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Abstract

We investigate the generalized partial difference operator and propose a mod-
el of it in discrete heat equation in this paper. The diffusion of heat is studied
by the application of Newton’s law of cooling in dimensions up to three and
several solutions are postulated for the same. Through numerical simulations
using MATLAB, solutions are validated and applications are derived.
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1. Introduction

In 1984, Jerzy Popenda [1] introduced the difference operator A defined on
u(k) as Au(k)=u(k+1)—au(k). In 1989, Miller and Rose [5] introduced
the discrete analogue of the Riemann-Liouville fractional derivative and proved
some properties of the inverse fractional difference operator A;l ([3] [4]).
Several formula on higher order partial sums on arithmetic, geometric
progressions and products of n-consecutive terms of arithmetic progression
have been derived in [5].

In 2011, M. Maria Susai Manuel, et al [6] [7], extended the definition of A,
to QA[ defined as aAp v(k)=v(k+¢)—av(k) for the real valued function v(k),
¢>0.In 2014, the authors in [6], have applied g-difference operator defined as

Aqv(k):v(qk)—v(k) and obtained finite series formula for logarithmic
function. The difference operator k%) with variable coefficients defined as

equation k%)v(k) =v(k+/¢)—kv(k) equation is established in [6]. Here, we

extend the operator A, to a partial difference operator.

Partial difference and differential equations [8] play a vital role in heat

equations. The generalized difference operator with n-shift values
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I'=(¢y,05,05,++,0,)#0 onareal valued function Vv(k):R"—>R is defined as,
AV(K)=V(k + 0,k + 05,k + 0, )=V (K Ky, k) (1)

This operator (% becomes generalized partial difference operator if some

¢, =0. The equation involving (% with at least one ¢, =0 is called generalized

partial difference equation. A linear generalized partial difference equation is of
the form (Af)v(k) =u(k), then the inverse of generalized partial difference
equation is
-1
v(k):(%u(k) (2)

where (% is as given in (1), /,=0 for some 7and u(k):R" >R is given
function.

A function v(k):R" — R satisfying (2) is called a solution of Equation (2).
Equation (2) has a numerical solution of the form,

v(k)—v(k—mf):iu(k—rﬁ), (3)

r=1

where k—rl=(k —rt;,k,—rl,,--,k,—rl ), mis any positive integer. Relation
(3) is the basic inverse principle with respect to (% [6]. Here we form partial

difference equation for the heat flow transmission in rod, plate and system and

obtain its solution.

2. Solution of Heat Equation of Rod

Consider temperature distribution of a very long rod. Assume that the rod is so
long that it can be laid on top of the set R of real numbers. Let v(k;k,) be
the temperature at the real position k; and real time k, of the rod. Assume
that diffusion rate y is constant throughout the rod shift value ¢>0. By

Fourier law of Cooling, the discrete heat equation of the rod is,

(Oez)v(kl,kz):y(ﬁo)v(kl,kz), (4)
where A = A + A .Here, we derive the temperature formula for V(kl, kz)

(£01.0)  (41,0) (~£1,0)
at the general position (kj,k,).
Theorem 2.1. Assume that there exists a positive integer m, and a real
number (,>0 such that V(k,k,-m(,) and (i%‘o)v(kl,kz) (ky,ky) are

=u
+0

known then the heat Equation (4) has a solution V(K. k,) ofthe form
V(ky, Ky ) =v(ky ky —mey)+ > Uy, (K k, —r7y). (5)
r=1

Proof. Taking ( /AO)V(kl, k,)=u,, (k.k,) in(4) gives
+0y,
v(kl,kz)zy(A‘1 Uy, (ky, ky). (6)

0.(7)

The proof of (5) follows by applying the inverse principle (3) in (6). O
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1 ek ei(k1+k2—€2) _ei(k1+k2)
Example 2.2. From (2) weget, A €™ =
(0.42) 2(1-cost,)

whose imaginary parts yield

-1 sin(k, +k, —¢,)—sin(k, +k,)

A sin(k, +k 7
(0,(2)I (ki +k;) = 2(1-cost,) 7
Taking uﬂl(kl,kz):sin(k1+k2+f1)—sin(kl+k2—El) in (6), using (7) and
(5),
Uy, (Kpky =05) = U, (k)
2(1-cost,)
:uﬂl(kl,kz—(m+1)£2)—uﬂl(kl,k2—mfz) ®
2(1-cos?,)

+Zf£uﬂ1 (k. k, —r0,)

The matlab coding for verification of (8) for m=50, k =2, ¢, =3, k,=4,
¢, =5 as follows,

