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Abstract 
In a previous paper published in this journal, it was demonstrated that any bounded, closed in-
terval of the real line can, except for a set of Lebesgue measure 0, be expressed as a union of c 
pairwise disjoint perfect sets, where c is the cardinality of the continuum. It turns out that the 
methodology presented there cannot be used to show that such an interval is actually decomposa-
ble into c nonoverlapping perfect sets without the exception of a set of Lebesgue measure 0. We 
shall show, utilizing a Hilbert-type space-filling curve, that such a decomposition is possible. Fur-
thermore, we prove that, in fact, any interval, bounded or not, can be so expressed. 
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1. Introduction 
In a paper published previously in this journal (see [1]), it was shown that any bounded, closed interval of the 
real line can, except for a set of Lebesgue measure 0, be decomposed into c pairwise disjoint perfect sets, where 
c is the power of the continuum. In this paper we present a proof that such a decomposition is possible without 
the exception of a set of 0 measure. We are motivated by a problem in a well-known book by I. P. Natanson (see 
[2]). There the claim is made that the closed interval [0,1] can be decomposed in this fashion. We utilize a Hil-
bert-type space-filling curve to show this. The recent work of Nicholas J. Rose (see [3]) is invoked here in this 
demonstration. 

Furthermore it is shown that any interval, bounded or not, is expressible as the union of c pairwise disjoint 
perfect sets relative to the interval topology. Then it is proven that the relatively perfect sets can be expressed as 
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a countable union of pairwise disjoint perfect subsets of the real line, and, from that fact, one deduces that any 
interval is resolvable into c pairwise disjoint perfect sets. 

2. Results 
Theorem. Any bounded closed interval [a,b] of the real line is expressible as a union of c pairwise disjoint per-
fect sets. 

Proof. First of all, there exists a (continuous) linear map x = L(t) of [a,b] onto [0,1], namely, 

( ) ( ) ( )x L t t a b a= = − −                                       (1) 

Also, one can map [0,1] continuously onto the closed square [0,1] × [0,1] of the xy-plane by invoking a Hil-
bert-type space-filling curve (see [3]). We designate the latter curve by 

( ) ( ) ( )( )1 2,f x f x f x=                                        (2) 

where 0 ≤ x ≤ 1. In addition, appealing to Equation (1), let us observe that 

( )( ) ( )( ) ( )( )( )1 2,f L t f L t f L t=                                     (3) 

is a continuous map of [a,b] onto the square [0,1] × [0,1]. Now a Hilbert-type space-filling curve is of fractal 
type, meaning that one can divide [0,1] × [0,1] into 4n subsquares, corresponding to 4n equal subintervals of 
[0,1], each of which is mapped onto one of the 4n subsquares. Furthermore each of these 4n maps is of a nature 
similar to the initial map (see [3]). 

Next consider the c vertical line segments 
, 0 1, 0 1.x k k y= ≤ ≤ ≤ ≤                                      (4) 

Since f(x) is a continuous map and all such line segments are closed, their inverse images are likewise closed 
(see [4]). Furthermore, because these vertical segments cover the square, their inverse images cover [0,1] and 
are pairwise disjoint. Thus we are assured of c pairwise disjoint closed sets which cover [0,1]. To prove that 
each such set is perfect one need only note that each of the 4n subintervals of [0,1] is dedicated to precisely one 
of the 4n subsquares, and, as n tends to ∞, the diameter of each of these 4n subintervals and subsquares tends to 0. 
Therefore, every point of such an inverse image must be an accumulation point.  

Finally, consider the linear map x = L(t), as given by Equation (1), and the inverse image under this map of 
any of the aforementioned perfect subsets of [0,1]. Obviously any such subset is a perfect subset of [a,b], and 
these subsets form the required decomposition. 

Corollary 1. Any subinterval of the real line (including the real line itself) can be decomposed into c pairwise 
disjoint perfect sets in the relative topology of the subinterval.  

