Applied Mathematics, 2019, 10, 301-311
http://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

@,
0:0‘ Scientific

Q: Publishing

4

On g-Analogues of Laplace Type Integral
Transforms of g2-Bessel Functions

Arwa Al-Shibani, R. T. Al-Khairy

Department of Mathematics, Faculty of Sciences, Imam Abdulrahman Bin Faisal University, Dammam, KSA

Email: aalshibani@iau.edu.sa, ralkhairy@iau.edu.sa

How to cite this paper: Al-Shibani, A. and
Al-Khairy, RT. (2019) On g-Analogues of
Laplace Type Integral Transforms of ¢’-Bessel
Functions. Applied Mathematics, 10, 301-311.
https://doi.org/10.4236/am.2019.105021

Received: March 11, 2019
Accepted: May 4, 2019
Published: May 7, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

The present paper deals with the evaluation of the g-Analogues of Laplece
transforms of a product of basic analogues of ¢*-special functions. We apply
these transforms to three families of g-Bessel functions. Several special cases
have been deducted.

Keywords

g-Extensions of Bessel Functions, ¢g-Analogues of Laplace Type Integrals
Transforms, g-Analogues of Gamma Function, ¢-Shift Factorials

1. Introduction

In the second half of twentieth century, there was a significant increase of activity
in the area of the g-calculus mainly due to its application in mathematics,
statistics and physics. In literature, several aspects of q-calculus were given to
enlighten the strong inter disciplinary as well as mathematical character of this
subject. Specifically, there have been many q-analogues and g-series representations
of various kinds of special functions. In the case of q-Bessel function, there are

two related g-Bessel functions introduced by Jackson [1] and denoted by Ismail

[2] as
=l
I (554) (ZJ#i 4 7| <2 (1)
zq)=|= 1
H 2 n=0 (q’ q)‘qun (q’q)n
n(w)(—zzj"
zY' & 1 4
I (z:q =(—] (0d) (zq) °<C (2)
(z24)=(5 ;o(qﬂ)w (4:4),
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The third related q-Bessel function JS) (z;q) was introduced in a full case as
(3]
( ) n(n-1) ( , )
= (-1)"q * (gz
AIENEEDS

n=0 (q’ q)ﬂ“, (q’ q)n

n

,zeC (3)

A certain type of Laplace transforms, which is called L,-transform, was
introduced by Yiirekli and Sadek [4]. Then these transforms were studied in
more details by Yiirekli [5], [6]. Purohit and Kalla applied the g¢-Laplace
transforms to a product of basic analogues of the Bessel function [7].

On the same manner, integral transforms have different g-analogues in the
theory of g-calculus. The g-analogue of the Laplace type integral of the first kind
is defined by [8] as

L (£(£)y)=—

l—q2

[ B (¢2°8) £ (£)ag (4)

and expressed in terms of series representation as

(75¢). ¢

qZ[
[2],7" =(q":q7),

On the other hand, the g-analogue of the Laplace type integral of the second
kind is defined by [8] as

Lo (f(E)sy)=

qu (f(é)ay) =

f(ay™). (5)

ol (72) (60 ©

whose g-series representation expressed as

(1 (£):y)= Y () (-vq) 7)

1
2], (~70) =
In this paper we build upon analysis of [8]. Following [9], we discuss the
g-Laplace type integral transforms (4) and (7) on the g¢-Bessel functions
JS) (z:9), J/(f) (z;q) and Jff) (z3q), respectively. In Section 2, we recall some
notions and definitions from the g-calculus. In Section 3, we give the main
results to evaluate the g-analogue of Laplace transformation of ¢*-Basel function.

In Section 4, we discuss some special cases.

2. Definitions and Preliminaries

In this section, we recall some usual notions and notations used in the g-theory.

It is assumed in this paper wherever it appears that 0 <g <1. For a complex
1_ a

number a, the g-analogue of a is introduced as [a]q =—9 . Also, by fixing

a € C, the g-shifted factorials are defined as

n—

(a;q)0 :1;(a,q)n = (l—aqk),nzl,Z,---;(a;q)w = linl(a;q)n. (8)

0 n

=
]

This indeed lead to the conclusion
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lz(q;q)n neN and (aq) = (#:49),
([n]q)' (1-g)" N and {a:q), (aq:q) ®

The g-analogue of the exponential function of first and second type are

respectively given in [10] by

& X" 1
e (x)= = Sx[ < 1. (10)
/) ;(M),, (x:q), d
and
n—1
a(-1)'q 2 X
E (x)= ,xeC. (11)
)= (4:4),
Indeed it has been shown that
1
= Jx|<1 and E (x)=(x,q), ,xeC 12
e, ()= <1 a0 £, () =), e a2
The finite ¢g-Jackson and improper integrals are respectively defined by [11]
J:f(t)dqt=x(l—q)2qkf(qu) (13)
=0

and

I:Mf(f)dqf:(l—q)zif(%]- (14)

kel A

The g-analogues of the gamma function of first and second type are respectively
defined in [9] as

r, (a):jl/(liq)x”‘lEq (q(l—q)x)dqx,(a >0) (15)

