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ABSTRACT

In this paper, we use the theory of lexicographical and graded lexicographical orders to compare two distinguished
monomials through their codes of invariants ZZ, and study the effect of this comparison on their respective defining

permutation symbols in the Ehresmann subvariety classes.
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1. Introduction

Aflag F isanested system
F:RRcRcFc--cFkF_ckF (D)

dimF, =i, 0<i<n of subspaces of P(V), the projec-
tive space of an (n + 1)-dimensional vector space V over
C, the field of complex numbers. The set of all such
flags is called flag manifold and will be denoted by
F(n+1). The general linear group GL(n+1,C) acts
transitively on F(n+1). Let E be a fixed reference flag
in F(n+1). The isotropic group of E is a Borel sub-
group B so that

F(n+1)=GL(n+1,C)/B. @)

. . n(n+1) ]
Its dimension is — The flag manifold F(n + 1)

is the disjoint union of B -orbits indexed by elements of
symmetric group S,

F(n+1)=GL(n+1,C)/B= LI B-wB. @3)
weS,

The major interest in this direction has been on the
cohomology of these manifolds, where by cohomology,
we mean in a general sense; singular and equivariant,
K-theory and equivariant K-theory. For each of these
theories, there are two descriptions of cohomology. One
is in terms of Ehresmann classes, which are cohomology
associated to the Ehresmann subvarieties of F(n+1)
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given in terms of permutation symbols. There is one
Ehresmann class for each permutation symbol [1]. The
Ehresmann classes form a basis for the cohomology over
its ground ring and the other is in terms of generators
and relations called the Borel-Hirzebruch basis elements

[2].
Definition 1. Let

S:S,cS, c---cS,, dimSj =]
be a fixed flag. An Ehresmann symbol is a matrix

8o

a?o 8y @

a‘n—l,O an—l,l an—l,n—l
where a; are the integers such that
O<ay<a; <--<g <n (i=0,--,n).

Following Monk [3], the i™ row of this symbol is to
be interpreted as a Schubert condition [a,,a;, -, &; ]
on the element F of F. The matrix represents a sub-
variety of F (n +1) consisting of all the flags F satisfy-
ing the conditions:

dim(FiﬂSaij)zj (0<j<i<n) ()

Definition 2. The variety of F(n+1) is said to be
irreducible(and the corresponding symbol is called an
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irreducible symbol) if for every g;
exists k> j suchthat a; =a,, k.

The set of all such irreducible varieties is called the
Ehresmann base.

Remark 1. Writing a matrix for each irreducible sym-
bol is unwieldy and Monk [3] suggested representing the
matrix by a permutation (ay,---,a,) of 0,1,---,n
where a, is the new element in the i" rowand a, is
the missing integer. Conversely every permutation of
0,1,---,n determines an irreducible symbol and hence
the number of elements in the Ehresmann base is
(n+1)1.

It has been proved that the dimension of the subvariety
represented by the matrix when irreducible is

3 (ai _mi)' (6)

-0

(j<i<n-1),there

AN

m =#{a; :a;<a,0< j<i<n-1

2. Distinguished Monomials

It is well known in [4-6] that the flag manifold F(n+1)
comes equipped with a flag of tautological vector
bundles E, cE, c---c E, and associated sequence of
line bundles L, =E_,/E;, i=0,---,n. The L, possess
natural hermitian structures induced from the standard
hermitian metric »'z7, on (n+1)-dimensional vector

space V over C. For i=0,---,n, we denote by y,,
the 2-dimensional Chern form on F(n+1) of the
hermitian line bundle L, [7-9]. In other words, they
represent the Chern classes ¢, (L;) in the cohomology
of F(n+1). The only nontrivial Chern class is the first
Chern class, which is an element of the second coho-
mology group of the manifold [10]. The cohomology

ring H*(F(n+1),Z) is therefore, generated by the
Chern classes ¢, (L)=7.

There is indeed a correspondence between the permu-
tation symbols and the »'s, viz,

(8g,2,+,28,) > (75,722 7n)

and it is interesting to note that any permutation symbol
can be identified uniquely with certain product of these
generators. These specialized products are called the dis-
tinguished monomials.

