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Abstract 
Cancer is a major public health problem worldwide and finding a total cure or 
eradication of the disease has been the expectations of medical researchers 
and medical practitioners in the recent times. In this paper, invasion of nor-
mal cells by carcinogens is considered. The purpose of the research is to study 
the dynamic evolutions of cancer and immune cells with the view finding 
most effective strategic way to control or eradicate cancer growth in human 
beings. We proposed five growths and mitigate models for benign and malig-
nant cancer which are coupled ordinary differential equations and partial dif-
ferential equations and Numerical simulations are made for the models. Ana-
lytic and Numerical solutions and sensitivity analysis of the models to para-
meters are obtained. It is found that the benign and malignant cancer cells 
displayed out of control growth and hence unstable in nature and the immune 
cells depreciated to the point of immune collapse. By the use of energy func-
tion it is established that staving of cancer cells of oxygen or use of drugs are 
strategic ways of combating cancer disease. Moreover, if the cancer cells are 
starved of basic nutrients or some basic enzymes inhibited it is expected that 
similar effect can also be achieved. The starvation of cancer cells should focus 
on oxygen, nutrients and vital enzymes. However, it is hoped that drugs de-
velopers and bioengineers will come up with means to achieve the starvation 
strategies to combat cancer disease. 
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1. Introduction 

Cancer is a major public health problem and worldwide there were 14.1 million 
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new reported cancer cases in 2012 and 8.2 million people died in 2015 ([1] [2]). 
Cancer of the colon and rectum, breast, bladder, stomach, oral cavity, pharynx 
and the non-Hodgkin lymphoma are major killers ([1] [3]).  

Finding a total cure or eradication of cancer disease has been the focal point of 
most medical researches and the expectations of medical practitioners in the re-
cent times. The dynamic behaviour of cancer cells is complex and stochastic in 
nature. Combating the disease will require thorough understanding of the for-
mation of cancer and the spread of disease in the blood circulation and lymph 
systems.  

Scientists have been employing the multi-agent modelling techniques to si-
mulate cancer models. The essence of simulations is to explore decision support 
tools for better understanding of complexity surrounding the cancer’s prolifera-
tion, strategies to combat it and to possibly predict treatment options.  

Several researches were pioneered to understand tempo-spatial dynamics of 
the tumour cells and the best strategic way of combating them ([4] [5] [6] [7] 
[8]). In order to understand the dynamics of the formation, propagation and 
treatment of cancer; many investigations have been conducted at the atomic and 
cellular levels. From genetic mutational point of view, tumours are formed as a 
result of genetic mutation which gives rise to abnormal DNA as a result of mis-
matched pair of genes ([9] [10]). The growth of the tumours can be controlled at 
various time scales. The scales of description of cancer research are at the 
sub-cellular, cellular and tissue levels or in the whole organ in the body (Macro 
scale) ([8] [11]). 

Considerable advances were made in the study of blood flow in the circulatory 
system using mathematical analysis and simulation. The use of multi-scale mod-
els for simulation of cancer growth and treatment options have been revolutio-
nised ([12] [13] [14]). Many researches were on how to understand the dynam-
ics of cancer evolution from sub-cellular to cellular to tissue levels and the whole 
organ level using the multi-agents interacting at various time and spatial scales 
([12] [15] [16] [17]). From medical point of view, multi scale models have the 
advantage of treating different part of body separately as a strategy to under-
stand every part of it. 

The Gompetz equation has been used to study the kinetics of the growth of 
tumour cells and tissues. Brunton & Wheldon ([15]) modelled the spread of tu-
mours at macroscopic and non-mechanic levels. Recent studies revealed that the 
traditional models like Gompertz equation, radiotherapy and Mackendrick-Von 
Foester models and modification thereof are being adopted to model the growth 
of tumours ([8] [14] [16] [18]). 

The Kpp-Fisher model, with the use of the reaction diffusion equation, was used 
to study cells migration. The Keller-Segel model and coupled Ken-Mckendrick 
equations ([13] [16]) were used to model the proliferation and quiescence of 
cancer cells. Moreover, to develop regiments for treatment of cancer of different 
types many models were used to investigate the efficacy of the treatment in vivo 
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(tumour and diffusion in living organism) and some were in vitro specifically 
targeted on cultured cell colonies, concentrated on the growth and control drugs 
([9]). There are now mathematical models to optimised cancer therapy in the li-
terature ([7] [8] [14]).  