0

and
JT(a)=K(La) [ e, (~(1-g)x)d,x (16)
where, @, >0,where K(A4;a) isthe function given by

(-q/asq), (-a5q),

K(4a)=A4"" . (17)
(=4'/a3q) (-aq"";q).
Some useful results, for x = 0,—1,-2,---, we use here are given by
(©:9), & ¢ (©:9), x
T, (a)= = (1-9)", (18)

RN r)

and

T(a)= K(A;aj,q z[%}(_%;ql, (19)

3. Main Theorems

Theorem 1. Let ng) (2 alt;qz),---,JS/L (2 ant;qz) be a set of first kind of

Hi
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¢ -Bessel functions, f(t)=tA_1HJ§2j (2 al,t;qz), where A, a, and p; for
=1

J=L2,---,n are constants; then the q-analogue of Lablace transformation L,
of f(t) isgiven as:

q LZ (f (t) 5 S)
3 n aj Hj o _aj m; , mj " ,Uj TA4] (20)
- AH[?J mz—o[Tj Bm/ <q )rqz (—]

2
'

and the g-analogue of Laplace transformation ,, of f(z) is given as:

qu (f(t);s)

-a, " 5 m;+u;+A+1
v (g Vi = [S/j B, (q )qz 1"[ ’ /2 ] (21)
J
j=1 N mj:O

K(l'mj+'u~"+A+1]
2’
s 2

where Re(s)>0, Re(A)>0 and

/ 2p4+mi+2 _ Lﬂ—l
AAz(lM_lq—z)M,me(qz):(q Hjrm; ,qz)w(l q2) J 2/
[2]s" (¢%47), " (¢°:4°)

Proof. Now,

mj

L (7 (0):5)= (q[z;]qsz)w gq(;’((‘j; )

since

SO

k™ (22)
2. 2 H (_1)m,~ i
(q 5q )OO © qk(A+l) n ajqk N s
= [2]SA+1 z 2 L Z 2., .
J

m(a. )’
2, 2 M -1)7 | k(A+1+m;+p
:<4§Q)wﬁ[&]’i ( ) [ ooq( i)

N
wolasa?),, | (aha), 5 (a547),
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Since
(i), o g

(1-¢2)" (a7,

r. (a)=

] 1+A+m; +u,
putting @ =—— =, s0 (22) becomes:

2
e i s K

)
;=0 (q2 q )2;; +m; (q 4 )

r. (Wﬂfﬂﬂ] @3)
Since
(¢:°),
(qz;q2)2#/+m Z( 26]2,1j+mj;q2)OO

[ e

o (q2 qz)m/
rz[mj+yj+A+1J
q 2
n(a, YV = (a, m (m +,uA,+A+1)
-l 23

:q°) i
1 1 iqzk (_Sz.qz) (qk )A*I H(a 7 )ﬂ/
[2] ( )3O k=0 ok e

& (a4

-o(qz;qz)m, +24

BRI R )

Now using
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m;+u, +A+1

1
with 4=—, «a we get

) 2

qu(f(t);S)
—a,\"” e PR (my A+
) e e

(“/)#j

- ly-+A+1 = ) ) A 1
i [2]s" "K(lz;m’w i j(qz;qz),,,,+z,,, (qz;qz)mj

J
2
e e

m

pi
= a2, 2\ L7 - _ N
25" (a%s4%), 5=\ s )i K[lwmﬁﬂj; : ](qz;f)m_
A Jj
[mj+yj+A+1]
7 2

_aj )nj
“r| 4 Ve [S] 2
:AAQ B E-ZOK( .+A+I]B”’f (q )qzr(mf+yf+A+1)

Theorem 2. Let Jgi)l (2 a,t;qz),n-,J;Z (2«/&;(]2) be a set of second order
¢ -Bessel function, f(t)=t"" HJE?/ (2 ajt;qz) where A,a, and y, for
=

J=L12,---,n areconstants then L, -transformof f (t) is given as:

qu(f(r>,s)=AAﬁ(%J DAEIK q<>H "

m;=0 )

(24)
B, (qz)l"q2 (m(/. + +A+1)

and the g-analogue of Laplace transformation  /, of f (¢) is given as:

-a; " 2m; (m+2p7)
s la Vo= | s ) d
L(f(t)ss)=AJ]| =~
AVAORY AH(J m;oK[l.”’W”“j (25)
Sz’ 2

. . 1
() r {27

Proof. Now,

(2\/61_)2 ! 2"’./('”1 +2ai)

1
J
"1 g
2u; 4
2fait ) &
T (2 a.f’;qz):[TjJ mzf(qz;qz)2 (¢%:4%)
wj+m; m;
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SO

