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Abstract

Proteins are the workhorse molecules of the cell, which are obtained by fold-
ing long chains of amino acids. Since not all shapes are obtained as a folded
chain of amino acids, there should be global geometrical constraints on the
shape. Moreover, since the function of a protein is largely determined by its
shape, constraints on the shape should have some influence on its interaction
with other proteins. In this paper, we consider global geometrical constraints
on the shape of proteins. Using a mathematical toy model, in which proteins
are represented as closed chains of tetrahedrons, we have identified not only
global geometrical constraints on the shape of proteins, but also their influ-
ence on protein interactions. As an example, we show that a garlic-bulb like
structure appears as a result of the constraints. Regarding the influence of
global geometrical constraints on interactions, we consider their influence on
the structural coupling of two distal sites in allosteric regulation. We then
show the inseparable relationship between global geometrical constraints and
protein interactions; Ze. they are different sides of the same coin. This finding
could be important for the understanding of the basic mechanisms of allos-
teric regulation of protein functions.

Keywords

Differential Geometry, Protein Structure, Discrete Mathematics,
Allosteric Regulation, Simultaneous Equations for Shape

1. Introduction

In this paper, we consider global geometrical constraints on the shape of

proteins, using the mathematical toy model of proteins proposed in [1]. Proteins
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are the workhorse molecules of the cell, which are obtained as a complex of
folded chains of amino acids. Since the function of proteins depends primarily
on their shape, structural studies are essential for understanding proteins. In our
approach, protein molecules are represented as a complex of closed trajectories
of tetrahedrons. Then, the surface of proteins is obtained as the intersection of a
pair of four-dimensional cones [2]. Interactions between proteins are defined (or
mimicked) as “fusion and fission” of closed trajectories.

Previously, two types of geometrical constraints are known in the study of
protein structures. One is a set of constraints on the backbone conformation due
to collisions between atoms [3]. The backbone conformation is determined by
torsion angle pairs (4,y) along the backbone, and their allowed values are
shown in the Ramachandran map [4]. The other is a set of constraints on relative
distances between certain pairs of atoms, which are obtained from either
physical experiments or theoretical estimates. The determination of protein
structures which satisfy a set of constraints on inter-atomic distances, known as
the distance geometry problem, is an important problem in structural biology
(5].

In virology, another type of geometrical constraints, the symmetry of the virus
structure, is also considered. Viruses are metastable macromolecular assemblies
composed of the viral genome enclosed within the protein shells, called viral
capsids [6]. Virus capsids are highly specific assemblies that are formed from a
large number of often identical subunits. Formulated in [7] is a set of structural
constraints on the subunit arrangements, using an extension of the underlying
symmetry group. On the other hand, [8] finds that some viruses allow their
representation as two-dimensional monohedral tilings of a bound surface, where
each tile represents a subunit. Note that viral molecules consist of separeated
parts. Protein molecules are obtained by folding a chain of linked parts and it is
impossible to describe the shape of proteins by symmetry alone nor to describe
their surface by tiling of basic subunits.

What we will consider below are global constraints on the shape of a complex
of folded chains of basic blocks, such as triangles and tetrahedrons. One of the
advantages of our model is the correspondence between “the shape of molecules”
and “interaction between molecules”. Since a protein’s function is largely
determined by its shape, constraints on the shape of a protein should have some
influence on its interaction with other proteins. In our model, the geometrical
constraints on the shape of a molecule correspond to the constraints on the
interaction between three molecules, such as allosteric regulations. In the section
before the conclusion, we will explain the correspondence between geometrical
constraints on the shape and allosteric regulations using an example. An
introduction to allosteric regulation is also given there.

Finally, Genocript (http://www.genocript.com) is the one-man bio-venture

started by Naoto Morikawa in 2000 which is developing software tools for

protein structure analysis.
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2. Discrete Differential Geometry of Triangles

Now, let us consider the case of closed trajectories of triangles to explain the
basic ideas behind our approach. For detailed description, see [1] and [2].

In the following, the coordinates of points in the N-dimensional Eucledean
space EV (N =3 or 4) are represented by a monomial in N indeterminates
Xg>X,,++,Xy_, for space saving purposes. For example, point (l,m,n) eZ’cE’
is represented by xx/"x,, where Z denotes the set of all integers. (0,0,0),
(0,m,n), (1,0,n), and (I,m,0) are denoted by 1, xx), xpx;, and xpx",
respectively. Let p=x;x/"x; . Then, points (/+k,m,n) , (I,m+k,n) and
(I,m,n+k) are represented by monomials pxs, pxt and px}, respectively.

Note that x,x; =x,x, for all pairs of /and /.

2.1. Flows of Triangles

Flows of triangles are defined using unit cubes in £’. As shown in Figure 1(a),
unit cubes are piled-up in the direction of (-1,-1,-1) in E’, where each of the
three upper faces is divided into two triangles by the vertical diagonal (thick
line). Then, a flow of triangles is obtained along the diagonals (Figure 1(b)).
That is, the piled-up cubes form a mountain range-like structure and the vertical
diagonals on its surface determine a flow of “slant” triangles on the slope.

As an example, let us consider the unit cube with the eight corner points 0,
Xo» XoXi» Xp» Xy» XgX,» XgXX,,and xx, (Figure 1(c)).Let B =1, F=x,,
P, =xyx;, and P, =x,. Then, the upper face FFRP,P, isdivided into two “slant”
triangles A AP, and F PP, . The triangle flow goes down (or up) along the
edge BP, at BRP, and RPP,.

In the following, we give the mathematical definition of the mountain
range-like structure and the associated flow of triangles.

Definition 1 (Standard Lattice) The three-dimensional standard lattice I’ is
the three-dimensional lattice generated by three vectors (1,0,0), (0,1,0), and
(0,0,1) . Using the monomial representation, L’ is defined by

L= {xolxl’"xz” [l,m,ne Z} cE.

Let p,, p,»and p,el’. We denote the convex hull of p,, p,, and p,
by [p05p1:p2],i€,,
[Po: P p2] = {pi P! pS lab.c e Roabie>0,a+b+c =1},

where R is the set of all real numbers. The group of all permutations of the
three-element set {0,1,2} is denoted by Symr’. For example, p(0)=2,
p(1)=1, and p(2)=0 for p=(02)eSym’, where p is written in cyclic
notation.

Definition 2 (Slant Triangles) Let ae L’ and peSym’. A slant triangle
a[xp(o)xp(l)] is the triangle defined by three points a, ax,,, and ax,,x,,

Le.,

a [xp(o)xp(l)} . [a, axp(o), axp(o)xp(l) :|
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(c)

Figure 1. Flow of triangles: (a) A mountain range-like structure obtained by piling up
unit cubes in the direction of (—1,—1,—1) , whose peaks are P = (2, 0,0) , B = (1,0,1) s
P =(-1,2,1), P,=(1,3,0), and P, =(3,2,-1). The diagonal edges of “slant” triangles
are drawn with thick lines. Shown above is the top view of the structure; (b) The flow of

triangles determined by the mountain range-like structure of (a); (c) A unit cube and its
top view (above), where P, = (0, 0,0) , P = (1,0,0) , P = (1,1,0) ,and P, = (0,1,0).

The line segment joining vertex a and vertex ax  x . is called the diagonal
edge of the slant triangle. The set S, of all slant triangles is defined by:

S, = {a[xp(o)xp(l)] cael’ pe Sym3}.

Example 1 In the case of Figure 1(c),
RRP, =[xx] (a=1and p=(012)),
RPP,=[xx,] (a=land p=(102)).

Their diagonal edges are the line segment PP, .

By abuse of notation, we denote the vectors (0,1,1), (1,0,1), and (1,1,0)
by the monomial x,x,, x,x,,and x,x, respectively in the following definition.

Definition 3 (Gradient of Slant Triangles) Let s= a[xp(o)xp(l)] €S, , the
gradient Ds of s is defined by

Example 2 In the case of Example 1, the slope of F,FP, is given by
D(PRBP,)=D[x,x]=x,x,.

Flows of slant triangles along the diagonal edges are defined as follows.

Definition 4 (Local Trajectories of Slant Triangles) Let s .S,. The local
trajectory of slant triangles at s is a set of three consecutive slant triangles,
consisting of s and two adjacent slant triangles which do not include the
diagonal edge of s. By patching “consistent” local trajectories together, we will
obtain a flow of slant triangles as shown in Figure 1(a).

Let s= a[xp(o)xp

(1)] € §,. The local trajectory of slant triangles at sis either
{SDD, S, SUU} or {SDD, S, sUD} or {sDU, S, SUU} or {SDU, S, SUD},

where
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Spp =X ) [xp(l)xp(o)] es,,
Spy = axp(o)x’(lz) [xp(z)xp(l)] es,,

Syp = a[xp(o)xp(z)] es,,

Sy = ax;(ll) [xp(l)xp(o)} €S,

(Figure 2(a)).
A flow of “flat” triangles is defined on the hyperplane H,, using the

projection 7z, of F onto H,,, where
H,, = {x(l)x,'"x;’ [l,mneR,[+m+n :0} cE,

7, B> H,p,
72'[,, (x(l)xlmxzn ) = x(()Zl—m—n)/Sx](—l+2m—n)/3x£—l—m+2n)/3.

Definition 5 (Flat Triangles) Let s=a [xp(o)xp(l)} € S,. The projection 7,
ofson H,, isdefined by

Ty (s) = |:7Z'pt (a),ﬂpt (axp(o)),ﬂpt (axp(o)xp(l) )J cH,,.

7, (s) is called a flat triangle. The line segment joining 7, (a) and
T, (axp(o)xp(l)) is called the diagonal edge of the flat triangle (Figure 1(c)). The
set B, ofallflattriangleson H,, is defined by:

B, ={m, (s)s€S,}.

Remark 7, (s) is a projection of triangles and 7z, (p) is a projection of
points.

By projecting slant triangles onto H,,,, we obtain a two-dimensional flow of
flat triangleson H,,.

Definition 6 (Local Trajectories of Flat Triangles) Let ¢e B,. The local
trajectory of flat triangles at t is a projection image of a local trajectory of slant
triangles at se S, by 7, ,where 7, (s)=1r.That is, there exists some se€S,
such that 7, (s)=¢ and the local trajectory at s is given by either

{”H (SDD)’ﬂ-H (S)’ Ty (SUU )} Or{ﬁH (SDD)’”H (s), Ty (SUD )}

or {7[11 (SDU)a”H (S)a Ty (SUU )} or {”11 (SDU)a”U (s), Ty (SUD )}a
where the definition of s,,, s,,, s, , and s, are given above
(immediately ~after Definition 4). Note that 7, (sy,)=7,(s,,) and

7y (Sup ) =7y (syy) (Figure 2(a)). By patching “consistent” local trajectories

together, we will obtain a flow of flat triangles as shown in Figure 1(a).