Proof. There is always a continuous map of any subinterval of the real line onto the closed subinterval [0,1]. 
For example, consider the open interval (0,1). Then 

( )( )sin 2π 1 2x t= +                                        (5) 

maps (0,1) continuously onto [0,1]. Using Equation (5) one can likewise map the half open intervals [0,1) and 
(0,1] onto the closed interval [0,1]. Although it is not generally true that the inverse image of a perfect subset 
under the mapping given by Equation (5) is a perfect set in the relative topology of either [0,1) or (0,1], it does 
turn out (see [3]) that the perfect subsets of [0,1) engendered by Equation (4) for any k do have inverse images 
under Equation (5) that are again perfect. This property arises from the very nature of the Hilbert space-filling 
curve. For example, let us consider the mapping of (0,1] onto [0,1] afforded by Equation (5). We see that 

( ) ( )1 10 1 ,
2 2

x x x = = = 
 

                                    (6) 

and we also observe, from the Rose paper (see [3]), that  

1 1 1, ,
2 2 2

f    =   
   

                                       (7) 

i.e., that the point x = 1/2 is mapped to the center of the unit square via Equation (2). On the other hand, since 
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x = 1/2 is at the center of [0,1] and, for each n, we partition [0,1] into 4n equal subintervals, there are certainly 
points on either side of x = 1/2 which are arbitrarily close to x = 1/2 and whose images under the mapping of 
Equation (4) with k = 1/2 lie on that designated vertical line segment. Referring once more to Equation (5), to-
gether with Equations (6), we see that t = 0, 1/2, and 1 must all be accumulation points of the preimage of the 
perfect subset of [0,1] corresponding to k = 1/2. Thus, in particular, t = 0 and t = 1 are accumulation points of 
that closed subset of (0,1] induced by k = 1/2. Ultimately, then, the line segments provided by Equation (4) in-
duce relatively perfect subsets of (0,1] (see [5]). The other half-open subinterval, viz, [0,1), can be similarly 
treated. Also, using Equation (5) for the open interval (0,1), one clearly sees that the inverse image is relatively 
perfect there as well. 

As another example, consider the subinterval [0,∞). In this case the function  

e ut −=                                            (8) 
will map [0,∞) onto (0,1], and then Equation (5) can be used to map (0,1] onto [0,1]. Finally [0,1] is mapped 
continuously onto [0,1]×[0,1], and the inverse image of a closed vertical line segment under the composite map 
provided by Equations (2), (5), and (8) is a perfect subset of [0,∞). In this case, since [0,∞) is a closed subset of 
the real line, the perfect subset of [0,∞) is also a perfect subset of the real line. 

Finally consider the real line (–∞,+∞) and the mapping of the real line onto the open interval (−π/2,π/2) pro-
vided by the principal arctan function, namely, 

( )Arctan .u v=                                       (9) 

Next (–π/2,π/2) can be mapped onto (0,1) utilizing t = L(u) as provided by Equation (1) with a = −π/2 and b = 
π/2. Then, appealing to Equation (5), one can map (0,1) onto [0,1]. Finally [0,1] is mapped onto the closed unit 
square using Equation (2). The inverse image of a closed vertical line segment through the closed unit square 
using the composite function thus formed will then be a perfect subset of (−∞,+∞), as desired. 

It should now be clear that any subinterval of the real line can be expressed as a union of c pairwise disjoint 
perfect subsets in the relative topology of the subinterval. If the subinterval itself is absolutely closed, then we 
can say that these perfect subsets will themselves be absolutely closed. Corollary 1 is thus established. 

Corollary 2. Any relatively perfect set of Corollary 1 can be decomposed into a denumerable number of 
pairwise disjoint perfect subsets in the usual topology of the real line. Therefore, in fact, any subinterval of the 
real line is representable as a union of c pairwise disjoint perfect sets of the real line. 