2 J
k-1
(2 445 ) 2m(m;+2417) (26)

7

By the same argument we can write (26) as
(qz’qZ) w (—l)mj quj(mj+2yj)
[2]sA+1 (qz;qz )w Jotmzo (qz;qz )m
J

a mj+u; - k(m +;4/+I+A)
J 2;1 +m; +2,
1= () Y
S o0

L (f(t);s)z

)
put a:mf+++A+l in T ,(a),then
So (25) becomes:
() =Tl 2] S gt
B, (¢ T, (m, +u +A+1)
Similarly
O~y 2 () () )
o (—agt)" g )
wo(asa?), ,, (a547)
Put Azi,azm’Jrﬂ"JrAJrl we get

(_aj )’"/ qzm_f(m,-uﬂ,-) (1 7 )mj+ﬂ£+A+1 qzr[wj

1 n u; © 2
=millle)” 2

2]1':1 J m;=0 (qz;qz)m_”ﬂ_K(;;stmﬁﬂ/mﬂ

J
2m m+2yj
~ ( s j 5 m;+p;+A+1
R el
K —;
S 2

Theorem 3. Let JSI) (W/q’lalt;qz),...7J£i) (Jq*‘ant;qz) be s set of ¢ -Bessel
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functions, f(f)=tA_1HJ§i3, (,/q_lajt;qz) where A,a, and y; for
g

j=12,---,n are constants. Then we have

n a; S m;  my(m;-1 aq "
qu(f(t);S):AAH(gj > (-1 g™ )[_]

=0 S

+u+A+]
), 2

(27)

and the g-analogue of Laplace transformation /, of f(r) is given by:

—44 " mj(m;-1)
n aj Hj © s q
A (f(:);s)=AAH[—j >

- ~ +u. +A+1
AN /’°K(12;m’ ﬂ; J (28)
S

(mj+yj+A+l)

.Bm/ (qz)qzr 2

Proof. Now

o k-1 -1, 2\ _ PSR 1\
2 (N4 S 5q —( a,q"'s > (-1 (2

o (asd), L, (6
put o= mj+ﬂ’é+A+1,we get
qu(f(t),S)
n (a. V' = - " m,+u; +A+1
i[5 B [z a [
Similarly
(S (1))
(o 3 O e
B R R N (e
. < ka+) (2. 2
kzoq ( 554 )k
Put a—mj+y;+A+l, A:L we get
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qu(f(t);S):ﬂﬁ{ﬁjw

[2]SA+1 (qz;qz )w - gs

—a,q )" mj(m;=1) 2 m;+p; +A+1
i( s j ! B (4°) T 2

;=0 K L.mf+”f+A+l
577 2
4. Special Cases
1)Let n=1, g =p, a =a inabove theorems, respectively we have:

el

aY' &(-a)" m+u+A+1 (29)
=4,|— —| B, (¢ )T ,| —F——
(3 S5 e (et
, (AlJ(l(Z\/E,q )’)
_a m
— (30)
- ( s j 2 m+u+A+1
B r———
( j 2 At A+l AGF ( 2 j
K s2’ 2
L, (tA’IJSI) (2«/E;q2 );s)
i (31)
=4, (ﬁ) Z(—l)m qzm(m+2”)3m (qz)l“q2 (m-l—,u——i-A-l-lj
N m=0 2
lz(tA’ngi)(Zx/E;qz);s)
_aj 2m(m+2 1)
— ] 4q (32)
S ( s 2 m+u+A+1
( j Z:: I m+u+A+1 B’”(q )‘izr( 2 j
K sz’ 2
L (tA’IJSI) (2 aq’'t;q’ );s)
a) & m-1) [ aq " m+u+A+1 (33)
_ “ _ m- m(m-1 “9 2
(5] B (5] e [
qlz(tA’1J§?(2 aq’lt;qz);s)
(34)

’
52 2

( jz (aSqJ g ij(qz)qzr[Wﬂfmj

"K( 1 m+u+A+1

2) Put A-1=u in part (29) above, then
p+l

L (08) (2arsg? Jss)- L(zj

20" (q"?),
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>

m=0

M|Q

) R (l—qz)TF (m+2/1+2j
qZ

(
Esl i(g q)) [z(]i) G (__aj

3)Put =0 weget
O (rfm7 a2 o) =] —a
L, (JO (2 at,qz),s)—[z]sz eqz( B j

which is the same result cited by [7].

4) Put A-1 in (33), then
lat)-s): (l—qZ )T (i]#
] [2] Sﬂ+2 (qZ,qZ )Oe qs

w1y (4" ( spemin., B i m+2p+2
S 9 K e e v

L (t”Jgi) (2/a

= (¢%47)
ay ag " o (a)
[z[f—J X | (3;) - [z(fslﬂ £, (4]

5)Let £=0 and a=0 in (34), then
A
1-¢7)? 1 A+l
A-1, _( 42 _+
qu(l ,S)_ [2]SA+1 K(l A+ 1](1 q)Zqu( 5 j
2

s 2

replacing A—1 by «a, we get

(l_qz)z 1 a
L (t%:s)= r,|1+—
k() [2]s K(l ;1+“j ( +2J
s? 2
which is the same result in [8].
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