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Abstract

In this paper, we study the oscillatory and asymptotic behavior of second order neutral delay dif-
ference equation with “maxima” of the form

A(a,A(X, + P,X,. ))+0, max x? =0, neN(n,).
Examples are given to illustrate the main result.

Keywords

Second Order, Oscillatory, Asymptotic Behavior, Neutral Delay Difference Equations with
“Maxima”

1. Introduction

Consider the oscillatory and asymptotic behavior of second order neutral delay difference equation with “max-
ima” of the form

A8 A (% + PoX,., )+ 8y MaX X =0, neN(ny), )

where A is the forward difference operator defined by Ax, =x..,—x, and N(ny)={n,,n,+1,n,+2,---} and
n, isanonnegative integer subject to the following conditions:

(C) 7 and o are positive integers;

(C,) «a isaratio of odd positive integers;

(Ca) {p,} and {q,} are nonnegative real sequences with Ap, >0 and 0<p, <p<1 forall nxng;
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(Cs) {a,} isapositive real sequence such that Z::noai <w.
n

Let &=max{r,o}. By a solution of Equation (1), we mean a real sequence {x,} satisfying Equation (1)
for all n>n,—@. Such a solution is said to be oscillatory if it is neither eventually positive nor eventually
negative and nonoscillatory otherwise.

From the review of literature it is well known that there is a lot of results available on the oscillatory and
asymptotic behavior of solutions of neutral difference equations, see [1]-[5], and the references cited therein.
But very few results are available in the literature dealing with the oscillatory and asymptotic behavior of solu-
tions of neutral difference equations with “maxima”, see [6]-[9], and the references cited therein. Therefore, in
this paper, we investigate the oscillatory and asymptotic behavior of all solutions of Equation (1). The results
obtained in this paper extend that in [4] for equation without “maxima”.

In Section 2, we obtain some sufficient conditions for the oscillation of all solutions of Equation (1). In Sec-
tion 3, we present some sufficient conditions for the existence of nonoscillatory solutions for the Equation (1)
using contraction mapping principle. In Section 4, we present some examples to illustrate the main results.

2. Oscillation Results

In this section, we present some new sufficient conditions for the oscillation of all solutions of Equation (1).
Throughout this section we use the following notation without further mention:

Zy =Xy F PoXoss

”i 1
A]_S:”O as,
= 1
B = —
and
-1
Cn:annzi.

S=Mp “'s—c

Lemma 2.1. Let {xn} be an eventually positive solution of Equation (1). Then one of the following holds

(1) z,>0,Az,>0 and A(a,Az,)<0;

() z,>0,Az,<0 and A(a,Az,)<0.

Proof. Let {xn} be an eventually positive solution of Equation (1). Then we may assume that x, >0,
X,, >0 forall n>n,.Then inview of (Cs) we have z,>0 forall n>n,.From the Equation (1), we obtain

A(a,Az,) =—q, [m%] x¢ <0.

Hence a,Az, and z, are of eventually of one sign. This completes the proof. O

Lemma 2.2. Let {xn} be an eventually negative solution of Equation (1). Then one of the following holds

(1) z,<0,Az,<0 and A(a,Az,)>0;

() z,<0,Az, >0 and A(a,Az,)>0.

Proof. The proof is similar to that of Lemma 2.1. O

Lemma 2.3. The sequence {x,} is an eventually negative solution of Equation (1) if and only if {-x,} is
an eventually positive solution of the equation

A(a,A (% + Py, )+, max X =0.

The assertion of Lemma 2.3 can be verified easily.
Lemma 2.4. Let {xn} be an eventually positive solution of Equation (1) and suppose Case (I) of Lemma 2.1
holds. Then there exists N € N(n,) such that

(1-p,)z, <%, <z, foralln>N.