2.2. Vector Fields of Triangles

As shown in Figure 1(a), a mountain range-like structure induces a flow of
triangles on B,. We can define a “tangent space” structure on the space B, of
flat triangles, where each flat triangle assume one of the three gradient vectors

XXy, XpX,,and xyx,.
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Figure 2. Slant triangles: (a) The four local trajectories of slant triangles at s € B,. Shown
above is the top view of the trajectory; (b) Positional relationship of the slant triangles of
7 ([xlx2 ]) and the 2-face {(x1x2 [E )W2 (x%,) [0<m,ne Z} of the cotangent cone
Cone’ {(x,xz)(xox2 )_2} , where slant triangles shown are A: xjx/x; [xlxz] , B
XXX [xnxl] , G oxx/x, [xzxo] , Droxyxx, [xlxz] , B xx, [xoxl] , Frox, [xzxo] , and G:
[xlxz] . Shown above is a schematic diagram of the relationship between the three vertices
of a slant triangle and a 2-face of Cone’ {(x,xz)(xox2 )_2} . In the diagram, the diagonal

edges of slant triangles are drawn with thick line, where the diagonal edges on the 2-face
are colored black and the others are colored grey. Note that all slant triangles are

projected onto the same flat triangle 7, ([xlxz]) by 7z, . Triangles A, B, and C are

included in Cone’ {(xlxz)(xox2 )_2}. Triangle D intersects the 2-face of the cotangent

cone. Triangles E, F,and G are located outside the cotangent cone.

Definition 7 (Tangent Space) The tangent space 7B, on B, is defined by
1B, =B, x {xlxz, Xy X5, XX, } ,

7:TB, > B,, ﬁ((t,x,x/.)):z t.

Let 7eB,. The tangent space at ¢ is denoted by 7B,[]. Note that there

exists a one-to-one correspondence

TB, [t] ~ {x:%,, Xo%,, %o, }.

An inverse function of the projection =, ie, a vector field of 7B, on B,,is
induced by a mountain range-like structure consisting of piled-up unit cubes.

Definition 8 (Tangent Cones) Let Ac I’, the three-dimensional tangent
cone ConeA isdefined by

ConeAd = {ax(l)x{”x; lae 4,0<,m,ne Z} c L.

Roughly speaking, ConeA 1is the triangular cone whose top vertices are given
by AcL’. The set of all the top vertices of a tangent cone c is denoted by
top(c) . In general, top(Coned)c A.

Definition 9 ( attop(c) ) Let cbe a three-dimensional tangent cone. The peaks
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on the boundary of cis defined by
0,10p(c)={petop(c)|3ie{0,1,2} st p(x)" ¢ Cone(top(c)\{p})
for VN e N},
where N denotes the set of all natural numbers.

Example 3 Let ¢ be the tangent cone corresponds to the mountain range-like

structure of Figure 1(a). Then,
c= Cone{xg, XoX,, x(jlxlzxz, xoxf, xgxlzx;l} ,
top(c) = 6,top(c) = {xé, XoX,, xglx,ZxQ, xoxf, xgxlzxz’l}.
Definition 10 (9, (c)) Let ¢ be a three-dimensional tangent cone. The

surface lattice points 0, (c) of cis the set of all the Z’ lattice points on the

surface of ¢, ‘e,
0, (c):={ax/x] |aetop(c), {i.j} <{0,1,2},0<,me L st.
ax;x" ¢ Cone{bx,xx,} for Vb e top(c)} cl.
Example 4 The surface lattice points of the three-dimensional tangent cone
Cone{l} are given by
9, (Cone{l})=U,,UU, ,UU, , L,
where
U, = {x{"x;' |0<m,ne Z},
U, ={xx; |0<L,nel},
U,y ={xpx' |0<,meZ}.
Thatis, @, (Cone{l}) is the union of the three 2-faces of Cone{1}.

Definition 11 (d c) Let ¢ be a three-dimensional tangent cone. Then, dc

is the set of all the slant triangles on the surface of ¢ ie.
dgc:= {s € S, |all the vertices of s are included in 3, (c)}

Definition 12 (Vector Fields) Let ¢ be a three-dimensional tangent cone. The
vector field V, inducedbycon B, isdefined by

V.(1)=Ds (teB,),

where sedgc such that 1=z, (s) (Note that s is uniquely determined for
each e B,). The flow of triangles determined by V, is called the flow of
triangles induced by c.

Example 5 In the case of Figure 1(c),

V. (ﬂ([xox, ])) = D[xoxl] =X, X,,
where ¢=Cone{l} (Recallthat BRP, =[x,x]).
2.3. Contour of Closed Trajectories of Triangles

The ridge lines of tangent cones are given by three vectors (1,0,0), (0,1,0),
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and (0,0,1). To compute the contour of the region of H,, swept by a set of
closed trajectories of flat triangles, we will consider another type of triangular
cones whose ridge lines are given by the slopes of slant triangles, e, (0,1,1),
(1,0,1),and (1,1,0).

Definition 13 (Conjugate Lattice) The conjugate lattice L° is the
three-dimensional lattice generated by three vectors (0,1,1) , (1,0,1) , and
(1,1,0) . Using the monomial representation, L” is given by

3 I ! 3
L’ = {x(’)'”"x]*"x;m |[l,m,ne Z} cl.

Definition 14 (Cotangent Cones) Let Ac L” . The three-dimensional

cotangent cone Cone A is defined by
Cone 4= {a (x,x, )l (x%,)" (xox,)" |a € A,0< ], m,ne Z} crL’

We denote the top vertices of a cotangent cone ¢ by fop(c). Note that we
define cotangent cones only for 4c L”.

For a given cotangent cone, we can put a “roof” on the cone.

Definition 15 (Cotangent Roofs) Let Ac L? . The three-dimensional
cotangent roof Roof A is defined by

Roof A= {p e[*|3N eZstN >0and p(xx,)",
p(xox2 )N ,p(xoxl )N € Cone*A}.

Roughly speaking, Roof A4 is obtained by putting as many unit cubes of L”
as possible on Cone’A .
Example 6 In the case of Figure 3(a),
Roof"8,top(c,)
= Roof” {xoz,xoxz,xg'xfxz,xoxf,xgxfxz’l}

_ * -1 -1
= Cone {xox2 ,1,x, xl}.

Definition 16 (8pt(w)). Let wbe a three-dimensional cotangent cone. The
surface lattice points 0, (w) of wis the set of all the L” lattice points on the
surface of w; ie.,

d, (w)= {a(e3/xl. )1 (63/xj )m laetop(w),{i,j} ={0,1,2},0<I,meZ,
a(e/x )l (63/)6/. )m ¢ Cone’ {bef} for Vb e top(w)} cL’,
where e, :=x,xx, (Forexample, e,/x, =x,x, and ¢ =xx/x; ).

Example 7 The surface lattice points of the three-dimensional cotangent cone
Cone’ {1} are given by

apt (Cone* {1}) =V U Vo U Vo< L*Bn

n

where
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Figure 3. The closed trajectory of Figure 1 (a) and the associated contour pair: (a)
Tangent cone ¢, = Cone{P,,F,,P.,P,,P.} and the associated cotangent roof

w, (¢,) = Cone {K,,K,,K_} ; (b) Inverted cotangent roof

IRoof "¢, (c,) = ICone" {K,,K,} ; (c) The region R_(w,iv) for the contour pair

(w,iv) = (Cone* {K,.K,,K.}, ICone {deKg}) associated with ¢, . In the figure,

_ .2 _ a2 3 3.2 -1 _ 42 2
=X, B=xx,, P =xxx, F=xx, F=xxx,, Pf_x()'x] , Po=xixx,,

a g

_ 2.3 _ 4 2.3 2.2 3.3 _ -1 _
B =xx%, 5 B =xx0x,, P/.—xoxlxz, B =xx;, F=xx, K, =xx,, K, =1,

i

-1 4 3 3.4.3
K, =x,x, K,=x;xx,,and K, =x,x/x; .

Let cbe a tangent cone and wbe a cotangent cone. Then, we can divide all the
slant triangles of the flow induced by cinto three groups: 1) inside w; 2) outside
w; and 3) on the surface of w (Figure 2(b)). In particular, we can compute the
contour of closed trajectories induced by a tangent cone using a cotangent cone
as shown below.

Definition 17 (WC (co)) . Let ¢, be a three-dimensional tangent cone.
Suppose that 0,fop(c,) = L”. The three-dimensional cotangent roof w, (c,)

associated with ¢, is defined by
w, (¢, )= Roof "d,t0p(c,).

Definition 18 (¢, (¢ )) . Let ¢, be a three-dimensional tangent cone.
Suppose that 8 fop(c,)< L. The contour vertices ¢,(c,) with respect to ¢,
is defined by

¢ (c,)= 2, (co)ﬂépt (Wc (Co)) ot

That is, ¢ (c,) is the set of L” lattice points on the intersection of the
surface of ¢, and the surface of w,(c,).

Definition 19 (CDt(cU)). Let ¢, be a three-dimensional tangent cone.
Suppose that 0,top(c,) < L?. Let @, (c) = E’ be the polygonal line obtained
by joining the adjacent L lattice points of ¢,(c,). Since all the points of
¢,(c,) are on the surface of w,(c,), the points of ¢,(c,) are connected along
the surface of the associated cotangent roof. Note that @, (c,) forms a closed

polygonal line if 70p(c,) is finite (Figure 3(a)).
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Definition 20 (mt (co)). Let ¢, be a three-dimensional tangent cone. The

one-dimensional surface mesh m, (c,) with respectto ¢, isdefined by
m, (co) =7, (<I>, (co)) cH,p,.

Wealso call m,(c,) the (one-dimensional) contour with respect to ¢ .

Definition 21 Let ¢, be a three-dimensional tangent cone. Set
IN,(c,)={s €dyc, | s is contained inside w, (c, )} ,
OUT, (c,):={s e dsc, | s is contained outside w, (c, )} ,

BD, (c,)={s edyc, | s intersects with the surface of w, (c, )}

Theorem 1 Let cbe a three-dimensional tangent cone. Suppose that rop(c) is
finite and 0,fop(c) = L”. Then, w,(c) divides all the slant triangles of dgc
(ie, slant triangles on the surface of c) into two groups: inside the roof and
outside the roof. That is, BD,(c)=@ and 7, (INt (c)) exactly corresponds to
the region swept by all the closed trajectories of V.