Definition 3. Let T, =(a,,---,a,) be any cycle of the
Ehresmann subvariety class of dimension d in the co-
homology of the flag manifold F(n-+1), then the prod-

uct [],7/ is the distinguished monomial of T,
where B = y(a), that s,

B =#{a a >aq,i<k<n}

Example 1. The distinguished monomial of the cycle
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N, =(1203) in the Ehresmann cycle class of dimension
2 of the cohomology of F(4) is given by 77,7, .
Definition 4. The degree S of the distinguished mo-

nomial [] 7" is given by g=3" oZ( ), the

a,), thatis, ﬂ:Zﬂi.

The collection of distinguished monomials is denoted

by 'A/ln+l
3. Main Results

We now compare any two distinguished monomials and
study the effect of this comparison on their respective
defining cycles via the code of invariants Z.,, the col-
lection of n-tuple exponents of distinguished monomi-
als. In order to this, we impose ordering on these mono-
mials. In practice, we shall assume the following relation
on the generators y,, 7, ¥y

Vo> 1> >V

Several orderings can be defined on set of monomials
but due to the characterization of M, ,, it seems lexi-
cographic order and graded lexicographic order are most
appropriate.

Definition 5 (Lexicographic Order). Let

,an) and ﬂ:(ﬂuﬂzl""ﬂn)ezgo’

the collection of n -tuple exponents of distinguished
monomials. « >, g if in the vector difference
a—pBeZ", the left-most nonzero entry is positive. We
shall write

index of the cycle (ay,--,

a:(al’azl...

-1 = 1 i
H|n o)/l >Iex H:] Oylﬁ
If a >Iex ﬂ
-1 o n-1 ﬂu
HI =0 7 ’Hl 0}/'
Definition 6 (Graded IeX|cograph|c Order). Let

a,peZ,, the collection of n-tuple exponents of dis-
tinguished monomials. We say

n-1 o n-1 B
H o/ grlex Hi:07i

o= 61- 5.

or |a|=|p| and a >, B.

The distinguished monomial ordering relation on >
on the code of invariants ZZ,, the set of n-tuple of
collection of monomials is well-ordered. By the distin-
guished monomial ordering relation on ZJ, in this
context, we mean graded lexicographic order on ZZ;
and denote ithy >.

Definition 7. Let (a,,---,a,) and (b,

'

b,) be
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any two cycles in the Ehresmann cycle class

[(ao,---,an),F(n+1)]d

of dimension d . We say
(ao,...,an)>(b0,...,bn)

(ao,...,an)>lex (bol...,bn)_

Remark 2. In general, the ordering extends over the
the Ehresmann base &,,,. In other words, the ordering
still holds even if the cycles are not equivalent.

Lemma 1. If (a,a,-,a,) and (by,b,--,b,) are
any two irreducible symbols of the Ehresmann subvarie-
ties in the the flag manifold F(n+1) , then

(a.a,---,a,) is equivalent to (hby,b,,---,b,) if and
only if
n-1 n-1
(a'l_ml): (bi_ml)’
i=0 i=0
where

m; =#{a, (resp. b, ):a, (resp. b,)
<a,(resp. b),0<k <i-1}.

Remark 3. Equivalence of permutation symbols is an
equivalence relation. Each of the partitions is called the
Ehresmann cycle class and denoted by

[(80,120)iF ],

where d is the dimension of the class and hence the

flag manifold F(n+1) is given by the disjoint union:

dimF(n+1)
F(n+1)= d [(ao,---,an);F}d 7
=0

Theorem L. Let [(ay,--,a,);F(n+1)] bean Ehres-
mann cycle class of the flag manifold F(n+1). Let
%..1 be the subcollection of the distinguished monomi-
als of degree g of H,,, inthe cohomology ring of the
manifold F(n+1). Then the dimension of of the class

s an); is expressed in terms of the degree o
a, 2 )iF | isexp di f the deg f
the monomials, that is
n+1 t

dim[ (ay,---,a ]_

Proof. The dimension of any Ehresmann cycle class in
the flag manifold F(n+1) has been proved by Ehres-
mann[3] and given by

n+l

V)iF = Za—. (8)

dim[ (a,

where m, =#{aj a; <a,0<j<is n—1} . Extending
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the summation to accommodate i=n automatically
puts m, =a, which makes equation 8 still stable. In

this case, Y. m; turns out to be index ind(a,,--,a,)