Proof. We first establish that the preimages of the closed vertical segments of the unit square [0,1] × [0,1] 
under the mapping given by Equation (2) are not only perfect sets but also nowhere dense sets, so that they do 
not contain any intervals. In fact let us refer to the Rose paper (see [3]), in which it is shown that the coordinate 
functions f1(x) and f2(x) are nondifferentiable (see Theorem 3 of that paper). If any preimage of a closed vertical 
line segment as given by Equation (4) were to contain an open interval (x1,x2) of x values, then one has 

( )1 1 2, ,f x k x x x= < <                                 (10) 

and then the derivative ( )1 0f x′ =  over the interval (x1,x2). However we know that f1(x) is nondifferentiable, so 
it follows that the preimage is indeed a Cantor type set (contains no intervals). 

Now, if we are considering an interval of the real line which is not closed, then the sets of concern to us are 
those which do not contain one or both of the interval endpoints. Such endpoints are then accumulation points of 
one of the sets of interest but do not belong to the set, all other points of the set being limit points belonging to 
the interval. It is also true that such sets contain no intervals inasmuch as they are derived from preimages of 
Cantor sets under continuous mappings of the type exhibited by Equations (1), (5), (8), and (9). Such functions 
are either strictly monotonic or can be decomposed into branches all of which are strictly monotonic. This result 
then follows from the well-known fact that the image of a connected set under a continuous mapping is again 
connected (see [4]). 

Suppose then, for the sake of argument, that the interval of concern is the half-closed interval (a,b] and that a 
is an endpoint of the Cantor type set C of interest. Then, because C contains no intervals, certainly there exists 
an open interval (a1,b1) contained in (a,b] but not in C, i.e.,  

( ) ( ]1 1, ,a b a b C⊂ − .                               (11)  

Let ( )1 1 1 2c a b= + , and observe that c1 does not belong to C. Also, note that  
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[ ]1 1,S c b C= 
                                        (12) 

is a perfect subset of C. Next consider (a,c1], and choose an open interval (a2,b2) such that  

( ) ( ]2 2 1, ,a b a c C⊂ −                                     (13) 

and  

( )2 2
1, , .
2

a b a a ⊂ + 
 

                                    (14) 

Let ( )2 2 2 2c a b= +  and let 

[ ]2 2 1, ,S c c C= 
                                     (15) 

a perfect subset of C disjoint from S1 and contained in (a,b]. In general, letting c0 = b, we form 

[ ]1, , 1 ,n n nS c c C n−= ≤ < ∞
                                (16) 

where ( ) 2n n nc a b= +  and 

( ) ( ]1, , , 1 ,n n na b a c C n−⊂ − ≤ < ∞                               (17) 

together with the requirement that 

( ) 1, , , 2 .n na b a a n
n

 ⊂ + ≤ < ∞ 
 

                             (18) 

Finally, 

1
,n

n
C a S

∞

=

− =


                                    (19) 

where each Sn is a perfect set and the Sn’s are pairwise disjoint. Of course, some of the Sn’s may be empty. 
Now, if we consider the Sn’s, together with the other perfect sets which are preimages of the closed vertical 

line segments of the unit square [0,1] × [0,1], they form our decomposition of (a,b] into c perfect and pairwise 
disjoint subsets. Other intervals can be treated in a similar fashion. So Corollary 2 is established. 

3. Conclusion 
It has been shown that any subinterval of the real line can, first of all, be expressed as a union of c pairwise dis-
joint perfect sets in the subinterval relative topology. This result follows by initially devising s continuous map 
from the interval onto the closed interval [0,1], followed by a Hilbert space-filling curve from [0,1] onto the 
closed unit square [0,1] × [0,1]. Then the inverse images of closed vertical line segments through the square 
yield the perfect sets desired. Finally the relatively perfect sets thus obtained are expressible as a countable un-
ion of pairwise disjoint perfect sets, and it follows that any interval is decomposable into c pairwise disjoint per-
fect sets. Thus, a problem of I. P. Natanson (see [2]), together with a generalization for arbitrary intervals of the 
real line, is resolved.  
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