Proof. ®,(c) forms a closed polygonal line because ¢,(c) contains only a
finite number of points. Note that @, (c¢) consists of the diagonal edges of slant
triangles on the surface of c. Since flows of slant triangles go along the diagonal
edge at each slant triangle, there is no slant triangle crossing ®, (c). That is,
@, (c) divides the flow of the slant triangles on the surface of ¢ into two parts:
the inside @, (c) and the outside @, (c). O

Definition 22 (Rt(c)). Let ¢ be a three-dimensional tangent cone. Let V,
be the vector field induced by c. We define the region R, (c) of H,, by

R (c)= UsezN,(c)”H (s)c H,p.

By Theorem 1, R, (c) corresponds to the region of H,, swept by all the
closed trajectories of ¥, if top(c) is finiteand 8,fop(c)c L.

We can compute the contour of R,(c) instantly.

Corollary 1 (“Contour” of R (c)). Let ¢ a three-dimensional tangent cone.
Suppose that top(c) is finite and 0,/op(c)=L”. Then, m,(c) gives the
“contour” of R, (c).

Proof. 1t follows immediately from the theorem. O

Example 8 In the case of Figure 3(a), the closed polygonal line m,(c,)
consists of 12 vertices and 12 line segments, where

¢, =Cone{P,,P,,P.,P,,P.},
w.(c,)= Cone" {Ka,Kb,KL,},
4,(c;)={P,.P,.B,.B,.P,.P,.P.P.

ci?

B;E{;I)j,P/lejplac’Pf’Pfa},

_ 2 2 _ 3 .3
and P, =xxx,, P, =xx,, P,=xx,,and P, =x;x,.

2.4..Constraints on the Contour of Closed Trajectories

Let ¢ be a three-dimensional tangent cone. We have computed the contour of

R,(c) using ¢ and the associated cotangent roof w,(c) (the upper row of
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Figure 4). Now, we will compute regions of H,, without using tangent cones
(the lower row of Figure 4).

Definition 23 (Inverted Cotangent Cones) Let 4 — L? . The three-dimensional
inverted cotangent cone [Cone A is defined by

ICone” A := {a(xlx2 )1 (xox, )m (xox, )n lac 4,021, m,ne Z} cL’

We denote the top vertices of an inverted cotangent cone v by itop(iv).
Definition 24 (Inverted Cotangent Roofs) Let 4 < L” . The three-dimensional
inverted cotangent roof Roof A 1is defined by

IRoof " 4= {p eL*|3N eZstN <0and p(xx,)",
p(xox2 )N , p(xoxl )N € ICone*A}.
Example 9 In the case of Figure 3(b),

IRoof" ¢, (c)
= IROOf* {xgxlz,xoxlzxg,xoxfxz,xgxf}

_ (4.3 3.4.3
= [Cone {xox1 Xy, XpX, xz}.

Definition 25 (ap,(iv)). Let /v be a three-dimensional inverted cotangent
cone. The surface lattice points 0, (iv) of iv is the set of all the L7 lattice
points on the surface of iv; ‘e,

d, (iv):= {a(e3/xi)/ (e3/x_,.)m |a eitop(iv),{i, j} ={0,1,2},0=1,meZ,
a(e,/x,) (63/)Cj )m ¢ ICone" {begz} for Vb e itop(iv)} crL’

— _ 2 _ 2.2 -2
Recall that e, = x,x,x, . For example, e,/x, =x,x, and & =x,’x"x,".

c SN (I)t(C) = (Dt(C) s M (C) |l R(C)

'\ ) \ ® e o. x ® W Q::‘D
¢ ﬂ ﬂ (W, iv,) : 9

(Wy0V) | D (W, 1V) o D (W, 1V) ] M (W, 1V) femp| R (W, 1V)
T\ % o':' ® e o .' W Q:‘D

Figure 4. Schematic diagram showing the procedure for computing the contour of a

region of H,,. The upper row shows the procedure for a region R, (c) specified by a

w
L]

tangent cone ¢. The lower row shows the procedure for a region R_(w,iv) specified bya

contour pair (W, iv) .
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Definition 26 (Contour Pairs) Let w be a three-dimensional cotangent cone.
Let /v be a three-dimensional inverted cotangent cone. A pair (w,iv) of wand
ivis called a three-dimensional contour pair.

Definition 27 (¢, (w,iv)). Let (w,iv) be a three-dimensional contour pair.

The contour vertices ¢, (w,iv) with respectto (w,iv) is defined by
¢, (w.iv):=0,,(w)N3,, (iv)= L°.

That is, ¢, (w,iv) is the set of L lattice points on the intersection of the
surface of wand the surface of iv.

Definition 28 (®_(w,iv)).Let (w,iv) be a three-dimensional contour pair.
Let @ (w, iv) C E® be the polygonal line obtained by joining the adjacent L“
lattice points of ¢, (w,iv) (Figure 3(c)). Since all the points of ¢ (w,iv) are
on the surface of w (or iv), the points of ¢, (w,iv) are connected along the
surface of w (or iv). Note that ¢ (w,iv) forms a closed polygonal line if
top(w) or itop(iv) is finite (Figure 3(c)).

Definition 29 (m, (w,iv)). Let (w,iv) be a three-dimensional contour pair.
The one-dimensional surface mesh m, (w,iv) with respect to (w,iv) is
defined by

m, (w,iv) =7, ((I)C (w,iv)) cH,,.

We also call m, (w, iv) the (one-dimensional) contour with respect to
(w, iv).

Remark Note that we have two types of one-dimensional surface meshes, ie,
the contour m, (c¢) with respect to a tangent cone c and the contour m,_ (w,iv)
with respect to a contour pair (w,iv).

Definition 30 (R, (w,iv)). Let (w,iv) be a three-dimensional contour pair.
R.(w,iv)c H,,, is the region enclosed by m_(w,iv) (Figure 3(c)).

Definition 31 ((wc(co),ivc(co))). Let ¢, be a three-dimensional tangent
cone. Suppose that top(c,) is finite and Jgop(c,)=L” . The
three-dimensional contour pair (w,(c,).iv,(c,)) associated with ¢, is a pair
of the associated cotangent roof w,(c,) and the inverted cotangent roof
iv, (c,) which is defined by

iv,(¢,)=1Roof"¢,(c,).

Theorem 2 Let ¢ be a three-dimensional tangent cone. Suppose that rop(c)
is finite and attop(c) — L?. Then,

R (c)=R.(w.(c).iv.(c))-
Proof. Recall that
$.(¢)=0, ()N, (w. (<)),
6. (w: (€)s.(¢)) =0, (we ()N, (iv. (€)):
Note that iv,(c)>¢(c), which implies 8, (iv,(c))>4,(c) because the

slope inclination of cotangent cones is steeper than that of tangent cones. On the
other hand, 9, (w,(c))>¢,(c) by definition. Therefore,
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¢.(w. (c).iv,(c))> ¢ (c). Suppose that 4, (w,(c).iv,(c))#4(c). Let p be an
L® lattice point of ¢ (w,(c),iv,(c)) not included in ¢ (c) . Then,
PED, (ivc (c)) and p¢d, (c). That is, p resides on the part of the surface of
iv, (¢) which is expanded by the “roof” operation. But the expanded part of
iv,(c) is strictly contained in w,(c), ie, p¢d,(w.(c)), which is a
contradiction. Therefore, ¢,(c)=4¢,(w,(c),iv,(c)). In particular,
R,(c):RC(WC (¢),iv, (c)) u

Example 10 In the case of Figure 3,
¢, =Cone{P,,F,,P.,P,,P,},
w,(c,)=Cone {K,.K,.K.},
iv, (¢,) = IRoof "{F,,B,,P.,P,,P.,P,,P,.F,, P, P,, ., P}

= IRoof " {P,.P,.P, P,

=[Cone" {K,,K,}.

In Theorem 2, we have computed the “contour” of R, (c) for a give tangent
cone c (Figure 5(a)). Now, we will compute the “contour” of R, (w,iv) for a
given contour pair (w,iv) (Figure 5(b)).

Definition 32 Let (w,iv) be a three-dimensional contour pair. The tangent
cone c,(w,iv) associated with (w,iv) is defined by

¢, (w,iv) = Coneg, (w,iv).

Note that fop (ct (w, iv)) cL’.

Theorem 3 Let (w,iv) be a three-dimensional contour pair. Then,
R, (w,iv) DR (ct (w, iv)).

Proof. Suppose that 3dgeH,, such that geR (ct (w, iv)) and
q ¢ R, (w,iv). Then, there exists an L° lattice point p of ¢ (c,(w,iv)) (ie,
points on the contour) such that 7z, (p)¢ R, (w,iv) (7, (p) ison the contour
of R, (c,(w,iv)).) It follows that p is outside /v because p e, (w). However,
the part of the surface of wnot included in ivis strictly contained in c. Therefore,
p¢0,,(c,(w,iv)), which is a contradiction. O

Remark In general, c,(w,iv)> ¢, (w,iv) does not imply
0, (c, (w,iv)) > ¢, (w,iv) because the slope inclination of tangent cones is
gentler than that of cotangent cones. Therefore, there exists a contour pair
(w, iv) s.t.

) (ct (w, iv)) =0, (ct (w, iv)) Nno, (wc (c, (w, iv)))
=0, (c, (w, iv)) Na, (w)
D¢, (w,iv).
In particular, ¢,(c, (w,iv))#d, (w,iv),ie, R (c (wiv))#R, (w,iv).
Starting with some definitions, we will consider the correspondence between

the two types of regions of H,,, ie, R (c)sand R (w,iv)s.

Definition 33 Sets of there-dimensional cones are defined by
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1C, R, , 1C, R, ,
Rt Rt
> >
[ Ry(c) (W, 1v) Ri(ct(w, iv))
A A
W, v,.) 1, SECT ¢ T,
A4 Y
CCnX ICCn Rc n CCn X IC(,;, Rc n
Rc ’ Rc ’
> . >
(w(c), ive(c)) R (w¢(c), ive(c)) (W, iv) Re(w, iv)
(a) (b)

Figure 5. Maps between R, and R,, and the relevant maps between sets of n+1

-dimensional cones (n=2 or 3): (a) &:R,—=R., and the relevant maps; (b)
7,:R , =R, and the relevant maps. The SECT denotes the set of all self-eclipsed

closed trajectory complexes.

TC, :={Coned| A< L* and Ais finite]
CC, = {Cone*A |Ac L7 and 4 s ﬁnite} ,
ICC, = {ICone*A |Ac L and 4 s ﬁnite}.

Note that top(c)c L for VceTC,.
Definition 34 (R, and R, ,) Sets of regions of H,, are defined by

{Rt’z = {R, (c)lce TCZ},

R,= {Rc (w,iv) | (w,iv) e CC, x ICCZ}.