Konstantina and Franziska ([19]) simulated a model on evolution of tumours 
under the influence of nutrient and drug application. Neurosurgical simulation 
of skull base tumours has been made (see [20]) using a 3D printed rapid pro-
totyping model. A fast Graphic Processing Unit (GPU) based Radio Frequency 
Ablation (RFA) solver was developed to predict the lesion and the solver take 
less than 3 min for treatment duration of 26 min. Moreover, when the model 
was simulated using patient-specific input parameters, it was found that the 
deviation between real and predicted lesion was below 3 mm ([21]).  

Simple ordinary differential equations of tumour and angiogenic radiation 
treatment are extensively found in the literature. We will mention, in particular, 
the work of ([14]) in which ODEs were used to study the interplay between tu-
mours and neovascular therapy, tumour vascularization and growth using diffu-
sion models ([16]). Clinical investigations revealed that combinations of anti an-
giogenic treatments with traditional cytotoxic treatments just like radiotherapy 
are found to provide a powerful means of combating cancer ([7] [12]).  

It is worthy to note that there are several models used to investigate chemo-
therapy inducing apoptosis at cell level and tissue level, that is, the anti angi-
ogenic drugs at the intercellular level or in the whole organ ([8]). Other investi-
gations were on interaction of the cancer within the immune system by studying 
the dynamics of immune cells such as cytokines, macrophage, interferon 
(non-specific) and adaptive immune cells such as the B-lymphocytes. Moreover, 
the immune boosters’ injections of cytokines (interferon) and interleukin are 
being used to engineer the macrophage or lymphocytes strategically towards 
specific targets ([22]). Reports on chemotherapy of impulsive model involving 
malignant cancer cells and carcinogenic substances in the environment have 
been published ([4] [17] [18]). 

In this paper, the motivation for the study is the following question “is it 
possible to retard the growth/eliminate the malignant cancer in a patient by 
starving the cancer of nutrients or oxygen?” To answer the question, four benign 
cancer and one malignant cancer models incorporating immune cells are pro-
posed to study the growth of cancer cells and the immune cells. Our research in-
terest is to determine which strategic way of retarding the growth of the cancer. 
To be specific, our goal is to use starvation strategy to control the malignant 
cancer cells in body of patient. We make use of some coupled ordinary differen-
tial equations and partial differential equations; develop energy function and 
numeric simulations for the models used.  

2. Preliminaries and Statement of the Problem 

We will consider four benign cancer and one malignant cancer models together 
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with the immune cells with the view to determine the strategy to combat the 
cancer growth. 

The following preliminary treatments are essential to our study. 

2.1. Pollutants and Carcinogenic Effect 

The pollutants enter the body through the alimentary canal, breathing system or 
through the skin. Some pollutants released into the environment through hu-
man interaction with environment are harmful or carcinogenic ([3] [17] [23]). A 
substance is said to be a carcinogen if it can cause cancer. That substance may 
take the form of radio nuclides or radiation and may damage the genome or 
disrupt the cellular metabolic process in human being. 

The National Toxicity Program (NTP) USA in its 14th report on carcinogens 
known and probable human carcinogen identified some substances that are car-
cinogenic in our environment ([3]). Carcinogenic substances are found in the 
food we take and the soil. They are also present in tobacco and can be induced 
by ultraviolent light, radon gas, infectious agents, radiation, hormone drugs, as-
bestos, nickel, cadmium, Hepatitis B virus and Hepatitis C virus and contracep-
tive pills just to mention few ([3]). 

Definition 1 
Tumour is a term use to describe in irregular development of cell which led to 

out of control growth. A tumour can be regarded as benign (generally harmless) 
or malignant (cancerous) growth. A benign tumour is non-malignant/non-cancerous 
tumour. A benign tumour is usually localized, and does not spread to other part 
of the body. Cancer is another word for a malignant tumour (a malignant neop-
lasm). The process by which cancer cells spread to other parts of the body is 
called metastasis. Cancer that spread regionally to nearby lymph nodes, tissues, 
or organs is called metastatic cancer. 

2.2. Proliferation of Tumours by Carcinogens 

Figure 1 shows the invasion of normal cell by carcinogens from pollution 
source to form tumour through proliferation and may maintain quiescence in 
the cells.  