O,
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Proof. From the definition of z, and condition (C3), we have z, <x,. Further
Xy =2 = PoXok = Zy — PuZoy 2 (1-p, )z, since {z,} isnondecreasing. This completes the proof. [
Lemma 2.5. Let {xn} be an eventually positive solution of equation (1) and suppose Case (I) of Lemma 2.1

holds. Then there exists N e N(n,) such that
>C, Az, foralln>N.

ano'

Proof. Since A(a,Az,)<0, we see that

n-1
2, =2y, + QA7 >a Az, > —
s=N s=N Ag_,
or
n-1 1
7, . >aAz, >y —
s=N as—zr

The proof is now complete. O

Lemma 2.6. Let {xn} be an eventually positive solution of Equation (1) and suppose Case (I1) of Lemma 2.1
holds. Then there exists N e N(ny) suchthat {x.} isnonincreasing forall n>N .

Proof. Since Ap, >0 and Az, =AX,_, +Ap,X,_, + P,..A%, <0 then we have Ax, <0 for n>N . This
completes the proof.

Theorem 2.1. Assume that « >1, and there exists a positive integer k such that o >7z—k. If for all suffi-
ciently large n, e N(n,) and for all constants M >0, L>0.One has

ZA'qun max (l ps) = 90, (2)

n=my

and

& 1 ‘ a
- = oo, 3
n—znll n+1qn n on (1+ pn Tj I—aanan_z—:l o ( )

then every solution of Equation (1) is oscillatory.

Proof. Assume to the contrary that there exists a nonoscillatory solution {xn} of Equation (1). Without loss
of generality we may assume that x _, >0 forall n>N e N(no) , where N is chosen so that both the cases of
Lemma 2.1 hold for all n> N . We shall show that in each case we are led to a contradiction.

Case(l). From Lemma 2.4 and Equation (1), we have

A(a, (Az,))+q,z¢ [njax](l— p,) <0
or

(1_ Ps )a : “)

—(, max
qn [n-c.n]

. a,Az
Define w, = A,——,n>N >n, +k, then we have

n

A(anAzn)+ AN Az, A L8,LAZ A"
Z: Z;Z Zn Zn+1
« AAa Az
<= Aty max (1-p,) +—A122 }

n

AWn = An+1

« AZ,
= _A\qun [maa?ﬁ](l_ pS) + 7

n

or

@
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A, < = A,y max (1= p, ).

Summing the last inequality from n, >N to n-1, we have

0<w, <w, —ZAﬂqs max(l )"

Letting n — oo, we get a contradictions to (2).
Case(ll). Define

v =—1 n>N.

Then v, <0 for n>N .Since {a,Az,} isnonincreasing, we have

Az,
Az, <a L s>
a

S

Summing the last inequality from n—z to ¢-1, we obtain
-1

~

72,<7,,+a,Az,
S

£

Il
=]

-7

Since z,>0 and Az, <0 by letting ¢ — oo, in the last inequality we obtain

0<b<z,  +a,Az,B, n=N

or
0<z, , +a,Az,B,, n=N
or
a,Az
B,—/—*=-1,n>N
anf
Thus
a,Az, (-a,Az,) “cq
Za

n-r

So, by A(-a,Az,)>0 and (6), we have

<v,B“<0, n=N,

l:l—l n

where L =-a, Az, . From (6), we obtain
A(a,Az,)  a, Az

AVn — - ;H—l an+1 AZ?,,
Zn—r Zn—rzn+1—r
By Mean Value Theorem,

Azl =178, —1% =at" Az, .

where z,,, <t<z _.Since a>1 and Azr( n <0, we have

AZ¢  <azfl Az, .

Therefore,
X! aa,, Az, 200 Az,

AVn S_qn max : n+l an+1 ;Hl T
[n—o-,n] ZS*T ananJrlf‘r

Since z <z we have

n+l-7 n-z !