Definition 35 (1, and 7,) Maps between regions of H,, are defined by

LR, R R (c)— R, (WL, (¢).iv, (c)),
7,:R., > R,,R (w, iv) = R, (c[ (w, iv)).

It is not difficult to show that the maps are well-defined. By Theorem 2, we

have
1, (R, (c)) =R, (c)

See Figure 5 for the correlation between the relevant maps.
Theorem 4 1, is not surjective.

Proof. Let us consider the case of Figure 6(a). We have

w, = Cone’ {K,},

iv, :ICone*{Kb},

4, (wyivy) ={P,.P,,. B, P..P,y P, P, P, P, P |
-1_-1

2,42 _ _ 2.2 12
where K, =x,x,, K,=x;x'x;, P,=1, P,=xx,, P=xx,, P=xx2x,,

a a c

_ .3 _ .4
By =xx, B =xxx,, F

e

_ 3 _ 2 -1 2.2 _
=x% > P=xxx, P=xx7, and P, =x,x.

Then, R, (w,,iv,) forms a flattened hexagon as shown in the figure.
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Rc(wo, ivo)

Py
P Py
Pe P
Py
(@) (b) (©)

Figure 6. Self-eclipsed close trajectories: (a) Contour pair (w,iv,) and R (w,,iv,); (b)
The tangent cone ¢, :=c, (w,,iv,) and the self-eclipsed region R, (c,); (c) The contour

pair (w,(c,),iv, (c,)) associated with ¢,.

On the other hand, the tangent cone ¢, (w,,iv,) and its associated cotangent

roof is given by
¢, (Wyiv,) = Cone{P,.F,,P..P,.P,,P,} = Cone{P,.P..P},
w (cl (wo,ivo)) =Roof " {P,,P.,P,} = Cone{K,},

c

4,(c, (wp-vy))={P..P,. . P..P,. P, PP, P, P, }

(Figure 6(b)). Then, the region R, (c, (wo,ivo)) gets dented on the bottom,

where P, =xx,, B, =x/,and P, =x,x .Thatis,
7, (R(, (wo,ivo))iRc (wo,ivo).

It follows immediately that R, (w,.iv,) £ 5,(R,, ).

Corollary 2 (Self-eclipse of R(w; iv)) There exists a contour pair (w,iv)
such that 7, (R, (w,iv))# R, (w,iv).

That is, not all closed polygonal lines defined by contour pairs correspond to a
closed trajectory of triangles induced by a tangent cone. In other words, there
exist global geometrical constraints on the contour of closed trajectories of
triangles.

Definition 36 (Self-eclipsed closed trajectory complexes) A contour pair
(w,iv) is called a self-eclipsed contour pair if 7,(R,.(w,iv))#R, (w,iv). The
complex of closed trajectories of triangles induced by a three-dimensional
tangent cone c is called a self-eclipsed closed trajectory complex (abbreviated as
SECT) if there exists a self-eclipsed contour pair (w,iv) such that c=c,(w,iv).

Example 11 In the case of Figure 6(b),
o, (R (Cone' (K.}, ICone" (K, }))
=R (Cone{P,,P,P})
=R, (Cone’{K,},ICone’ {K . K,})
# R, (Cone" {K,}, ICone’ {K,}),
where K, =xlx'x, and K,=xpx} (Figure 6(c)). That is, the closed

trajectory of Figure 6(b) is a self-eclipsed closed trajectory complex.
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In the next section, we will consider geometrical constraints on the shape of
closed trajectories of tetrahedrons. As an example, it will be shown that a garlic
bulb-like structure appears as a result of the constraints, where a flattened
dodecahedron gets dented on the bottom and has vertical linear grooves on the
side (Figure 11).

3. Mathematical Toy Model of Protein Molecules

3.1. Flows of Tetrahedrons

Now let us consider the case of tetrahedrons. To define a flow of tetrahedrons,
we use unit cubes in the four-dimensional Euclidean space E*. By piling up unit
cubes in the direction of (-1,-1,-1,—1), we will obtain a flow of “slant”
tetrahedrons as in the case of flows of triangles.

Definition 37 (Standard Lattice) The four-dimensional standard lattice L* is
defined by

L= {xéxlmx;’x;‘ |l,m,n,k e Z} c E%.

Let p,» p,» P,>and p, eL'. We denote the convex hull of four points p,,

P> Py,-and p; by [po’plapz’Pz] s Le,

[po,pl,pz,p3]::{pgpf’p§p§’ |OSa,b,c,deR,a+b+c+d=l},

We denote the group of all permutations of the four-element set {0,1,2,3}
by Sym®.

Definition 38 (Slant Tetrahedrons) Let ael' and peSym*. A slant
tetrahedron a[xp(o)xp(])xp(z)} is the tetrahedron defined by four points a,

ax o)> X 00X 1) 5 and axp(o)xp(l)xp(Z),IZe,,

a [xpm)%xp(z)} = [“’ X p(0)> X p(0)X p(1) FX p(0) % (1) p(2) J

The line segment joining vertex a and vertex ax o0y o)X p(2) > L€ the
cube-diagonal, is called the diagonal edge of the slant tetrahedron. Then, the
four upper faces of each unit cube are divided into six tetrahedrons along the
diagonal edge as shown in Example 12. The set S; of all slant tetrahedrons is

defined by:
S, = {a[xp(o)xp(l)xp(zd lacl,pe Sym4}.

Example 12 Shown in Figure 7(a) is a four-dimensional unit cube at the
origin £ . The upper face RP,P_P.P.P P P  of the cube is divided into six

xy© xyz” xx

tetrahedrons along the cube-diagonal AP, :

PIPXPXyP_ = [xoxlxz] = [1, Xgs XgX15 Xg X1 X, ] R

xyz

RP,P,P,. = [x]x0x2] = [19x1’x]x0’x1x0x2]’
PIPyPychyz = [xlxzxo] = [I»xlaxlxzaxlxzxo]a
PlePszxyz = [xlexo] = [15 Xy Xo X5 xlexo] >
PIPszszyz = [xzxoxl] = [l,xz,x2x0,x2x0xl ],
RPP.P,. = [xoxle] = [l,xo,xoxz,xoxle].
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(a) (b)
Figure 7. Slant tetrahedrons: (a) A four-dimensional unit cube shown in the Schlegel

diagram (below) and its projection image on hyperplane H,, (above), where

L mon_k 4 _ Iom_n_k .
ot = XXy X3 el' and Qx’ymz”wk 77zp,(x0xl )«72)63)EH3L7 ; (b) All the local

trajectories at s =FRP.P P, € B,. The diagonal edges of tetrahedrons are drawn with

X

thick lines.

Definition 39 (Gradient of Slant Tetrahedrons) Let s = a[xp(o)xp(l)xp(z)] es,.
The gradient Ds of s is defined by

Ds = X 075X p(2)"

By abuse of notation, we denote vector (/,m,n,k) by monomial xyx/"x;x;

in the definition.

Example 13 In the case of Example 12,

D(P,PxP P ) = D[xoxlxz] =Xy X, X, .

Xy xyz

Flows of slant tetrahedrons along the diagonal edges are defined as follows.

Definition 40 (Local Trajectories of Slant Tetrahedrons) Let se.S;. A local
trajectory of slant tetrahedrons at s is a set of three consecutive slant
tetrahedrons, consisting of s and two adjacent slant tetrahedrons which do not
include the diagonal edge of s. By patching “consistent” local trajectories
together, we obtain a flow of slant tetrahedrons.

Let s= a[xp(o)xp(])xp(z)] € §,. Then, the local trajectory of slant tetrahedrons
at sis either

{SDD,S,SUU} or {SDD,S,SUD} or {SDU,S,SUU} or {SDU,S,SUD},

where
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Example 14 In the case of Example 13, the four local trajectories at
RP.PP,. (=[x,xx,])areshown in Figure 7(b).

xyz
A flow of “flat” tetrahedrons is defined on the hyperplane H,, using the
projection 7, of E* onto H,,,where

H,,= {xéxl’”x;xé‘ |l,m,n,k eR,l+m+n+k:0} c E,

.4 I m_n_k
ﬁp,.E —>H31),7zpt(x0x1 x2x3)

= x(()Sx—y—z—w)/4xl(—x+3y—z—w)/4xg—x—y+3 z—w)/4 xg—x—y—er} w)/4 )

Definition 41 (Flat Tetrahedrons) Let s=a[xp(0)xp(1)xp(z)JeS3. The

projection 7, ofson H,, isdefined by
7y (s)= [ﬂw (a),x, (axp(o)),ﬁpt (axp(o)xp(l)),ﬁpt (axp(o)xp(l)xpm )} c H,).

7y (s) is called a flat tetrahedron. The line segment joining 7z, (a) and
ﬂp,(axp(o)xp(])xp(z)) is called the diagonal edge of the flat tetrahedron. The set
B, of all flat tetrahedrons on H,,, is defined by:

B, I={7Z'H(S)|S€S3}.

Example 15 In the case of Example 12 (Figure 7(a)), the projection image

Ql QxQnyszszQxyzQyz Of the upper face EP,\va Pszsz nyz sz by 7Z'L is
divided into six flat tetrahedrons:

o) QxQxy Qxyz =Ty
00.0.,0,. =7,
00,0.0,. =71,
00.0.0,.=7

Q]QzszQxyz =Ty
000.0,. =7,

Remark. Note that each tetrahedron has two long edges and four short edges,
where the diagonal edge correspond to a short edge. Flows of tetrahedrons go
along the diagonal edge at each tetrahedron.

By projecting slant tetrahedrons onto H,,, we obtain a three-dimensional
flow of flat tetrahedronson H,,,.

Definition 42 (Local Trajectories of Flat Tetrahedrons) The local trajectory of
flat tetrahedrons at e B, is a projection image of a local trajectory of slant
tetrahedrons at se€S; by 7, , where 7, (s)=r. The local trajectory at s is

given by either
{”H (SDD)’ Ty (S)’ Ty (SUU )} or {”H (SDD)’ Ty (S)’ Ty (SUD )}
or {7[11 (SDU ), Tn (S)’ Ty (SUU )} or {7[11 (SDU)’ T (S)’ Ty (SUD )}
Note that 7, (s,,)=7,(sp,) and 7, (syp)=7, (s, ) - By patching

“consistent” local trajectories together, we obtain a flow of flat tetrahedrons as

shown in Figure 8.
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() (b)

Figure 8. Flows of tetrahedrons: (a) Closed trajectories of flat tetrahedrons induced by

C = Cone{Qxyz’Qsz’ Qxyw} , where Qxyz =XX%%, > O, = XXX and Qxyw = XX X3 -
Thick polygonal lines (black and grey) indicate the diagonal edges of flat tetrahedrons,
where the black line indicate the polygonal line passing through O ., Q_,,and Q.