In Figure 1, ( )N t  is the normal cell in the body being invaded by a carci-
nogen which enters the body and it regarded it as an antigen. The body deploys 
immune cells ( ) , 1, 2,3ir t i =  of various types to fight-off the invader, the car-
cinogen. The cluster of cells in the figure is a tumour formed as a result of the 
carcinogens overcoming the effects of immune cells. In Figure 2, pollutants 
from different sources some of which are carcinogenic invaded the body. Proli-
feration of tumours is measured by counting the number of tumour cells with 
time using the sensor; the simulation engine simulates the clinical data using 
some models. The computer monitors the growth of tumour and the population 
of the immune cell present at the period and triggers control effect to retard the 
growth of the cancer with the view to eradicating it. The simulation engine sends  
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Figure 1. Schematic diagram for formation of a tumour from a normal cell invaded by 
carcinogenic pollutants in the presence of immune cells. 

 

 

Figure 2. Simulation of the cancer and immune cells and report mechanism. 
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reports to the computer monitor to display cancer cells simulation behaviour in 
form of chats and Monte Carlo and solution paths etc. 

3. Methods 

In the models we will consider ( )N t  is the population of cancer cells at time t 
and ( ),N t x  is the population of cancer cells at time t at distant of x from the 
source. The populations of the cancer cells are assume to be continuously differen-
tiable functions of t and x respectively. ( ) ( ), , , 1, 2,3i ir t r t x i =  are the number of 
various type of immune cells at time t and at distant of x from the source which are 
assume to be continuously differentiable functions of t and x respectively. The 
differential equations formed from ( ) ( ), ,N t N t x  and ( ) ( ), , , 1, 2,3i ir t r t x i =  
are assumed to be well poised, that is, the solutions exist, unique and are conti-
nuously depend on the initial data.  

Throughout this paper cancer and tumour will be used interchangeably. By 
tumour we mean benign cancer whereas by cancer we mean malignant cancer.  

Cancer Growth with Oxygen Depletion Model 

We consider cancer multiplicative model as follows 

( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )
( ) ( )

1

0 0 0

d
e

d
d

e
d

0 , 0 , 1,2,3

m
f N t

i i
i

N ti
i i

i i

k mN t
G N t N t r t H C t

t l l
r t

G N t r t H C t
t l

N N r r i
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β λ

β λ

=

− 
= − + − 




= − + 


= = = 

∑
    (1) 

where ( )N t  is the population of tumour cells at time t and ( )C t  is the con-
centration of oxygen at time t; k is the natural growth rate of the cancer cell, β is 
the natural death rate of the cell. , 1, 2,3i iλ =  are the rates of release of the im-
mune cells into the blood at time t, ( ) , 1, 2,3ir t i = , m is the number of immune 
cell types considered and l is the length of the vessel containing the tumour cells; 

fm  is the genetic mutation factor such that 0 1fm≤ ≤  when 0fm = , it is for 
person whose family is not prone to cancer and 1fm =  is for family with high 
medical cases of tumour. ( )( )G N t  and ( )( )H C t are continuous functions of 

( )N t  and ( )C t  respectively. 
We will consider various forms for ( )( )G N t  and take ( )( ) 0H C t =  that is, 

investigating the behaviour of tumour and immune cells without consideration 
given to the contribution of oxygen to the behaviour of the dual population. 

Case I: ( )( ) ( ) , 1fG N t N t m= =  that is, exponential growth situation, there-
fore the Equation (1) becomes  

( ) ( ) ( ) ( )

( ) ( ) ( )

1

d 1

d
d
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i i
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i i

N t k N t N t r t
dt l l

r t
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
= − 

∑
              (2) 

Let 
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( ) ( ) ( ) ( )
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 Then the Equation (2) becomes  
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 (3) 

In view of the fact that we have not lay our hands on clinical data to calibrate 
our models. To determine the population tumour cells with immune cells such 
as cytokines, β-Lymphocytes and T-Lymphocytes, in view of no specific clinical 
input parameter we will assign values to the parameters as follows:  

( ) 11 , 0,1,2, ,
j

ij t t j m
j

ω
 

= + = 
 

 , 2 j
jλ

−= , 0.8β = , 3 j
ijr −= , 100l = , 

3m = . Therefore, the Equation (3) becomes  
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 (4) 

The equilibrium points for the Equation (4) are set of points in  

( ) ( ) ( ) ( ){ }1 2 30, 0, 0, 0N t r t r t r t= = = =  

Case II: when the growth is quadratic in nature, that is, ( )( ) ( )2 ,G N t N t x=  
and 1fm = .