®)

(6)

()
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Av, <—g, max {

[n-o.n]

X ] aan+lAzn+l Azn—r . (8)

a+l

S—7 n-r

From Lemma 2.6, Ax, <0 for n>N, we have

) me) ) &
anr anr + pn—rxn—r—k 1+ pn—r

] <0, n>N. (10)

From (8) and (9), we have

[n-c.n]

Av, 40, max
1+p,,

Multiply (10) by B;’, and summing it from n, >N to n-1, we have

1 a
<
ZBS+1AV + ZBqus [s s](1+ pt ,j -

S=M

n+l

Summation by parts formula yields

1
D BZLAv, =By, Zv AB?.
s=mny

Using Mean Value Theorem, we obtain

a-1
AR > -5
asfr
Since v, <0, we have
n-1 Y B 1 ov BUI—:l
ZBS+1AV >BYv, Brnvm_gn:l ;s_j

or

n-1 V Ba -1 n-1
B, By, + 5 24B Star g [
s=n

s=m s—r

J <0 (11)
1+p.,

Therefore, from (7) and (11), we have

LN

U= 1 ‘ a
Bfv. <B’v. — - :
n 'n mm ;ﬁ[ s+1qs [s-0.5 (1+ pt Tj L{ZlBsas—r]

Letting n— oo in the last inequality, we obtain a contradiction to (3). This completes the proof. O
Theorem 2.2. Assume that « >1, and there exists a positive integer k such that o >z —k . If for all suffi-
ciently large n, N(no) and for every constant M >0, (2) holds, and

3B:a, m Gn][

n=ry

Trp. T] o0, (12)
hold, then every solution of equation (1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.1, we see that Lemma 2.1 holds for n> N e N(no) .

Case(l). Proceeding as in the proof of Theorem 2.1 (Case(l)) we obtain a contradiction to (12).

Case(l1). Proceeding as in the proof of Theorem 2.1 (Case(ll)) we obtain (7) and (10). Multiplying (10) by
B:' and summingitfrom n, >N to n-1 we have

n-1 1 “
BXAv, + Y B max <0.
Z s+1 S z s+1 qs ][1+ pt_TJ

n=ny s=ny

O,
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Using the summation by parts formula in the first term of the last inequality and rearranging, we obtain

o1 (¢ +1)v,B* o “
By v, —By v, + er > q,B¢* max <0 (13)
s=m S—7 S=m [s-osl{ 1+ pI*T
Inview of (7), we have —v, B“* < Ll B, <» as n—o and
* n-1
qu Bsa;il < Ba+1 Ba+1 (Z +11 Z 1
S s] 1+ pt—r La S=n s T

As n — oo inthe last inequality, we obtain a contradiction to (12). This completes the proof.
Theorem 2.3. Assume that « >1, and there exists a positive integer k such that o >z —k . If for all suffi-
ciently large n, N(no) and for every constant M >0, (2) holds, and

Z " Ya8 [( J =, (14)

n=ry n5”1

1+p .

then every solution of equation (1) is oscillatory.
Proof. Proceeding as in the proof of Theorem 2.1, we see that Lemma 2.1 holds and Case(l) is eliminated by

the condition (2).
Case(l1). Proceeding as in the proof of Theorem 2.1 (Case(ll)) we have

Z,y 2 —8,A7,B, >-a, Az, B, =B,

where ¢ =-a, Az, . From Equation (1), we have

A(_a‘nAZn ) =0, [mg)s] Xsa’

and
x> 1

n> . 15
Z 1+p,., (15

n-r

Hence

1 a
A(-a,Az,)>c%q B .
e )

[n-o.n]

Summing the last inequality from n, >N to n-1, we obtain

1Y 0 1Y
-a,Az, > -a, Az, +c” B max
e qu : sas]£1+ pt_rj Zn:l * [s- os](1+ P, j

Again summing the last inequality from n, >N to n-1, we have

13 1Y
z, 22, -1, >c” B max .
52”1 Stzsiql t] 1+pirj

Letting n— oo in the above inequality, we obatin

ISR S 1 Y
Z z [tat( <oy

:nla_ 1+p_,

a contradiction to (14). This completes the proof.
Next, we obtain sufficient conditions for the oscillation of all solutions of Equation (1) when O<a <1.
Theorem 2.4. Assume that 0 <« <1, and there exists a positive integer k such that o >7z—k. If for all
sufficiently large n, e N(n,) and for every constant M, >0, L >0, one has
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w . M 1-a
Z[qu[mgﬁ](l— p,) _(MA) - 1?) ]=oo, (16)
n=m ! n
and
= 1 1
L = oo, 17
,g[”&‘ W%[ug,j4%TmJ * an