Note that there exist infinitely many closed trajectories of length six and length twelve; (b)
Closed trajectories of flat tetrahedrons induced by ¢, = Cone{Qxyz, O O Q‘W} , where
0,., = %x,%; . Thick polygonal lines (black and grey) indicate the diagonal edges of flat
tetrahedrons. Black lines indicate the polygonal lines passing through O ., Q... O,
or Q_, . Grey polygonal lines correspond to closed trajectories of length six and length

twelve.

3.2. Vector Fields of Tetrahedrons

The tangent space on the space B, of flat tetrahedrons is defined in the same
way as the tangent space 7B, on B,.
Definition 43 (Tangent Space) The tangent space 7B, on B, isdefined by

TB, = B, x {x1x2x3,x0x2x3,x0x1x3,x0xlx2} ,
7 :TB, — B, ﬂ((t, XXX, )) =t
Let e B,. The tangent space at is denoted by 7B;[¢]. Note that there exists
a one-to-one correspondence
1B, [t] ~ {x1x2x3,xoxzxs,xox]xpxox,xz}.
Tangent cones are also defined similarly for A L'.

Definition 44 (Tangent Cones) Let A — L', The four-dimensional tangent

cone ConeA is defined by
Coned = {axéxl'"x;xé" lae 4,0<,m,n,k e Z} cr.
The set of all the top vertices of a cone cis denoted by top(c).

Definition 45 0,70p(c). Let c be a four-dimensional tangent cone. The peaks
on the boundary of c is defined by

attop(c) = {p € top(c) |3ie {0,1,2,3} s.t.
p(xi)N ¢ Cone {mp(c)\{p}} for VN e N}.

Example 16 In the case of Figure 8,
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0,top (CO ) = {Qxyz N O Qxyw} >
6,top (Cl ) = {Qxyz > szw s Qxyw > Qyzw} .

Definition 46 (617! (c)) Let ¢ be a four-dimensional tangent cone. The
surface lattice points 8, (c) of cis the set of all the L* lattice points included in

the 3-faces of ¢ ie,
0, (c) = {axfx;”x,z’ lae top(c), {i,j,k} c {0,1,2,3},0 <l,mkelZ,
axl.’x;.”x;' ¢ Cone {bx0x1x2x3} for Vb e top(c)} c .
Example 17 The surface lattice points of the four-dimensional tangent cone
Cone{l} are given by
d,,(Cone{1})=U,_,UU,,UU,,UU,_, L,
where
U = {xl'”x;’x;‘ [0<m,n,ke Z},
U, = {xéx;’xf |0</,n ke Z} ,

U, = {xéxl'"xf |0Sl,m,keZ},

U, = {x(’)xlmx;’ |0</,m,n eZ}.

Thatis, @, (Cone{l}) is the union of the four 3-faces of Cone{1}.
Definition 47 (d«) Let ¢ be a four-dimensional tangent cone. Then, dsc is

the set of all the slant tetrahedrons included in the 3-faces of ¢, i.e

dgc:= {a [xp(o)xp(l)xp(z)] € S, | all the vertices are included in 0, (c)}

Definition 48 (Vector Fields) Let ¢ be a four-dimensional tangent cone. The

vector field V7, induced by con B, is defined by
V.(t)=Ds(teB,),

where sedgcN 7z, (t) (Note that s is uniquely determined for each e B)).
The flow of tetrahedrons determined by V, is called the flow of tetrahedrons
induced by ¢

Example 18 In the case of Figure 7(a),

7.(00,0,0,.)=D(RP.P,P,. )= x,xx,,

where c=Cone{l}, 00.0,0,.=r,(RP.P,P,.),and BPP,P,. =[xxx,].

Unlike the case of flows of triangles, infinitely many closed trajectories are
induced by a tangent cone.

Example 19 Shown in Figure 8(a) is the closed trajectories of the flow
induced by Cone{x,x,x,,x,%,%;,%,%x, | . Two types of closed trajectories, one is
length 6 and the other is length 12, are alternately stacked infinitely.

Example 20 By putting another top vertex xx,x, on the tangent cone of
Figure 8(a), we obtain a decomposition of a rhombic dodecahedron into four
closed trajectories of tetrahedrons (Figure 8(b)). Then, each triplet of the four

top vertices of Cone{x,x,x,,x)X,X;,X,X,X;,X,X,%;} induces infinitely many closed
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trajectories outside the rhombic dodecahedron (grey polygonal lines).

3.3. Shape of Closed Trajectories of Tetrahedrons

To compute the surface (2-faces) of the region of H,, swept by a set of closed
trajectories of flat tetrahedrons, we will consider another type of cones whose
ridge lines are given by the “slopes” of slant tetrahedrons, ie, (0,1,1,1),
(1,0,1,1), (1,1,0,1),and (1,1,1,0).

Definition 49 (Conjugate Lattice) The four-dimensional conjugate lattice
L* is defined by

= {x6n+n+kxll+n+kxé+m+kx§+m+n | Lm,nke Z} c I

Definition 50 (Cotangent Cones) Let AcL* . The four-dimensional

cotangent cone Cone A is defined by
Cone' 4:= {a(x1x2x3 )l (%, )m (xpx,x; )n (xx,x, )k lae A,
0<l,mnke Z} c L

We denote the top vertices of a cotangent cone cby fop(c).
Definition 51 (Cotangent Roofs) Let Ac L* . The four-dimensional
cotangent roof Roof A is defined by

Roof" 4= {p eL*|IN eZs.t. N >0and p(xlx2x3)N ,

N N N *
p(x5x) , p(xxx;)" , p(xxx,)" €Cone A}.
Example 21 In the case of Figure 8,
Roof"8,t0p(cy ) = Roof ™ { X4, X, Xy, X, X0, X, }

= Cone’ {x0X,X, , X)X, X5, X%, X3

Roof "8 top(c;) = Roof™ {x,x,%, , X4, Xy, XX, X5, X, X, X3 }
=Cone’ {1}.

Definition 52 (8 pt(w)). Let w be a four-dimensional cotangent cone. The
surface lattice points ap,(w) of wis the set of all the L™ lattice points

included in the 3-faces of w; i.e.,

8[” (w) = {a(e4/xi)l (e4/xj)m (e4/xk )n |ae top(w),{i,j,k} c {0,1,2,3},
0<Il,mne Z,a(q/xi)l (e4/xj )m (e,/x,)" ¢ Cone" {bef}
for Vb e top(w)} c L,
where e, =x,xx,x;, (Forexample, e,/x, =x,x,x; and e, =x;x0x; ).
Example 22 The surface lattice points of the four-dimensional cotangent cone
Cone’ {1} are given by

81,[ (COI’le* {1}) =V ,uUv,_Ur_Ur._c e

where
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k

X% ) (xx,x,) [0<m,n keZ}

k

XX, X, )n (xpxx,) |0<,n,k e Z},
)

Vo= {(x1x2x3 )l (xpx,x)" (xx,x, )k |0<I,m,k e Z} ,

Vieo = {(x1x2x3 )l R )m (X2, )” |0<],m,ne Z}.

As in the case of slant triangles, all the slant tetrahedrons of the flow induced
by a tangent cone are divided into three groups by a cotangent cone: 1) inside
the cotangent cone, 2) outside the cotangent cone, and3) on the surface (3-faces)
of the cotangent cone (Figure 9). Unlike the case of triangles, multiple types of
slant tetrahedrons are on the surface (3-faces) of the cotangent cone
(tetrahedrons B, C, D, E, F in Figure 9). Among them, only two types of
tetrahedrons (B and F) flow through the surface (2-faces).

Definition 53 (Wc (CO)) . Let ¢, be a four-dimensional tangent cone.
Suppose that 0,fop(c,)< L™. The four-dimensional cotangent roof w,(c,)

associated with ¢, 1is defined by
w, (¢, )= Roof "d,t0p(c,).

Definition 54 (4,(c,)). Let ¢, be a four-dimensional tangent cone.
Suppose that 0,t0p(c,) = L. The surface vertices ¢,(c,) with respect to ¢,
is defined by

¢ (c,)= 0, (co)ﬂépt (Wc (Co)) o

That is, ¢ (c,) is the set of L™ lattice points on the intersection of the
3-faces of ¢, and the 3-faces of w, (c,).

Definition 55 (CDt(cO)). Let ¢, be a four-dimensional tangent cone.
Suppose that a,top(co)cL*4. Let <I),(CO)CE4 be the set of the polygonal
lines obtained by joining the adjacent L™ lattice points of surface vertices
¢, (c,)- Since all the points of ¢,(c,) are included in the 3-faces of w, (c,), the
points of ¢,(c,) are connected along the 3-faces of the associated cotangent
roof.

Definition 56 (mt(co)). Let ¢, be a four-dimensional tangent cone. The

two-dimensional surface mesh m, (c,) with respectto ¢, is defined by
m, (co) =7, ((D, (co )) cH,,.
We also call m,(c,) (two-dimensional) surface vein with respect to ¢, .
Definition 57 Let ¢, be a four-dimensional tangent cone. Set
IN,(c,)={s edc, | s is contained inside w, (¢, )},
OUT, (c,):={s €dsc, | s is contained outside w, (c, )},
):={s edyc, |s intersects with the 3-faces of w, (¢, )}

Definition 58 ( ( 0)) Let ¢, be a four-dimensional tangent cone. We
define the region R, (c,) of H,, by
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Figure 9. Positional relationship of slant triangles of 7} ([xoxlx2 ]) and the 3-face
{(x0x2x3 )" (xx,x,)" (XX, )k |0 <m,n,k e Z} of the cotangent cone Cone {1} . Slant
triangles shown are A: x)x'x,x, [xzxgxo] , Br xlxx,x, [xlxsz] , CooxpX,x,x, [xoxlxz] , Dt
x5 % [6xx ], Boxox [x,xx%], B ox[xxx], and G: [xxx,]. Shown above is a
schematic diagram of the relationship between the four vertices of a slant tetrahedron and
the 3-face of Cone’ {1} . In the figure, the diagonal edges of slant tetrahedrons are drawn
with thick line, where the diagonal edges included in the 3-face are colored black and the
others are colored grey. Tetrahedron A is included in Cone’ {1} . Tetrahedrons B, C, D, E,
and F intersect the 3-face of Cone {1}. Tetrahedron G is located outside Cone {1} .

Note that the diagonal edges of tetrahedrons B and F cross the 3-face of Cone” {1}.

R (¢y)= UselN,(cO)ﬂ-H (s)< Hyp.

In the case of flows of triangles, R, (c) corresponds to all the closed
trajectories of ¥, if top(c) is finite and 0,fop(c)<L” (Theorem 1). In the
case of flows of tetrahedrons, we have the following result.