(sin(4)—sin(9)+sin(—2)—sin(3))/(2x(l—cos(5)))
= (sin(—246) —sin(—241) +sin (-252) —sin (-247))
/(2*(1—cos(5)))+symsum(sin(9—5* r)+sin(3-5+r),r,1,50)
Theorem 2.3. Consider (4) and denote
V(k 0, %) =v(k + 0y, %) +V(k —(,,%) and
V(x Ky £0,)=v(* Ky +0,)+V(*k, = 0,) . Then, the following four types
solutions of the Equation (4) are equivalent.
vk K, ) =(1-2)"v(k,k, —m¢,)

m-1 9
@ + Y r(-2p) [v(k 0y, k —(r+1)4,)] ©

r=0
1

v(ky k)= —v(k,k, +m¢,)
1-2
(b) - 7) (10)
v(k 05,k +(r-1)¢,)

-2

rl(l 2]/)

(c)
1 n1-2y

V(K ky) = —v(k = mey Ky +mey ) = > T v (k= 1l kg +(r =1)£,)
ym—ll . }/ (11)
> =v(k —(s+2) 0y, k, +50,
5:07

(d)
1 m1-2y

V(ky k) =—=v(k + My, ky +me, )= > =—2v (K + 10y, k, +(r=1)4,)
ym—ll = (12)
=Y vk +(s+2) 0y, k, +5,)
s=0 )
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Proof. (a). From (4), we arrive the relation
V(K ko) = (1= 27 )V (ke K, = £) + v (K £ £y Ky — £, ). (13)

By replacing k, by k,—r¢, in (13) gives expressions for Vv(k,k,—r/,)
and v(k £/,,k, —r/,). Now proof of (a) follows by applying all these values in

(13).
(b). The heat Equation (4) directly derives the relation
1
V(ky, k) =———=V(k, k, +7,)
(1— 2)/)
(14)
/4
- vk +4,,k,).
(l— 27/) ( 1 1 2)
Replacing k, by k,+r¢, and substituting corresponding v-values in (14)
yields (b).
(c). The proof of (c) follows by replacing k, by k —r¢; and k, by
k,+r¢, and
1-2y

1
v(kl,kz):;v(k1 0y, K, +0,) - vk =05,k )—v(k —20,,k, ).

(d). The proof of (d) follows by replacing k, by k +r¢, and k, by
k,+r¢, and
1-2y

v(kl,kz):%v(kﬁfl,kz+£2)— V(K + 0k, )~V (K + 20, k,) . O

Example 2.4. The following example shows that the diffusion rate of rod can
be identified if the solution V(k,k,) of (4) is known and vice versa. Suppose

that v(ky,k,)= a“* s a closed form solution of (4), then we have the relation

A avte = }/[ A av A a"“kz},which yields
(0.02) (f1.0) (-1.0)
itttz _ghithe = )/[akﬁkzwl +alites gl ] Cancelling a2 on both sides
a?-1
derives y = Tiiai g

Theorem 2.5. Assume that the heat difference ( /AO)V(kv k,) is proportional
—{q,

to (/fo)v(kl’ k,) ie, (-%,o)v(kl’ k,)= é‘(/ﬁnu (kjk,) . In this case the heat
Equation (4) has a solution cos(k, +K,) if and only if either cos(k, +k,)=0
or sint,=0.

Proof. From the heat Equation (4), and the given condition, we derive

(Oez)v(kl,kz)z;/(l+é‘)(£o)v(kl,k2). (15)
pilkurke) | g-illatky)

2
A [elte) ettt |y (14.5) (/Ao)[ei(k”k” +e %) | which yields,

(0.02)

ei(k1+k2+lz) " e—i(k1+k2+lz) _ ei(k1+k2) _ e—i(k1+k2)

If, cos(k +k,)= =Vv(k;,k, ), then (15) becomes,

_ 7(1+ 5) ei(k1+k2+l1) i e—i(k1+k2+l1) _ ei(k1+k2) _ e—i(k1+k2)

DOI: 10.4236/am.2017.89099 1346 Applied Mathematics


https://doi.org/10.4236/am.2017.89099

G. B. A. Xavier et al.

By rearranging the terms, we get
glltarhe) [e"z ~1-y(1+5)e" —1] =g (k) [e”z ~1-y(1+5)e™ —1]

i(ky+kp ) i(ky+ko

which yields either e +e ™) 0 or e =e™2 and hence

cos(k, +k,)=0 or sinl, =0. Retracing the steps gives converse. [J

3. Heat Equation for Thin Plate and Medium

In the case of thin plate, let V(k;k, k;) be the temperature of the plate at
position V(k;,k,) and time k. The heat equation for the plate is

A )v(k)zy A v(k), (16)
12

(00,43 (1)

where A = A+ A + A+ A
) (100) (-0.00) (0./20) (0-¢2.0)

Theorem 3.1. Consider the heat Equation (16). Assume that there exists a
positive integer m, and a real number (,>0 such that V(k;, Kk, k,—ml;) and
the partial differences A V(K K, k)= u (k,k,,k;) are known functions