COY "'an);F}

given by Zi":’;;((ai) which coincides with the degree

of any cycle (a,,---,a,) in the class [(

of the distinguished monomial of the cycle. The Zi”:oal
is precisely the dimension of the flag manifold F(n+1),

n(n+1
that is, % and hence

dim[ (a,

n(n2+1) —nill(ai)- -

i=0

a)iF]=
Theorem 2. Let

[(2,+,3,)iF (n+1) ],

be the Ehresmann cycle class of dimension d in the
cohomology of F(n+1), and let

dimF(n+1)

8n+l = H [(aﬂ""’an); F(n+1):|d
d=0
be the disjoint union of such classes. Let

dimF(n+1)

L 9,
A=0

be the graded monoid of distinguished monomials of
degrees S in the cohomology ring of the flag manifold
F (n+1). Then there is a natural bijection

¢:[(a0,~--,an);FJd 9,

between &, and M, .
Proof
We define a map

n+1 - '/Ver-l
by
#([(312,)iF(n+1)],) =9, ©)
where §), isasubcollection of M, , , thatis,

:{ﬁ%‘ e/\/lnﬂ:deg(ﬁ%ﬂ‘j:ﬁ,OSi Sn—l}.

Let

and
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0<k,k'<dim(F(n+1)).

Suppose that

(a2 )i F(n+1) ], =[(By.-by):F (n+1) ],

which implies that

g(ai —mi)=§(bi -t)

where
m =#{a; :a;<a,0< j<i<n-1f
t =#{b; :b; <b,0< j<i<n-1f
From the Theorem 1,

n(n+1) ot
2 _i;l(ai): 2

and hence
Yox(a) =2 (b)
which implies that
o([(202,)iF (n+1)])
=4(([ (b, )iF (n+1)],)

Therefore, ¢ is well defined.
Suppose that

¢([(a0,---,an);F(n+l)]k)
=4([(by+b, )i F (n+1)] )
in other words  §, = $/,

= 2o (a) =2 (0)

MY () =2 s )
=k=k'

and therefore,
[(a0 ---,an)' F(n+l)]
—[ n+1)}

and hence ¢ is injective.
For any subcollection §, in M, . By definition,

p=>" 0;{( ;) implies that @‘Z?_SZ(%) is

the dimesion of the Ehresmann class

[(3,a,);F(n+1)] in T1{" " [(ay,a,)]

such that
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¢([(a0,~-,an);F(n+1)])=5§ﬂ.

Theorem 3. If the distinguished monomials of two cy-
cles 9=(a,,---,a,) and A=(by,b,---,b,) in the the
Ehresmann base &, ., are equal then the two cycles co-
incide.

Proof

In other words, the theorem says no two distinct cycles
share the same distinguished monomial. Suppose that
(a,a,---,a,) and (by,---,b,) are notequivalent in the

'™n

sense of Lemma 2, this leads to the fact that

n-1 n-1
Zi:oz(ai ) * Zi:oz(bi)
and hence different distinguished monomials. Now sup-
pose they are equivalent, this implies that

Yoox(a)=21x(b)=
Consider the set 7, consisting of
(2(30), - 7(a,4)) and (z(by), - 2(by4))-

7. is a subcollection of ZJ, being the set of
n -tuple exponents of distinguished monomials. Since
7%, is well ordered, 7. has a least element and there-
fore, the distinguished monomials defined by the two
N _tuple exponents differ.

Corollary 1. If 9, =(ay,--,a,) is a cycle in the

n
Ehresmann cycle class

[(8.+a,);F(n+1)]

of dimension d . Then 91, has at most one distin-
guished monomial.
Proof
Suppose My =(ay,--+,

n-1 : n-1 !
[T and TV,

a,) is identified with

then the
Ind (g, 8,) = > oz (&)

and

a,) =Y ox(a).

Ind(a,,---,a,), the subset T,

Ind(ay,-,

By the definition of
consisting of

(;((ao)y--,;((anfl)) and (l(aé)v"',l(aé,l))
is singleton in Z;' and hence H:‘:‘;},iﬂai) and

H. 7 @) coincide.

Using the definitions 5 and 6, we shall define ordering
on the cycles of the Eheresmaan cycle class

[(2,+,3,);F (n+1)],
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of dimension d and give some of its intrinsic properties
in relation to the corresponding subcollection 7. of
distinguished monomials of degree c, where c is
given by

1
C:E[n(n+l)—2d] (10)

Definition 8. Let (a,,---,a,) and (by,---,b,) be
any two cycles in the Ehresmann cycle class