Theorem 5 There exist a four-dimensional tangent cone ¢ such that R, (c)
does not contain all the closed trajectories of V.

Proof. For example, set ¢, :Cone*{xoxlxz,x0x2x3,x0xlx3} (Figure 8(a)).
Then, 7,

€0

induces infinitely many closed trajectories of tetrahedrons. However,
we can not construct a cotangent cone which covers all the closed trajectories
because w,(c,)=c, (Note that more than three vertices are required to
construct a “roof” on a tangent cone.) In particular, R, (c,) does not contain all
the closed trajectories of V, . g

As in the case of flows of triangles, we can compute R, (c) as the intersection
of w,(c) andcif o,top(c)c= L.

Example 23 In the case of Figure 8(b) (or Figurel0(a)),

¢ = Cone{xoxlxz,x0x2x3,x0x1x3,xlx2x3} ,

£ *
w, (cl) = Roof {xoxlxz,x0x2x3,x0x1x3,x1x2x3} = Cone {l} .

¢t(Cl):{I)yzw’l)xzw’I)xyw’])xyz’lz}yz ’P2 2

2w’ xPyztw’ )czyzw2 ’

2.2 3P.2 2;P 2 2}7
xyzw’ xyTzw xyz°w

_Jdom_n_k 4
where F;,y,,,znwk =x,x"x,x; € L. Then,
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o
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Figure 10. Rhombic dodecahedrons: (a) Four closed trajectories of the flow induced by
¢ = Cone{xoxlxz,x0x2x3,x0xlx3,x1x2x3} (See also Figure 8 (b)); (b) The closed trajectory
of length 24 induced by ¢, = Cone{x,x,,x,x,,x.x,} ; (c) The closed trajectory of length 24
induced by ¢, = Cone{x,x,,xx,,x,x,,%xx,} . Thick polygonal lines (black and grey)
indicate the diagonal edges of flat tetrahedrons, where the black lines indicate the

polygonal lines included in w, (q.) (i=12,3).

R/ (¢) is the rhombic dodecahedron surrounded by the black thick lines,
which consists of four closed trajectories of length six, ie, consists of 24
tetrahedrons.

All the 24 tetrahedrons of R (c,) are type D of Figure 9:

1) Q isinside w,(¢),

2) szw,Qxyzzw,Qxyzzw and Qxyzw2 are outside w, (¢,),

3) all the diagonal edges of the tetrahedrons <0, (wc (¢ )) ,

where O gt = T (xéxl’”x;’x;‘) € H,,, . Other closed trajectories of the vector
field are outside w, (c,).

In the case of flows of tetrahedrons, we should also consider the case of
dtop(c) & L.

Example 24 Putting more unit cubes on the tangent cone ¢, of Figurel0O(a),
we obtain rhombic dodecaherons consisting of a closed trajectory of length 24
(Figure 10(b) and Figure 10(c)). However, we can not compute the shape of the
rhombic dodecaherons using cotangent roofs. Cotangent roofs are not defined

because
dpop(c)E L (i=2,3).

Remark In the three-dimensional case, 0,70p(c) ¢ L implies the existence
of loopholes on the contour, i.e., the existence of the triangles of type D (Figure
2(b)). On the other hand, in the four-dimensional case, altop(c) ¢ L'* implies
not only the existence of loopholes but also dents and bulges on the surface. That
is, the tetrahedrons of type B and F correspond to loopholes, the tetrahedrons of
type C to dents, and the tetrahedrons of type E to bulges (Figure 9).

To define a four-dimensional cotangent roof Roof A for any Ac L', we
consider a set of the “closest L™ lattice points to a” for each a < 4.

Definition 59 (STAND) Let a < L'. The stand of a is defined by

{a} if deg(a)=0mod3,
stand(a):= {ax,. \03153} ifdeg(a)z2mod3,
{ax,.xj \0Si,j£3} if deg(a)=1mod3,
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L m_n_k

where deg (xox1 x5 xh ) =l+m+n+k.Note that stand (a)c L*.
Let Ac L'. The stand of A is defined by

STAND(A) = UaEAstand(a) c L

Definition 60 (Extended Cotangent Roofs) Let A — ' such that A¢ L.

The four-dimensional extended cotangent roof Eroof A is defined by

Eroof A= Roof STAND(4).

Definition 61 (Extended w,(c,)) Let ¢, be a four-dimensional tangent
cone. The four-dimensional (extended) cotangent roof w, (c,) associated with

¢, isdefined by
w.(c,)= Eroof"0,top (¢)-
Note that
Eroof "0 top (c))= Roof "0 top (co)
if 0,t0p(c,)=L™.
Definition 62 (Extended ¢ (c,)) Let ¢, be a four-dimensional tangent

cone. The (extended) surface vertices ¢,(c,) withrespectto ¢, isdefined by
) (co) =0, (co)ﬂﬁp, (wC (co)) c L

Example 25 In the case of Figure 10(b),

c, = Cone{xoxz,xlxz,x1x3} ,

w, (cz) = Eroof* {xoxz,xlxz,x1x3} = Cone’ {l} .

0,6 = P P o Pos P P PP

xyz°w

Then, R,(c,) is the rhombic dodecahedron surrounded by the black and
grey thick lines, which consists of a closed trajectories of length 24.

Note that x,x,, xXx,, and xx, are outside Cone’ {1} . The rhombic
dodecahedron consists of not only type D but also type E tetrahedrons of Figure
9. In the figure, the tetrahedron with the grey diagonal edge are type E. The
tetrahedrons with the black diagonal edge are type D.

Example 26 In the case of Figure 10(c),

cy = Cone{xoxz,xlxz,x2x3,x0xlx3},

£ *
w, (03) = Eroof {xoxz,xlxz,x2x3,x0xlx3} = Cone {1} R
¢t (03 ) = {szwa szyzwz > nywa P;zyzzwa nyz > nyzzwz > Pyzw} .

Then, R,(cy) is the rhombic dodecahedron surrounded by the black and
grey thick lines, which consists of a closed trajectories of length 24. In the figure,
the tetrahedrons with the grey diagonal edge are type E. The tetrahedrons with
the black diagonal edge are type D.

3.4. Constraints on the Shape of Protein Molecules

In this paper, we consider the shape of complexes of closed trajectories of
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tetrahedrons as a simplified geometrical model of protein molecules. As in the
case of flows of triangles, we will specify the shape of regions of H,, using a
pair of cotangent cones.

Definition 63 (Inverted Cotangent Cones) Let A L*. The four-dimensional

inverted cotangent cone [Cone A is defined by
ICone" A= {a(x1x2x3 )l (%, )m (xx,x; )" (xx,x, )k laeA,
0>, m,nke Z} cL*
We denote the top vertices of an inverted cotangent cone /vby itop(iv).

Definition 64 (Inverted Cotangent Roofs) Let 4 L*. The four-dimensional
inverted cotangent roof IRoof A is defined by

IRoof " A= {p eL*|3IN e Zs.t. N <0and p(xx,x, )N ,
P(xx,x; )N , P (xox,x; )N P (%%, x, )N € ICone*A}.

Let AcL'. The four-dimensional extended inverted cotangent roof

Elroof” A is defined by
Elroof” A= IRoof STAND (4) < L*.

Example 27 In the case of Figure 10(a),
IRoof "0,10p(c;)
= IRoof” {xoxlxz, XXy X5, XX, X5, x1x2x3}
= [Cone’ {xgxfx;xg } .
Definition 65 (6 p, (iv)) . Let v be a four-dimensional inverted cotangent

cone. The surface lattice points 0, (iv) of /v is the set of all the L™ lattice

points included in the 3-faces of i, i.e.,
2, (iv) :={a(e4 Jx) (ea)x,)" (es)%.)' 1a €itop(iv),{i, j.k} = {0,1,2,3},
021mneZ.a(e,/x) (e)x,) (e /x,) &ICone {be;}
for Vb e itop(iv)} c L.

Recall that e, = x,x,x,x,. For example, e,/x, =x,xx, and
ef = xfxﬁxfxf.

Definition 66 (Surface Pairs) Let w be a three-dimensional cotangent cone.
Let iv be a three-dimensional inverted cotangent cone. A pair (w,iv) of wand
1vis called a four-dimensional surface pair.

Definition 67 (¢C(w,iv)). Let (w,iv) be a four-dimensional surface pair.

The surface vertices ¢, (w,iv) with respectto (w,iv) is defined by
¢.(w,iv)=0,,(w)No,, (iv)c L*.
That is, ¢, (w,iv) is the set of L lattice points on the intersection of the

3-faces of wand the 3-faces of iv.
Definition 68 (®_(w,iv)). Let (w,iv) be a four-dimensional surface pair.
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Let @ (w, iv) C E’ be the set of the polygonal lines obtained by joining the
adjacent L lattice points of ¢, (w,iv). That is, @y, is the set of all the
diagonal edges (of slat tetrahedrons) whose end points are included in ¢, (w,iv) .
Since all the points of ¢, (w,iv) are on the 3-faces of w (or i), the points of
¢, (w,iv) are connected along the 3-face of w (or iv).

Definition 69 (m, (w,iv)). Let (w,iv) be a four-dimensional surface pair.
The two-dimensional surface mesh m, (w,iv) with respect to (w,iv) is
defined by

m, (w,iv) =7, (QDC (W,iv)) cH,,.

We also call mc,(w,iv) (two-dimensional) surface vein with respect to
(w,iv).

Definition 70 ((Wc (co),ivc(co))). Let ¢, be a four-dimensional tangent
cone. The four-dimensional surface pair (wc (¢).iv, (co)) associated with ¢,
is a pair of the (extended) cotangent roof w, (c,) associated with ¢, and the
(extended) inverted cotangent roof iv,(c,) associated with ¢, which is
defined by

iv, (¢, )= Elroof "8 top(c,).

Definition 71 (R, (w.iv)). Let (w,iv) be a four-dimensional surface pair.
The region R (w,iv) of H,, is the region covered by the union of all the
closed trajectories of flat tetrahedrons surrounded by m_ (w,iv).

Example 28 In the case of Figure 10(a),
w, (cl) = Roof” {x0x1x2,x0x2x3,x0xlx3,xlx2x3} = Cone’ {1} ,

. _ * _ *f 3333
v, (cl)—lRoof {xoxlxz,x0x2x3,x0x1x3,x1x2x3} =[Cone {x0x1x2x3},

8.(,(¢0)515,(6)) ={ P P o Pos P P

x5z’ X2y’

Z:PZZ ,PZ 23P 22}-
WS xyTzw

2
X7 yzw’ Xy xyz°w

Then, the surface vein m, (wC (¢,).iv. (¢ )) corresponds to the set of the
diagonal edges colored black. R, (w,(c,).iv,(c;)) is the rhombic dodecahedron
consisting of four closed trajectories of length four.