2) (1)
then the heat Equation (16) has a solution V(K k,.k;) as,
m
V(k)=v(ky, Ky kg —mey)+ 7D u (K Ky, kg = 103). (17)
r=1+2)

Proof Taking A V(k): u (k) in (16), we arrive

£l(12) tl(12)
vik)=rA™ u (k). (18)

-1

The proof follows by applying inverse principle of % in (18).
Consider the notations in the following theorem:
v(km) + |(1'2),*) —v(k 03,k %) + V(K K, £ £,,%) also
V(Ko £y #) =V (50K £ 00K )+ (3K Ky £ £5).
Theorem 3.2. Assume that V(kl, k,, k3) is a solution of Equation (16),
V(k £r0,,k, £r0,) exist and denote
V(K £ 00,5, %) = vk + 0, %) +v (K — 0, %, %),
V(*, *, K, fs) = v(*, * K, + 63) +V(*, * Ky — 63) . Then the following are equivalent:

(a)
V(ky, Ky Ky ) = (1 47)" v(ky, Ky K —m€3)+r:]z_:_:7/(l—47/)r 19)
) V(K £ 03, Ky kg = (1 +2) £3) 4V (ky Ky £ 05,k = (1 +1) £5)]
(b)
V(K Ky k) = —v(ky gk +mE)
(1;4)/) 0
_;m[v(k(m) £k +(r —1)23)}

DOI: 10.4236/am.2017.89099 1347 Applied Mathematics


https://doi.org/10.4236/am.2017.89099

G. B. A. Xavier et al.

(c)
1
v(k):y—mv(kl—mﬂl,kz,k3+m£3)
_il—?}/v(kl—rﬂl,kz,kg+(r—1)(3)
;11 ’ (21)
- ir"("1—("Jr2)€l,kz,k3+r€3)
r=0)
m-1 1
=2 (k= (r+1) 6, Ky £ 0y Ky + 1Ly
r=0 Y
(d)
1 m 1_4}/
v(k):y—mv(k1+m£1,k2,k3+m£3)—§ S v(k1+r€1,k2,k3+(r_1)g3)
m-1
_ ir V(k +(r+2)0,,k, Ky +r2y) (22)
r=0 )
m-1
S5 Lk (r ) ek, £ 0,k )
r=07)

Proof. The proof of this theorem is easy and similar to the proof of the
Theorem (2.3). From (16) and (1), we arrive
v(k)=(1-4y)v(k, Ky, ks —£3)

(i)
+y[ V(K £,k Ky = 05) +V (KK 05,k = 15) ]
1
(i) v(k)=— 7v(kl,k2,k3+€3)— _7/47[v(kliél,kz,k3)+v(kl,k2ifz,ka)].
V()= (b ke 1) (b k)
(iii) .
( 2£1,k2,k3)—v(kl—fl,k2J_réz,kB)
i) v(k)== (k + 03, Ky Ky + £5) - v(k1+£1,k2,k3)

—v(kl +20, Ky, Ky ) =V (K + 0, Kk, £0,,K;)
Now the proof of (a), (b), (c), (d) follows by replacing
Ky by Ky—0€5,K;—205,---, K, —mly, Ky by Ky+ 05,k +205,--- Kk, +mly, k;
and Kk, by k —0;,k =20, K, —ml, Ky+05,K,+20,,--,k, +ml,, k and
Ky by K +0,k +20,,- K, +ml, Ky+ 04Ky +205,-- Kk, +mly in (i), (i), (iii),
(iv) respectively. [
The following diagrams (generated by MATLAB) are obtained by using 13,

1 1
=05 andtaking (,=—, {,=——,
FEES AERERE Ty T2 500
(i) sine function; boundary values(BV) are v(k;,1)=sinxn/,, v(1,k,)=0,

v(5Lk,)=0

(ii) cosine function; BV are V(kl,l) =cosmn/,, v(l, k2) =-1, V(51, k2) =—

(iii) sum of sine and cosine function; BV are v(k;1)=sinn/,+cosn/,,
V(Lk,)=1, v(51,k,)=-1 respectively.
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From the above diagrams, when the transmission of heat is known at the

boundary points then the diffusion within the material under study can be easily

determined.

4. Conclusion

The study of partial difference operator has wide applications in discrete fields
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and heat equation is one such. The core theorems (2.1), (2.3) and (3.2) provide

the possibility of predicting the temperature either for the past or the future after

getting the know the temperature at few finite points at present time. The above

study helps us in making a wise choice of material(y) for better propagation of

heat. In the converse, it also shows the nature of transmission of heat for the

material under study. Thus in conclusion, we can say that the above research

helps us in reducing any wastage of heat and also enables us in making a optimal

choice of material (7).
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