then every solution of equation (1) is oscillatory.
Proof. Proceeding as in the proof of Theorem 2.1, we see that Lemma 2.4 holds for n> N e N(no) .
Case(l). Define w, by

a,Az
w, =A —", n>N.
Z!Z

n

n

Then w, >0 and from Equation (1) and Lemma 2.2, we have

aA
AW, <-A .0, max](l p)” +”—i”. (18)
" anZn
Using Lemma 2.5 in (18), we obtain
l-a
o« 2
< _ _ n
- Aqun [m%](l ps) + Cn ' (19)
From the monotoncity of {a,Az,}, we have
n-1 A
=7, + 442 Zy +ayAZ R,
s=N a
and hence
z, <M,R, (20)

for some constant M, >0 for all large n. Using (20) in (19) and then summing the resulting inequality from
n >N to n-1,we have

n-1

. Ml 1-a
O<w, <w, - {Aﬁlqs max (1-p,) —(CL)] (21)

s=m n

Letting n— oo in (21), we obtain a contradiction to (16).
Case(ll). Define a function v, by

a,Az
v,=——", n>N.
anf
Then v, <0 for n>N, we have
A(a,Az a,,Az,. Xs a Az
= (&, ) ml Az < —(, max -—1" A7, .
anr anrzn+lfr [n Gn] S—1 an‘r Zn+lfr

Since z(n)>n,and a,Az, isnegative and decreasing we have
a, Az, <a Az,

Therefore
(a Az,)
Av, <—g, max :
[n o—n] n T n T n+1 T
Since z, isa positive and decreasing, we have z <z, .. Combining the last two inequalities, we have

n+l-r

@
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X¢ v2
Av, <—(, max -
[n-o.n]{ z an—r

S—7

Now using (15) in (22), we obtain

2
Av, < an‘“max L
[hon\1+p, . ) &

n—r

for some constant L > 0. That is

2
AV, +0,L*" max LI L
[-onl{1+p,_, ) @

n—v

Multiplying the last inequality by B, ,,, and then summing it from n, >N to n-1, we have

n+l?

n-1 B
ZBMAV + qu L“*B,,, max][ L j+ > vz <o,

1+ pt T s=n as—r

Using the summation by parts formula in the first term of the above inequality and rearranging we obtain

B,v,-B,V, +niq|3 L max | — +ni % +BS*1V <0.
nVn mmy fore s [s-os]\ 1+ p,_, s=m \ Ag_, a,

s+1
S—7

Using completing the square in the las term of the left hand side of the last inequality, we obtain

2
n-1 1 nlB 1
Bv —B v + B...L*™ max + sty o4 - <0
Vi ™ B Vi, gquSﬂ ﬁaﬂ(l+ptzj ;%as,(s 28 ] 2%4a B

>
|

N

[N

or

n-1
B.v, <B,v, — > | q,B,, L“" max 1 1
Ay s-osl{ 1+ p,_. ) 4a,_B

S—7 s+l

(22)

Letting n— oo in the above inequality, we obtain a contradiction to (17). The proof is now complete. O

3. Existence of Nonoscillatory Solutions

In this section, we provide sufficient conditions for the existence of nonoscillatory solutions of Equation (1) in

case a>1 or O<a<1. Note that in this section we do not require p,=p.
Theorem 3.1. Assume that « >1. If

Zq AL, <

and

then Equation (1) has a bounded nonoscillatory solution.
Proof. Choose N >n, sufficiently large so that

A,  3p+l
A 4

Ps

and
- a 1- p
<
S;qs Ko S

for n> N .Let y be the setof all bounded real sequences defined for all n>n, with norm

(23)

(24)

(2%)

(26)



R. Arul, M. Angayarkanni

and let

Define amapping T:S — y by

(%) 3p+5A1 PnnﬁquqsmaXXHfqusmaXXt nzN
X =
(Tx),, » n, <n<N.
Clearly, T is continuous. Now for every xeS and n> N, (25) implies
3p+5 3p+5 A,
— X 2 — P L,
(Tx), = A, PoXo A(S pnph]
3p+5 3p+1 1-p
>A1(p > j—(g)Aw-