Example 29 In the case of Figure 10(b),

W (CZ) = EI’OO_f* {xoxz’x1x2>x|x3} = COI’IB* {1},

c

iv, (cz) = Elroof” {xOxQ,xlxz,x1x3} = ICone’ {xgxfxgxi},

¢L‘(WL‘(CZ)7I'VL' (CZ)):{I)xzw’Pl Z’I).xyw’])x2y22w’l).xyzﬂp 2 Z’I)yzw}'

X“yzw xXyz°w

Then, the surface vein m, (wc (¢,).iv.(c, )) corresponds to the set of the
diagonal edges colored black. Unlike the case of flows of triangles, some diagonal
edges (colored grey) are not included in m, (wc (¢,).iv. (¢, )) .

R (w,(c,).iv,(c,)) is the rhombic dodecahedron consisting of a closed

trajectories of length 24. In particular,
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R, (Wc (cz),ivc (cz)) =R, (WC (cl),ivc (01))~

Example 30 In the case of Figure 10(c),

w,(cy) = Eroof” { X2, X,25, 2,5, XX, X3 | = Cone’ {1},

. _ * _ *( 3333
v, (03)—E1roof {xOxQ,xlxz,x2x3,x0x1x3}—ICone {xox1 x2x3},

¢C<Wc(c3)’ivc (C3)) :{})XZW’PZ ,2’]))(yw’P2 ’R(yz’l)x})ZZwlﬁl)yzw}‘

X yzw X yzzw

Then, the surface vein m, (WC (¢),iv, (03)) corresponds to the set of the
diagonal edges colored black. The diagonal edges colored grey are not included
in m, (wc (¢3),iv, (cz)) . R (WC (¢),iv, (c3)) is also the rhombic dodecahedron
consisting of another closed trajectories of length 24. In particular,

R, (WC (cS),ivC (c3 )) =R, (Wc (cl),ivc (01))-

Example 31 In the case of Figure 8(a),

w,(c,)= Eroof” { XX, , X0, %5, x0x1x3} = Cone’ {x0x1x2 s XXy Xy ,x0x1x3} ,

. * *
iv, (CO) = Elroof {xoxlxz s x0x2x3,x0x1x3} = [Cone {xoxlxz R x0x2x3,x0x1x3} s

¢c (Wc (CO ) > ivc‘ (CO )) = {})X)’Z 4 Iizyzzw’ })XZW’ P 2w2 P)‘)/W’ I))czyzzw} .

X yzw

Then, the surface vein m, (WC (¢)siv, (co)) is empty.
In the above examples, a tangent cone c is given first. Then, we compute the
surface vein mc(wc (¢),iv, (c)) for (w (c),iv, (c)) (Figure 5(a)). Now, let us

c

consider the case where a surface pair (W,7V) is given first (Figure 5(b)).
Definition 72 Let (w,iv) be a four-dimensional surface pair. The tangent

cone c,(w,iv) associated with (w,iv) is defined by

c, (w, iv) = Coned, (w, iv).

Starting with some definitions, we will consider the vector field induced by the
tangent cone ¢, (w,iv) associated with the given surface pair (w,iv).

Definition 73 Sets of four-dimensional cones are defined by
TC, :={Coned| A= L'* and 4 is finite}
CC,:={Cone’ 4| Ac L'* and 4 is finite}
ICC,:={ICone’ A| A< L** and 4 is finite}.

Definition 74 (R,; and R ;) Sets of regions on H,,, are defined by

{R[‘3 = {Rt (c)lce TC3},

R, ={R (wiv)|(w,iv)e CC,xICC,}.

Definition 75 (1, and ;) Maps between regions on H,, are defined by

LR R, R(c)P R (w(c).iv.(c)),
7, iR > Ry, R(wiv) R (¢, (wiv)).

Theorem 6 i is not surjective.
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Proof. Let us consider the case of Figure 11(a), where

{(Wx,ivx) = (Cone* {Pe} ,ICone" {Pf})

R.(w,,iv, ) = a flattened dodecahedron.

On the other hand, shown in Figure 11(b) are the closed trajectories of
13(RC(WX,ivS))=Rt (ct(wv,i\{y)),where

c, (ws,ivs) = Cone{Pa,Pb,Pc,Pd},
w, (ct (ws,ivs)) =Cone’ {Pe},

R,(c, (w,.iv,)) = a garlic bulb-like structure.

Note that O, dose not appear because P, is buried beneath the surface of
¢,(w,.iv,) due to the difference of slope inclination between tangent cones and
cotangent cones. The flattened dodecahedron of (a) gets dented on the bottom
and has vertical linear grooves on the side. That is, we obtain a garlic bulb-like
structure as a result of the constraints.

Therefore,
T3 (Rc (Wv’ivs )) * Rc (Wv’ivs )

It follows immediately that R, (w,,iv,)¢4(R,;). O

Corollary 3 (Self-eclipse of R, (w,iv)) There exists a four-dimensional
surface pair (w,iv) suchthat 7,(R. (w,iv))#R, (wiv).

That is, there exist global geometrical constraints on the shape of complexes of
closed trajectories of tetrahedrons.

Definition 76 (Self-eclipsed protein molecules (Toy model)) A surface pair
(w,iv) is called a self-eclipsed surface pair if (R, (w,iv))= R, (w,iv). The
complex of closed trajectories induced by a tangent cone c¢ is called a
self-eclipsed protein molecule if there exists a self-eclipsed surface pair (w,iv)
such that ¢ =c, (w,iv).

Example 32 In the case of the garlic bulb-like structure obtained in the proof
of Theorem 6 (Figure 11(a) and Figure 11(b)),

7,(R.(Cone’ (R}, 1Cone" {P,}))
=R, (Cone{P,,B,.P.P,})

= R (Cone' {P},ICone’{P,, P, P})
# R (Cone' {P},ICone’ {P,}).

Example 33 Shown in Figure 11(c) is a complex of closed trajectories of
R (c,), where

b>% e n>"o

w.(¢)= Cone’ {P},

e

¢, =Cone{R,,P.,P,,P,P,F,P,P.P},

R, (¢, ) =a garlic bulb-like structure.
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(@) (b)

Figure 11. Self-eclipsed protein molecules: (a) The surface vein m, (w,,iv,) with respect
to (w,iv,) . m(w,iv,) is indicated by the black thick polygonal lines, where
(w;,ivs) = (Cone* {R,},ICone* {P/ }), (b) Closed trajectories of V.

() - Shown above is

the top view. Shown below is the bottom view. m, (c, (w,,iv, )) is indicated by the black

thick polygonal lines. The grey thick polygonal lines are the diagonal edges of type E

tetrahedrons of Figure 9; (c) Closed trajectories of V, , where

¢ = Cone{Pb,Pc,R,,P/.,Pk,P,,Pm,Pn,PU} . m,(¢,) isindicated by the black thick

polygonal lines. Note that all the tetrahedrons are type D. In the figure, Q, =7, (P.)
3.2.1.3 3.2 3.1 1,2.3.3

2,02 2 3
(x=a,b,c,---,p ), where P =x,x'%,%;, P, =x,x %%, P =x%%%, P =XXxx;,

¢

101 _ 6666 _ 545 4 4455 5 .4.4.5
P, = XX, x,%;,5 Pf—xﬂx]xz)c}, Pg_xoxlxzxz’ P, =x,x%x7, B =xx,%,%; 5

31203 _.2.1.3.3 3132 _3.2.2.2 _,2.2.2.3
Pj_xoxlxzxw Hv_xoxlxzxz’ P/_xoxlxzxs’ Pm_‘x()xlxzx}’ Pn_xoxlxzxa’

P, =x;x/x;x;,and P, =x;x/x;x; (Q, isthe diametrically opposite pointto Q, ).

R (¢;) consists of 13 closed trajectories of length six, which sweep the same
regionas R, (ct (w,,iv, )) considered in the proof of Theorem 6.
On the other hand,
(WC (cl),ivC (cl)) = (Cone* {Pe},ICone* {B],R,F;}),

R, (WL_ (cl),ivc (cl)) =R (cl ),

_ 5,45 4 _ 44,505 _ 5.4 4.5
where P, =xpxx;x;, B =x;x'xx;,and P, =x;x'x;x; .

r

Then, ¢, (w,(¢).i,(¢))=¢ and
7 (R, (w. (¢). v, (Cl))) =R (Ct (w.(c).iv, (Cl)))
=R (¢))=R.(w.(c,).iv.(c)).
That is, The complex of closed trajectories included in R, (w, (¢,).iv, (¢;)) is
not a self-eclipsed protein molecule.
4. Systems of Simultaneous Equations for Shape

Protein molecules interact each other and form an intermediate complex to
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perform their function. In high-throughput proteomics, proteins are characterized
using a interaction network between proteins and intermediate protein
complexes. Since the function of a protein is primarily determined by the
three-dimensional shape, it is the shape of proteins that is characterized by the
interaction network.

In this section, we will consider “interaction” between closed trajectories of
triangles as a simplified geometrical description of protein interactions. Despite
its simplicity, the closed trajectory model of protein interaction gives a novel
geometrical interpretation of the difference between direct interactions of two
proteins and cooperative interactions of three proteins (such as allosteric

regulation).

4.1. Fusion and Fission of Closed Trajectories of Triangles

We have seen in the previous sections that vector fields of triangles are
associated with three-dimensional tangent cones. Here we will define “fusion
and fission” of closed trajectories of triangles using the tangent cone structure.
For the sake of simplicity, we only consider the case of flows of triangles.

Let ¥, and V, be two vector fields of triangles induced by three-dimensional
tangent cones ¢, and ¢, respectively. Then, the vector field ¥, can be
obtained from the other V, by “putting unit cubes on” and/or “taking unit
cubes from” the tangent cone ¢, . Suppose that the closed trajectories of V.
and ¥, sweep the same region, Ze, R,(c,)=R,(c,) (See Definition 22). Then,
the two vector fields ¥V, and V, give two different decompositions of the
same region into a set of closed trajectories of triangles.

