(gj,gj)+(;.,;~.)+(,7,.,ﬁ,.)+(a,.,5,.),

2

= (nhy),, =[A% Y O e
By the Lemma 3.4, we have
m 2 m 2
~(P(p)h;h;)< ; f{AZQ +|AZo, J (3.37)
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(F1(¢) hj’hj)Eo :(_glu (uvv)(vgj’gj)+(_glv(u!v)77jié,j)
+(—gZU (u,v)é,-,aj)+(—gZV(u,v)nj,0j)

<A 2gy, (U V)& IAZE |+ A 2 gy, (U V)7, Azng (3.38)
_m m m m
<A 20, (U V)& |AZoyf+ A 2 gy (V)7 |A2 0.

By the assumption (H3) in [1], the mean value theorem and the Sobolev em-
bedding theorem

ms

H(')“S(Q)CD[AZ JCHmS( ) L'(Q)cB(Q)c L' (Q)cH™(Q)

where

ms 1Ly msefo).

g q

1.1
q 2

!

For n=1, HJ'(Q)cL*(Q)cL(Q)cH™ (Q)C(H?(Q)) , we can easily

obtain that
A g, (uv)é | <o ()& ], <c (RS-
A2 g, (u)7y <0, (), < (R
Af%QZu (uv)é; SC|92u (uv)é; L1SC15(RO)||§]'||’

A 20, (09)m,) <o (), < (R (3.39)

For 1<n<2m, Hg‘(Q)C Lq(Q)c H’m(Q)C(H(;"(Q))',q>0,wehave

m

A 2g, (uv) & <c|

Ou (u’v)‘fj

L% <Cy (RO )"C’EJ " ’

Aizglv(U.V)Uj |91v (uv) Till2 ; <Cu(R "771”

A 20, (uv)£,| <o ( Ro)i

_m
A 2g,, (u,v)n, £c|

G, (U V)7, 2 < €0 (R) [y (3.40)

For n>2m, there exist C, (R;),Cz;(Ry),Cs(Ry).Cyu(Ry) >0, such that

d

_m o,
A 2g, (uv)& < Az &l

glu (u’v)éj

o S Ca (Ro)
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Aigglv(u’v)nj sc¢ glv(u’v)ni"L% <Cy(Ry) A?Uj >

m

Azg, (uv)é|<c

gzu (u’v)gjul_% SCZB(RO) AZU(:J' >

m

m m,
A 2g,, (uv)n<c gZV(u,v)nj"W% <, (Ry)|[AZ 7 (3.41)

where v isasin (3.36), then setting k =2max {Ci (Ry),i=13~ 24}

(T (o)), Sg[ J[

m m

=(1-M(s))(A"&;.¢;)-2M ’(s)[Azﬁj,Aqu(Amu,g’j)

m

A?n i

m

A?fj + AZg [+ Ao,

J, (3.42)

(Fz (@)h;.h; )EO

m m m m

o () 4 A (W20 A A ()

~2M '(S)(A;ﬂ’?i ' AZVJ(Am“’QHl— M (s))(A";.0)
(

cia-m)f [sa |l
m m 3 9
(X R R e N S e &)

2 , n
+| +|azn,

m m 2
g(lj;%)A;[iAzgj +"0Jr] (.43

+||4,-|rj

2 ) m
Azg |+ + A,

tet 0<a=(|¢ [ +[er ) <2,

=((-P(¢)+T1(0)+T,(0))h;.h;) (3.44)
S( Z %/11'“ + (1—m0)/1? +2025]+K[ A%Ué‘j 2 + A%Unj ZJ.
AL Call YD
2 4
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ny ny
Z(F’(@hj’hi)&, :Z((—P(¢)+Fl(¢))+FZ((p))hj,hj)
=i j=L s (3.45)
& 0 v-1
= —— B — ﬂ ,
ANRYE
R LR pe
and if n—ojz::ﬂj 1<16k2 ,
1.t
t)= [ TrE o d
G (1) =sup_sup {tjo rF(¢(7))°Qy () f}
[¥i(0)], =
o (3.46)

< _ﬂ i_ﬁnzoﬂf”l
4 k? ﬁno =1 !
Oy, = !me supd,, (t)<0.
The proof of theorem 3.1 is completed.
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