  
That is the tumour cell is localised to a point but not spreading along the 

blood and lymphatic vessels (benign) situation. In this case, the Equation (1) 
becomes  

( ) ( ) ( ) ( )
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( ) ( )
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∑
            

 (5) 

If we will substitute 
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( ) ( ) ( ) ( )e , ej jx t x t
j ij

j j
N t N r t rω ω= =∑ ∑

 Into the Equation (5), then  
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 (6) 

If we impose the given parameter values and the initial condition, we get the 
following differential equations: 

( ) ( ) ( ) ( ) ( )
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 (7) 

The equilibrium points for the Equation (4) are set of points in  

( ) ( ) ( ) ( ){ }1 2 30, 0, 0, 0N t r t r t r t= = = = . 

Case III: Benign case, with population of tumour cells obeying logistic equa-
tion then 
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By making the substitution ( ) ( ) ( ) ( )e , ej jt t t t
j i jN t N r t Nω ω= =∑ ∑ , 

we have 
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       (9) 

This follows that 
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( ) ( ) ( )( ) ( )
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          (10) 

The equilibrium points for the Equation (10) are set of points in  
( ) ( ) ( ) ( ){ }1 2 30, 0, 0, 0N t r t r t r t= = = = . 

Case V: Malignant cancer situation with immune replenishment and oxygen 
supply to the cells  
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i
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∂ ∂ ∂ 
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∂ + 

∑
   (11)

 

where 0v  the velocity of conviction of oxygen, 1k  is constant due to mass ac-
tion between oxygen molecules and the haemoglobin in the blood. ( ),r t x  is 
number of haemoglobin in the blood at time t measured at distance x from 
source. D is diffusion coefficient of oxygen to the blood. 2k  is net association of 
oxidised blood and n is the Hill’s constant. γ is chemotherapy constant and 
( )h t  chemotherapy function for controlling the growth of cancer cells and en-

hance immune cells through drugs, vaccines or herbal supplements. Other pa-
rameters are already defined.  

4. Results and Discussion 

Finding analytic solutions to the models we will consider are generally difficult, 
even though, the solution can be shown to exist in some given interval. Moreo-
ver, using symbolic programming one will find out that the solutions of the 
models are complicated that one cannot even attach a meaning to the result ob-
tained. For this reason, we decided make use of the built Runge-Kutta code in 
the Maple software to simulate our models. Runge-Kutta methods are well 
known for having desirable computational properties such as convergence and 
stability. From our choice of parameters and all the graphs plotted, the models 
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are non-stiff. Therefore there is no need to make use of other stiff numerical 
methods to stimulate our models. 

In order to investigate the behaviour of the cancer cells together with the im-
mune cells, we will carry out numerical simulation to the models. The multi-agents 
models we considered are complex and the analytic solutions not easily obtaina-
ble; hence, we make use of Maple 2017 to simulate and obtain symbolic and nu-
meric solutions to the models. 

In Figure 3, the plot of the growth of tumour cells ( )N t  with time t is made. 
From the figure one observes that the tumour cell growth mimics the logistic 
function. 

We wish to investigate the behaviour of a single tumour cell in the presence of 
the immune cells ( ) , 1, 2,3ir t i = . The numeric simulation will be done using the 
4/5 order Runge-Kutta solver in the Maple 2017 software. 

In Figure 4, the cancer cells in the benign case possess exponential growth. In 
Table 1, we obtained the numerical solution to the model in the Equation (4) 
using the initial data ( )0 1N = , ( )1 0 20r = , ( )2 0 22r = , ( )3 0 25r = , and take 

( )( ) ( )f N t N t= . 
Then we obtain the numerical solution to the Equation (1), see Table 1 using 

the maple code (see Appendix).  
The corresponding graph to the solutions to the tumour model in the Equa-

tion (10) is shown in Figure 5 it is observed that the tumour cells continue to 
grow in the presence of immune cells. The simulation shows that at 1.7t =  
hour the solution to the system has singularity. When we consider the case 
when time is very greater than 1.7t = , the behaviour of the cells is shown in 
Figure 6.  

In Figure 6, the first plot is the growth of tumour cell. The first plot at top by 
right is the behaviour of immune cell ( )1r t , the second one is for ( )2r t  while the 
third one is for ( )3r t . The tumour cell ( )N t  was growing steadily and immunes’ 
cells are correspondingly increasing to track down the growth of the tumour.  

 

 
Figure 3. The growth of tumour cells with time. 
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Figure 4. The exponential growth of cell in benign situation. 
 