Definition 77 (Addition of closed trajectories) Addition is defined between
sets of all the closed trajectories of vector fields. Given two three-dimensional
tangent cones ¢, and c¢,. Let {m |0<i<N,} and {nj |0SjSNb} be the
set of all the closed trajectories of the vector fields ¥, and V, respectively,
where N, and N, isthe numbers of the closed trajectories. Then, addition of

closed trajectories of triangles is defined by
ZOSiSNﬂ m; = ZOSjSNH n; if R, (Ca) =R, (Cb )

Example 34 Shown in Figure 12(a) is a flow of triangles consisting of 36
closed trajectories of length six and infinitely many open trajectories of various
lengths, where each closed trajectory sweeps a hexagonal region. By putting unit
cubes on the associated tangent cone, we obtain another decomposition of the
same region into a set of closed trajectories as shown in Figure 12(b). Then, we
have

ZOSiSSSxi = ZOgjgs m; + ZOSiSSXi Xy Xy Xy Xy F X5 X

T Xy Xy + Xpg F Xy F Xpg + X5, F Zszgﬁsxi‘

By removing the common terms from both sides, we obtain
X+ X+ X, + X+ X, + X, X5+ X+ X
+ X5 + Xpg + Xpy + Xy + Xps + Xpg + X5

=mgy +my +m, +my +m, +ms.
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Figure 12. Addition of closed trajectories: (a) A flow of triangles consisting of 36 closed
trajectories of length six. Shown below is the corresponding tangent cone (top view); (b)
Closed trajectories of triangles obtained by putting unit cubes on the tangent cone of (a);
(c) Closed trajectories of triangles obtained by putting unit cubes on the tangent cone of

(b).

Note that m, is the closed trajectory given in Figure 1. That is, we obtained m3,
as a result of “fusion and fission” of 16 hexagons.
Example 35 By putting more unit cubes on the tangent cone of Figure 12(b),

we obtain another equation

mo+m1+m2+m3+m4+m5+x15+x22+x28 =n.

Then, m, appears as a “factor” of a longer closed trajectory m.

In the above examples, closed trajectories xs (of length six) are given first.
Then, m, is obtained as a result of interactions of the xs. The challenge we
propose is to give a set of equations of m, on variables xs first, and solve the
system of simultaneous equations.

Open Problem 1 (Simultaneous equations for shape) Let {xo,x],---,xN} bea
finite set of closed trajectories of length six, ie, hexagons. Let {mg,m,,---,m,, }
be a finite set of closed trajectories of length longer than six. Suppose that we are

given a finite set of addition equations with respect to x;s and m;s.

fk(xoaxla""xNamo’mv"'amM)

=g, (xo,xl,---,xN,mO,ml,-w,mM), (0<k<K),

where £s and g;s are finite sets of terms separated by addition sign (Ze, addition
expressions with coefficients one).

Find three-dimensional tangent cones for the variables xs that make the
addition equations true, where x;s are assigned the closed trajectory induced by
the corresponding tangent cone. Then, ms are obtained as intermediate
products of the interactions between xs.

Since the interaction of closed trajectories is primarily determined by their
contours, it is their contours which are characterized by a set of simultaneous

equations. In the case of Open Problem 1, a closed trajectory m, is characterized
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using interactions between closed trajectories of length six and other closed
trajectories. Therefore, the set of equations is nothing but a specification of the

shape of m, if m, is uniquely determined.

4.2. Allosteric Regulation of Interactions

Now let us consider the difference between direct interactions of two proteins
and cooperative interactions of three proteins (such as allosteric regulation). In
our closed trajectory model, allosteric regulation corresponds to the complex of
self-eclipsed closed trajectories of triangles (Definition 36). We will start with a

brief introduction to allosteric regulation.

4.2.1. Introduction to Allosteric Regulation

In biological systems, all proteins bind to other molecules to carry out their
functions. For example, enzymes bind to one or more reactant molecules to
catalyze chemical reactions in our body. The region on the surface to which
other molecules bind is called the active site.

The binding of a molecule at an active site is often controlled by the binding
of another molecule at a distant site other than the active site. This type of
regulation of protein function is called allosteric regulation. The distant site is
called an allosteric site.

Allosteric regulation, which is known as “the second secret of life”, second
only to the genetic code [9] [10], is ubiquitous in biological processes. But we
still lack general understanding of the mechanisms underlying the coupling
between allosteric and active sites [11] [12].

Allosteric regulation is typically triggered by the binding of a small molecule,
but also triggered by the binding of another protein. When proteins bind to
other molecules or proteins, changes in conformation and/or dynamics occur
within the protein. Classically, allosteric regulation was considered to be induced
through a change in conformation of the protein. Today, it is believed that
allostery can take place through a change in the dynamic fluctuations (ie.,
internal motions and vibrations) of the protein even without obvious
conformational changes [13] [14] [15].

Currently almost all the drugs modify the actions of proteins by directly
binding to their active sites. On the other hand, gaining increasing attention
recently in drug discovery is another type of drugs, called allosteric drugs, which
bind to the allosteric sites on their target proteins [16] [17] [18]. This is because
allosteric drugs have several advantages over traditional drugs, such as higher
specificity, fewer side effects, and lower toxicity.

However, allosteric drug discovery is more challenging than traditional drug
discovery due to difficulties in identification of allosteric sites, prediction of drug
modulatory effects, and others. For example, allosteric sites may have features
we are not yet aware of because of our insufficient understanding of how
coupling between the active site and the allosteric site occurs.

In the past ten years, various computational approaches have been developed
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for identification and characterization of allosteric sites as the first step in
allosteric drug discovery [19] [20] [21]. In a static geometry-based model,
protein structures are transformed into residue interaction graphs (RIGs), where
amino acid residues are graph nodes and their interactions are the graph edges
[22]. Then, allosteric regulation and communication are characterized using a
local centrality measure (local closeness) and other newly developed quantifiable
measures (binding leverage and leverage coupling). In normal mode analysis
(NMA)-based models, proteins are represented by a set of Ca atoms
interconnected by a network of elastic springs. Then, the structural fluctuations
of a protein are decomposed into harmonic orthogonal modes and the
long-range nature of allosteric communication is often well-described by
low-frequency modes. However, Molecular dynamics (MD) remains the

standard computational tool for structural analysis when structures are available.

4.2.2. The SECT Model of Allosteric Regulation

In this paper, we propose a novel geometrical interpretation of the long-distance
regulation of protein interactions (with no conformational change). In particular,
we consider how the coupling between active and allosteric sites occurs using the
simplified structural description. Analysis of this model has allowed us to
characterize a novel geometrical aspect of the structural coupling between active
and allosteric sites.

Definition 78 (The SECT model of allosteric regulation) The Self-Eclipsed
Closed Trajectory (SECT) model is a simplified geometrical interpretation of
protein interactions, where
* Protein molecules correspond to a complex of closed trajectories of triangles,
* Protein interactions are represented as additions of the corresponding

complexes of closed trajectories,

* Protein molecules with allosteric sites correspond to a complex of self-eclipsed
closed trajectories,
* An allosteric site is the region of the contour eclipsed by the active site.

Note that the SECT model is a purely theoretical model. The SECT model was
devised in the process of searching the definition formula of the shape of
proteins. In the model, the constraint on the contour and the coupling between
two sites are two sides of the same coin as shown in the example below. Roughly
speaking, active and allosteric sites are closely tied to each other as an entity and
its shadow.

Remark. Recall that (slant) triangles are flowing on the slopes of a “tangent”
cone. On the other hand, the contour of a closed trajectory is drawn on the
slopes of a “cotangent” cone. Since the “slope inclination” of tangent cones is
gentler than that of cotangent cones, the existence of a local trajectory of
triangles at one region (active site) of the contour affect the existence of another
local trajectory at another region (allosteric site) of the contour.

Example 36 Shown in Figure 13 is the interactions between the three closed

trajectories m,, m,, and x,, of Figure 12(b). The interaction between m, and x,,
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Figure 13. Allosteric regulation and complexes of self-eclipsed closed trajectories: (a) An
active site and an allosteric site of a self-eclipsed closed trajectory n,. Shown below is the
corresponding three-dimensional tangent cone (top view); (b) Interaction of m, and x,,,
ie, my+x, =mg+m,; (c) Interaction of my, m,, and x,,, i.e, m, +x,, +m, =mj.

is obtained by putting two unit cubes on the tangent cone of (a) (Figure 13(b)).
We also obtain the interaction of the three closed trajectories m,, m,, and x,, by
putting one more unit cube on the tangent cone of (b) (Figure 13(c)). However,
m, and m, do not interact without the binding of x,, because of the overlap of
the slopes of the tangent cone, e, self-eclipse. That is,

My + X,y = Mg +m,,

my +m, =my+m,, (no interaction without x,, )

my + X,, +m, = mg.

In this case, x,, activates the interaction between 3, and m,.

5. Conclusions

We have proposed a novel simplified geometrical description of the shape of
protein molecules and their interactions. Using the model, we have identified
not only global geometrical constraints on the shape of proteins, but also their
influence on protein interactions. As an example of the global constraints, a
“garlic-bulb like structure” was shown. As an example of their influence on
interactions, the structural coupling between active and allosteric sites was
considered. In particular, our model gives a novel geometrical interpretation of
the long-distance regulation of protein interactions, which could be important
for the understanding of the basic mechanisms of allosteric regulation of protein
functions.

As for future research questions, we have already proposed an open problem
in the text, ie., the problem of simultaneous equations for shape. Just as the
function (ie., shape) of a protein is determined by its interaction with other
molecules, the shape of a complex of closed trajectories may be determined

uniquely by its interaction (i.e., fusion and fission) with other closed trajectories.
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Another open problem is about the relationship between the shape of a
complex of closed trajectories of tetrahedrons and the triangle flow induced on
the surface. How far can we learn about the three-dimensional shape from the
two-dimensional surface triangle flow? To answer the question, we should
consider a patchwork of locally overlapping three-dimensional cones that cover
the surface of the complex because the surface triangle flow has “singular
points”.

From the viewpoint of computer engineering, development of a “protein
description language” will be required if proteins are to be designed
automatically. The model of the closed trajectories of tetrahedrons (or
n-simplices) is expected to give the semantics of the language as in the case of

mathematical semantics and the lambda calculus [23].
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dy (ConeA)

Elroof A

EY

Eroof” A

HND

IN, (ConeA)
ICC,

ICone 4

lN

IRoof" A4
itop(ICone*A)
iw, (ConeA)
V2

oy

m, (Cone*A, ICone*B)
m, (ConeA)

N
OUT, (ConeA)

[Poapppz]

slant triangle defined by three points a, ax (0) and ax 2(0) %) (Detf.2)
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self-eclipsed closed trajectory complexes (Def.36)
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(Def.36, Def.76)
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set of all slant triangles/tetrahedrons (Def.2, Def.38)

slant triangle/tetrahedron adjacent to s (Def.4, Def.40)
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stand of a (Def.59)
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map from R, to R, (Def.35, Def.75)
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set of N +1-dimensional tangent cones (Def.33, Def.73)
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four-dimensional extended cotangent roof associated with Cone 4

w, (ConeA) (Def61)

XXX, point or vector (I,m,n) in E’
XXX Xy point or vector (/,m,n,k) in E*
Z set of all integers
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