[(ao""*an);F(n+l)]d

of dimension d . We say
(a07""an)>(b0""7bn)

(8,18, ) ey (Do, by )

Remark 4. In general, the ordering extends over the
Ehresmann base & . In other words, the ordering still

n+l-*

holds even if the cycles are not equivalent.
Definition 9. Let

[(2,+a,),F ], and [(by,---,b,),F],,

be Ehresmann cycle classes of dimension d and d’
respectively, We say that

|:(a0,~--,an),|::|d >|:(b0""’bn)’F:|d'

if for all cycles (ay,---,a,) and (by,--,b,) in
[(8.+a,),F ] and [(by.--.b,),F],

respectively, (8,,--+,8,) > (bo.-++,by)-
Given any two subcollections 7, and 7 of distin-
guished monomials of degrees ¢ and ¢’ respectively

n-1 Gi

7. >7T, if for all distinguished monomials Hi:o7i
and T % in 7, and 7, respectively,

-1 ¢ -1 ¢
:l_[in:()}/iCI >grlex :l_[in:o}/iCI '

Remark 5. The ordering on Ehresmann classes is
characterized by dimensions while that of the subcollec-
tions of distinguished monomials is given by degrees.

Theorem 4. Let (a,,---,a,) and (b,,---,b,) be any

n

two cycles in the Ehresmann cycle class

[(ao,---,an),F(n+1)]d

of dimension d , with distinguished monomials
[T and TT %™ respectively then

(ao""'an)>(b0"”’bn)
if and only if

n-1 n-1 .
Hi:oyil(bi) >grlex Hi:oyil(al)

Proof
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Suppose that
(ao,...'an)>(bo,...,bn),
from2.1, y(a) and y(b) aregivenby
#{a;:a <a;,0<i<j<n}
and
#{b, :b <bj,0<i<j<n}

respectively,then there is i,, 0<i,<n in the two

n -tuple exponents
(Z(ao),...,l(aio ),...,Z(an))

(2(00) (b, ) 2(0,)) < 22

such that ;((aio)<;(<bi0 and for all k<i, x(a)
coincides with y (b, ), if they exist. Therefore, in the the
vector difference

(2(a)-z(b). - z(a,)-2(b, ) 2(a,) - 2(b, )
eZ",
the leftmost nonzero entry is negative and and hence
(I(ai),...,l(aio),...,Z(an))
>grle>< (Z(bl)’u/{(bb)’u’{(bn))
and the results follows easily. On the other hand suppose
Hh:;yil(bl) >grle>< Hn:;yll(a')
this implies that
(z(ai),...,z(aio),...,Z(an))
>gr|ex (Z(bl)""vl(bio)’“"Z(bn))'

there is i, , 0<s,,<n such that for all
x(b)-x(a) vanish,if x(a),x(b) existand

z(b,)-x(a,)>0 (11)

Let the set {cy,---,c,} be the natural descending or-
der of the cycles

(bo"”'bio"”’bn) and (ao,...'aio’...,an)_

Then b —a, isnegative and

t<i, ,

bp—a,=---=b -2,

Since b, ,a, arethe

(#(0,)+1)" (3, )+1)

elements of the sets

LT A R L,

th
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respectively and therefore (ay, -
Corollary 2. Let

[(ao,---,an),F}d and [(bo,n-,bn),Flj,

be Ehresmann cycle classes of dimension d and d’
respectively, and let their corresponding subcollections
of their distinguished monomials be 7; and 7. of
distinguished monomials of degrees ¢ and ¢’ respec-
tively,then

[(ao""’an)’F}d >|:(b0""’bn)’F]d'

if and only if 7., > 7.
Corollary 3. Let

[(aﬂ""’a")’F]do ,[(aO,...,an),F]dll...,
[(ao,...,an),F:Ljn

be Ehresmann cycles classes in the flag manifold
F(n+1) of dimensions d,,---,d, respectively such
that d, <d, <---<d,, and Let 7 ,7. -7 their
corresponding subcollections of distinguished monomials
of degrees c,,---,c, respectively,such that c, >--->¢,

then the relation

[(ao’m’a”)‘F:Idn >|:(a0"”’an)‘F:|d
>...>|:(a0,...’an),|:]do

induces the relation 7, >7_ >--->7. Vice versa.

Ja,) > (by,oe.by).

n-1
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