Table 1. Numeric solution to the tumour model in the Equation (4). 

t ( )N t  ( )1r t  ( )2r t  ( )3r t  

1 16.5165 12.2937 17.3112 22.2479 

2 27.4540 7.8323 13.9002 20.0758 

3 35.4875 5.2792 11.4169 18.3434 

4 41.6632 3.8457 9.6129 16.9533 

5 46.6318 3.0669 8.3192 15.8353 

6 50.8079 2.6690 7.3779 14.9383 

7 54.4592 2.4967 6.7275 14.9382 

8 57.7614 2.4412 6.2837 13.6609 

9 60.8325 2.4629 5.9969 13.2272 

10 60.8326 2.4629 5.8292 12.9035 

 
In Figure 5 & Figure 6, the tumour cells grow continuously while the im-

mune cells depleted with time. The immune cells ( )2r t  and ( )3r t  exhibit bi-
furcation behaviours in the neighbourhood 0t = . 

In the same vein as case I, we have the numerical solution to the model in the 
Equation (7) as follows.  

The graphic display of Table 2 is in Figure 7. 
In Figure 7 and Figure 8 the population of the tumour cells continues to grow 

while the immune cells continue to deplete. The solution to model has singular-
ity at the period 1.7t ≥  hence it is very difficult to predict the behaviour of the 
model in a small region where singularities occurred. 

The numerical solution to ordinary differential equations in the Equation (10) 
is given in Table 3. 

The plot of the graph to the solution to the Equation (10) is Figure 9. In Table 
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3 we observed that ( )1r t  and ( )2r t  are negative at certain times which simply 
mean that the immune cells deplete continuously with time and are exhausted at 

5t >  for ( )1r t  and 8t >  for ( )2r t  and 10t >  for ( )3r t . 
In the Benign cancer situation, the cancer cells continue to grow and the im-

mune cells deplete and led immune collapse. In order to control the cancer 
growth the immune system needs to be constantly replenished.  

 

 
Figure 5. The growth of tumour cells in presence of immune cells as obtained from the 
Table 1. 

 

 
Figure 6. The graphs showing the behaviours of the tumour cells and the immune cells at various times. 
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Table 2. Numeric solution to the cancer model in the Equation (7). 

t ( )N t  ( )1r t  ( )2r t  ( )3r t  

1 14.9827 13.8377 18.9612 23.9552 

2 21.8317 14.4463 21.4767 28.2175 

3 26.5481 18.6506 27.7569 36.5768 

4 31.4822 25.3955 37.3417 48.9244 

5 37.4065 35.2235 51.2097 66.6011 

6 44.7140 49.5342 71.3242 92.0568 

7 53.7842 70.5855 100.7863 129.1191 

8 65.0768 101.8709 144.3782 183.6702 

9 79.1661 148.7941 209.4849 264.7716 

10 96.7761 219.7405 307.5489 386.4398 

 

 
Figure 7. The graph of solution to the model in the Equation (6). 

 

 

Figure 8. Simulation of tumour cells and the immune cells. 
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Table 3. Simulation of the Equation (10). 

t ( )N t  ( )1r t  ( )2r t  ( )3r t  

1 16.6728 12.0931 17.0936 22.0211 

2 28.2826 7.1525 13.1117 19.2224 

3 37.5635 3.9599 9.7909 16.5195 

4 45.5164 1.8052 6.9596 13.8742 

5 52.7735 0.2627 4.4902 11.2589 

6 59.7867 −0.9307 2.2776 8.6439 

7 66.9271 −1.9458 0.2280 5.9898 

8 74.5487 −2.9026 −1.7504 3.2422 

9 83.0615 −3.8997 −3.7577 0.3231 

10 93.0055 −5.0371 −5.9165 −2.8841 

 

 
Figure 9. Solution of tumour cells using the logistic model. 

 
In Figure 10 and Figure 11 the tumour cells continue to grow with corres-

ponding growth from the immune cells r1(t) and r2(t) while r3(t) is fairly con-
stant throughout the period of simulation. 

Case IV: Malignant Cancer case wherein the tumour spread around the sur-
rounding areas. 

For this case, we consider the model 

( ) ( ) ( ) ( )

( ) ( ) ( )

2

1

2

, 1 , ,

d ,
, ,

d

m

i i
i

i
i i

N t x k N t x N t x r t
t l l

r t x
N t x r t x

t l

β
λ

β
λ

=

∂ −
= − + ∂ 


= − 

∑
         (12)

 
Let 

( ) ( ) ( ) ( )

0 0
, and ej j

m m
t x t x

j i ij
j j

N t x N e r t rω ω

= =

= =∑ ∑
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Figure 10. Tumour cells grow and immune cells deplete. 
 