Also, from (26) we have

(10), <A B0 iqs max ¢ + Y0, A, max '

<A B2 A T, max A
<A1(3p+5 18 pj A
o

Thus, we have that TS < S . Since S is bounded, closed and convex subset of y, we only need to show that

T is contraction mapping on S in order to apply the contraction mapping principle. For x,yeS and n>N,
we have

l n
e W

qu max
o, P MESES N

T e
N NN A.) (A,

By the Mean Value Theorem applied to the function f (u) =u”,a >1, we see that forany x,ye S, we have

X _ a

Z%&a

N [s-0.5]

3p+1 " A
[Tx-Ty| < IOTIIX -+ ZaS:ZNqusfg [x=y]
3p+1 1-p
<= Ix=yl+2a=—Ex-y]

+1
=B -y < [x-yl)
2
Thus, T is a contraction mapping, so T has a unique fixed point xe S suchthat Tx = Xx. Itis easy to see that

X= {xn} is a positive solution of Equation (1). This complete the proof of the theorem. O
Theorem 3.2. Assume that 0 <a <1. If

S A, < (27)

n=ny
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then Equation (1) has a bounded nonoscillatory solution.
Proof. Choose N >n, sufficiently large so that

g (1-p)
S:ZNQAS 5

Let y be the set of all bounded real sequences defined for all n>n, with norm

[x]=supx, .
nxng

and let

Define amapping T:S — » by

3p+5 n -
~ DX max X max x*, nxN
(Tx)n _ 8 PaXo, + A, s:qus [smos] X+ ;qsp% [s_a,s]xt
(TX)N’ N, <n<N.

It is easy to see that T is continuous, TS S, and forany x,yeS and n>N , we have

[(T), =(Ty),| < Py max .. =y |+ Y. A max|x -y,
o,n s=N $—-o,S
By the Mean Value Theorem applied to the function f (u) =u”,0<a <1, we see that forany x,yeS, we

have

Xd_ytl

8a
<———[x-y| forall n>N . Hence
3(1—p)| |

8 (1-p)
el oo 2

and we see that T is a contraction on S. Hence, T has a unique fixed point which is clearly a positive solution of
Equation (1). This completes the proof of the theorem.
4. Examples

In this section we present some examples to illustrate the main results.
Example 4.1. Consider the difference equations

A[znﬂA(xn +%Xn3jj+24n [m?x]xg =0, n>0. (28)
Here a:3,an :2n+1’ pn :%7qn :24|’1 and 1—:3'0':1. Then A_I — 22n—1, Bn = 2n—3 . ChOOSIng k:31 we

see that o >z —k . Further it is easy to verify that all other conditions of Theorem 2.1 are satisfied. Therefore
every solution of Equation (28) is oscillatory.
Example 4.2. Consider the difference equations

1
4 [n-2,n]
2"-1 1
Here ==, 4, =21 P, :%,qn =2" and r=3,0=2.Then A = o B, = o3 and

—_ W~

C,= 2(2n —1). Choosing k =2, we see that o >z —k . Further it is easy to verify that all other conditions of
Theorem 2.4 are satisfied. Therefore every solution of Equation (29) is oscillatory.



R. Arul, M. Angayarkanni

Example 4.3. Consider the difference equations

1
A(n(n+1)A(xn+an_3j]+n2[m%>n<]xj:O, nx1. (30)
Here a=3a,=n(n+1), p, :%,qn =n’ and r=3,0=1. By talking A :l, we see that all conditions
n

of Theorem 3.1 are satisfied and hence Equation (30) has a bounded nonoscillatory solution.
Example 4.4. Consider the difference equations

1
A(n(n +1)A(Xn +%xn_3j]+l[m§x] x$ =0, n>1 (31)
n[n-2n

Here oz:%,an =n(n+1), p, :%,qn _1 and r=3,0=2. By talking A, :l, we see that all conditions
n n

of Theorem 3.2 are satisfied and hence Equation (31) has a bounded nonoscillatory solution.
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