 

Figure 11. Population of tumour cells and immune cell for 0 1.7t≤ <  hours. 
 

Then for the case IV it follows that  

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

0

0 0 1 0 0

0 0

0

d e
d

e e e e

e e
d

e
d

j

j j j j

j j

j

m
t x

j j
j

m m m m m
t x t x t x t x

j j i ij j
j j i j j

m m
t x t x

i ij jm
t xj j j

ij
j

x N t
t

N k N l r N

l

l r N
t

r
t l

ω

ω ω ω ω

ω ω

ω

ω

β λ β

λ β
ω

=

= = = = =

= =

=

 
    


− − − 

= 



− −   =     

∑

∑ ∑ ∑ ∑ ∑

∑ ∑
∑

  (13) 
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Imposing the initial conditions and the parameters we get  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

1 2 3

1
1

2
2

3
2

π
1 2 3

,
0.021000 , 0.500 , 0.250 , 0.125 ,

,
0.021000 , 0.500 ,

,
0.021000 , 0.250 ,

,
0.021000 , 0.125 ,

0,π e , 0,0 171.04, 0,0 68.39, 0,0 136.79

N t x
N t x r t x r t x r t x

t
r t x

N t x r t x
t

r t x
N t x r t x

t
r t x

N t x r t x
t

N r r r

∂ 
= − − − ∂ 

∂
= −

∂
∂

= − 
∂

∂
= −

∂
= = − = =













 (14)

 

Solving the first equation in the Equation (11) we have 

( ) ( ) ( ) ( ) ( )
23 23

1 2 3 1000 1000, e d e
2 2 2

t tr s r s r s
N t x t F x

   
= + + +        
∫

    
 (15) 

Imposing initial condition we get ( ) πeF x =  thus 

( )
23

231000
π 100018750 18750e, e e

23 23

t
t

xN t x
−

 
 = − + + 
 
 

           (16) 

Therefore, the remaining equations become 

( ) ( )

( ) ( )

( )

23
231000

1 π 1000
1

23
231000

2 π 1000
2

23
1000

3

, 18750 18750e0.021000 e e 0.500 ,
23 23

, 18750 18750e0.021000 e e 0.250 ,
23 23

, 18750 18750e0.021000
23 2

t
t

x

t
t

x

t

r t x
r t x

t

r t x
r t x

t

r t x
t

−

−

  
∂   = − + + −  ∂     

 
∂  = − + + − ∂  

 

∂
= − +

∂
( )

( ) ( ) ( )

23
π 1000

2

1 2 3

e e 0.125 ,
3

0,0 171.04, 0,0 68.39, 0,0 136.79

t
x r t x

r r r

−











   + −    

  
= − = = 

 (17)

 

Solving the above equations in the Equation (17) we get  

( )

( )

( )

23π 231000
1000 2

1

23π 231000
1000 4

2

23π 231000
1000 2

1

7e, 34.2391 35.8900e 169.4330e
159

21e, 68.4782 75.4165e 75.2358e
227

7e, 34.2391 35.8900e 138.3969e
159

tx t t

tx t t

tx t t

r t x

r t x

r t x

− − −

− − −

− − −


= + − − 


= + − − 


= + − + 
     

 (18) 

From the above equations, we observed that 
( ) ( ) ( ) ( )1 2 1, 0 as , , 34.24, 68.47, 34.23 as N t x t x r t r t r t t→ →∞ → → → →∞ .  
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The 3D plots for ( ) ( ) ( )1 2, , , , ,N t x r t x r t x  and ( )3 ,r t x  when 0, 0x t≥ ≥  are 
shown in Figure 12 & Figure 13. 

From Figures 12-16 the immune cells decrease steadily in malignant cancer 
situation with the vessel of length x and at the time t and gets exhausted and be-
comes negative. The implication of this is that cancer saps the immune cells on 
the other side of cells surrounding the cancer cells. Therefore, this leads to ex-
haust of the immune cells. 

Sensitivity Analysis 

We investigate the sensitivity of ( ),N t x  and ( ),C t x  to parameters in the 
cancer growth model. In order to do this, differentiate the right hand side of the 
Equation (11) with respect the parameter whose sensitivity is being investigated. 
Then investigate the sign of the derivative. If the sign is positive then the variable  

 

 
Figure 12. Malignant cancer growth with declining immune cells. 
 

 

Figure 13. 3D view of behaviour of ( )1r t  cells. 
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Figure 14. 3D view of behaviour of ( )2r t  cells. 

 

 

Figure 15. 3D view of behaviour of ( )3r t  cells. 

 

 

Figure 16. 3D plot of the growth of cancer cells with t and x. 
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increases with the parameter, otherwise, it deceases with the parameter. 
From the below Table 4 & Table 5, factors that enhance decrease of cancer 

cells are 0, 0fm l> >  (if 1 0fk m− > ) and continuous reinforcement of cells, 
that is, 0, 0Dα > >  and 0γ >  the case when oxygen available to cancer cells  

are diminishing, that is ( )
2

1,
2

C t x
k

< . Condition imposed on fm  is simply  

control from genetic point of view. 0l > , implies that the malignant cancers 
cells which are formed within the blood and lymphatic vessels, can be removed 
through surgical operation, otherwise if 0l <  the cancer cells have penetrated 
the wall of blood and lymphatic vessels and are spreading to the other part of 
body. This is the most dangerous situation. 

The equilibrium points for the Equation (11) are found to be  

( ) ( ) ( ) ( )
2

02 2 1

1 2

1, 1, , 0, , , ,
xD v tk k kN t x N t x C t x r t x F

k k kD D
 +−  = = = − = +  

  
, 

( ) ( ) ( ) ( )1, 1, , 0, ,
8

iN t x C t x r t x h tλ −− = = = 
 

, 

( ) ( ) ( ) ( ) ( ) 2
1 2 3

3 1 1 1

1 1, 1, , 0, , 0, , e , 1kN t x r t x r t x r t x h t n
k k

αγ
λ λ

   = = = = + − =  
   

 

 
Table 4. Sensitivity analysis cancer cells and immune cells with respect to the parameters. 

Parameter 
Sign of derivative of ( ),N t x

t
∂
∂

  

w.r.t parameter 

Sign of derivative of ( ),ir t x∂
∂

 

w.r.t parameter 

k Positive NA 

fm  Negative NA 

β  Negative Positive 

l 
Positive if 1 0fk m− <  
Negative if 1 0fk m− >  

Negative 

iλ  Positive Negative 

α  Negative Positive 

γ  Negative Positive 

 
Table 5. Sensitivity analysis oxygen molecules and immune cell with respect to the para-
meters. 

Parameter 
Sign of derivative of ( ),C t x  

w.r.t parameter 
Sign of derivative of 
( ),r t x  w.r.t parameter 

1k  Positive Negative 

2k  Positive if

 

( )
2

1,
2

C t x
k

> negative if

 

( )
2

1,
2

C t x
k

<  NA 

0v  Zero Negative 

D Zero Positive 
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The Solution to the Equation (11) 
Separating the last two equations in the Equation (9) we have 

( ) ( ) ( )

( ) ( )
( )

2

2

, , ,
0.25 0.008

, 0.8 ,
1 0.8 ,

n

n

r t x r t x r t x
t x x

C t x C t x
K

x C t x

 ∂ ∂ ∂ 
− +     ∂ ∂ ∂   

∂ 
= + = 

∂ + 

           (19) 

Adding the last two equations in the Equation (9) and solving the Equation 
(17), we get  

( )
125 5 625 320 125 5 625 320

8 8 8 8e, e e
2

t x x

r t x
   + +− − + − −      
   

 
 = +
 
           

 (20) 

while ( ) ( )( )( )4 3, RootOf 5 12 12 12c t x z F x t z= − + + + .  

In order to avoid complication in evaluating ( ),c t x  when ( ),r t x  is substi-
tuted in the Equation (11). 

We obtain asymptotic approximation of ( ),r t x  as 

( )
( )
( ) ( ) ( )

15 8
105

125 8 15 8125 8 105

e 1,
e e e

x

x x x
r t x ≈ +

            

 (21) 

To obtain solution ( ),C t x  in the Equation (9) is generally difficult hence we 

will rather consider the case when 1n = . We assume that ( )0,0 1c =  and 

( )
( )

( )
( )

4

4

0.8 , 0.8 ,
1 0.8 ,1 0.8 ,

C t x C t x
C t xC t x

≤
++

 then 

( )
( )

( )

4 5574 4 5574 5574
5 160 5 160 16010e ln e 3e 5e e

,
10ln e 8

t x t x x
t

c t x

− −
+ + −− 

− −  
 =

−
        (22) 

This simplifies to  

( )
4 557408
5 100007 5, e e e

2 2
t xtC t x

− −−= −                   (23) 

The Equation (16) can further be approximated as 

( )
( )
( )

15 8
105

125 8

ee,
2 e

xt

x
r t x

−
 
 ≈  
 
 

                  
 (24) 

for large value of x. 
Next we substitute the values of ( ),r t x  and ( ),C t x  in the Equation (11) to 

investigate the behaviour of ( ),N t x . However, we can show that the solution to 
the Equation (11) is well poised in this dispensation. To solve the first and the 
second equations in the Equation (11) is very difficult in general, but by energy 
method we show that the system is stable when it existed in low energy state.  

We define the energy function for the system as  
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( )
2 2

0

, d
t N rE N r s xNr

s s
 ∂ ∂   = + +    ∂ ∂     
∫               (25) 

where ( ) ( ), , ,N N t x r r t x= =  and x is small constant value. 

Let ,fk m
a b

l l
β−

= =  and from the first two equations in the Equation (11) 

we have 

3
2

0
e eN N

i i
i

N rb a b N b r b h b C a k a h a C
t t

α αλ γ λ γ
=

∂ ∂
− = + − − + − +

∂ ∂ ∑     (26) 

where ( )h t  and ( ),C C t x= . 
Hence rearrange the Equation (26) in terms of N and r we get 

( )

( )

2

3

1

e N

i i
i

Nb b N a b C K
t
ra b r a R a b h K
t

α

λ λ γ
=

∂ − − − = − ∂ 


∂ + + − + = ∂ 
∑

             

 (27) 

K is a constant. 
From the Equation (24) 

( )

( )

2 2
2

22 3

1

e N

i i
i

N Nb b N a b C
t t

r ra b r a R a b h
t t

α

λ λ γ
=

∂ ∂   = − − −    ∂ ∂    

∂ ∂   = + + − +    ∂ ∂    

∑
           (28) 

Therefore necessary condition for existence of minimum energy is 

0, 0E E
N r
∂ ∂

= =
∂ ∂

 we have  

( )

*

2
* e

b K
b

b KN
b

bC
a b

α α
α

α
α

α

+ − 
 

+ =


 =
 −

 and 
( )

3

0
3

*

0

0i
i

i i
i

b r a R a b h K
a

λ

λ λ λ

=

=

 =

− + − + +



∑

∑
 

where * *,N C  and *r  are the minimum values for cancer cells to be stable. It 
will recalled that equilibrium point for cancer cells are 0, 1N N= = , therefore 
any therapy being used must make sure that the population of cancer cells to be 
kept in the neighbourhood of *N  for it to be effective. Staving of Cancer cells 
of nutrients or oxygen will prevent metabolic activities of the cancer cells to take 
place. However, the method must be selective so as not to affect the activities of 
other normal cells, vital tissues and organs. For oxygen starvation, the strategy 
will involve quarantining a small portion of malignant cancer. Continue to re-
duce oxygen in take by the cancer cells by chemotherapeutic method or through 
bio-engineering principle until oxygen concentration attains *C  or falls below 
this level. Oxygen starvation degrades the metabolic activity of the cancer cells. 
Care must be taken not to affect other normal cells in the body.  
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5. Conclusion 

Treatment or eradication of malignant cancer is one of the topmost challenging 
medical problems in the world today. The reason is anchor on fact that when 
cancer reaches metastases it spreads through the circulatory and lymphatic sys-
tems and cannot easily be rooted out. In this paper five models are considered to 
study the dynamic evolution of tumour and cancer cells in the presence of im-
mune cells. The tumour and the cancer cells display out of control growth and 
hence unstable in nature and depreciated the immune cells to the point of im-
mune collapse. By the use of energy function we established that staving of can-
cer cells of oxygen will prevent metabolic activities of the cancer cells to take 
place and hence this is a strategic way of combating cancer disease. Moreover, 
when the cancer cells of basic nutrients or some basic enzymes of the cancer cells 
are inhibited we expect that similar effect. To achieve this noble goal in practice 
is an open problem. However, we are optimistic that drugs developers and bio-
engineers will come up with means to achieve the starvation strategies to combat 
cancer disease. In general, starvation should focus on oxygen, nutrients and vital 
enzymes inhibition. 
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