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derived from the fully nonlinear isothermal Euler gas equations. We formu-
late an optimal control problem on a given network and introduce a time dis-
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1. Introduction
1.1. Modeling of Gas Flow in a Single Pipe

The Euler equations are given by a system of nonlinear hyperbolic partial
differential equations (PDEs) which represent the motion of a compressible
non-viscous fluid or a gas. They consist of the continuity equation, the balance
of moments and the energy equation. The full set of equations is given by (see [1]
[2] [3] [4]). Let p denote the density, V the velocity of the gas and p the
pressure. We further denote A the friction coefficient of the pipe, D the
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diameter, @ the cross section area. The variables of the system are p, the flux
q=apv.Wealso denote C the the speed of sound, ie. ¢*= g—p (for constant
[
entropy). For natural gas we have 340 m/s. In particular, in the subsonic case
(|V| <C ), the one which we consider in the sequel, two boundary conditions have
to be imposed, one on the left and one on the right end of the pipe. We consider
here the isothermal case only. Thus, for horizontal pipes
op ©
L2 (pv)=0
ot ox 1)
g(pv)+i( p +pV2) = —ipv|v|.
ot X 2D
In the particular case, where we have a constant speed of sound ¢ = \/E , for
Yo,

small velocities |V| < C, we arrive at the semi-linear model

op 0O
—+—(pv)=0
ot oXx @)

o, A
a2 MM

1.2. Network Modeling

Let G =(V,E) denote the graph of the gas network with vertices (nodes)
V:{nl,nz,..-,n‘v‘} an edges E= €8,
jeJ.|T|=|V|, while edges are labelled ieZ,|Z|=|E|. For the sake of

uniqueness, we associate to each edge a direction. Accordingly, we introduce the

}. Node indices are denoted

edge-node incidence matrix
-1, if node n; is the left node of the edge g;,
d; =4¢+1, if node n, is the right node of the edge €;,
0, else.

In contrast to the classical notion of discrete graphs, the graphs considered here
are known as metric graphs, in the sense, that the edges are continuous curves.
In fact, we consider here straight edges, along which differential equations hold.
The pressure variables p; (n j) coincide for all edges incident at node N;, ie.
i te ::{i el,--, E|dij # O} . We express the transmission conditions at the
nodes in the following way. We introduce the edge degree d; ::|I j| . We
distinguish now between multiple nodes N;, where d;>1, which we denote
J" , whereas for simple nodes N;, for which d, =1, we write J * . The set of
simple nodes decomposes then into those simple nodes, where Dirichlet
conditions hold J5 and Neumann nodes [Jy . Then the continuity

conditions read as follows
pi(njt)=p,(nt), VikeZ;, je " te(0,T). (3)

The nodal balance equation for the fluxes can be written as in instant of the

classical Kirchhoff-type condition
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>d;a;(n;,t)=0, jeJ", te(0,T). 4

ieZ;
From the considerations above we conclude the following system of semi-
linear hyperbolic equations on the metric graph G:
¢’ ,
op (xt)+=-0,0,(x,t)=0, ieZ,(x,t)e(0,¢,)x(0,T)
8

0.0 (X,t)+ax Pi (X,t) =- 2/:;':;2 % (X;)(|j"t()x’t)|
h (P (ny,t).a(n,t))=u (1), e Z), je T° te(0,T) (5)
pi(n;.t)=p(n;t), VikeZ;, jeT" te(0,T)

_Zdijqi(njlt)zor jeg" te(0,T)

pij(x*o)z pi,o(x)in(XvO)=qig(X), XE(O,&), ieT.

To the best knowledge of the authors, for problem (5), no published result

,ieZ,(xt)e(0,6,)x(0,T)

seems to be available.

2. Optimal Control Problems and Outline

We are now in the position to formulate optimal control problems on the level
of (5). There are currently two different approaches towards optimizing and/or
control the flow of gas flow through pipe networks. The first one aims at
optimizing decision variables such as on-off-states for valves and compressors or
zero-full-supply and demand variables for input and exit nodes, respectively.
Valves and compressors can be modelled as transmission conditions at a serial
node. We refer to [5] [6] [7] and refrain in the sequel from discussing issues of
valves and compressors. The combined discrete and continuous optimization will
be the subject of a forthcoming publication. We now describe the general format
for an optimal control problem associated with the semi-linear model equations.
. H V < [ 2
(pfggg'egl(p,q,U):=§££h(pi,qi)dxdt+§j§£|uj(t)| dt ©

st. (p,q,u)satisfies (5),
E::{(p,q,u):_pi <SP<PLG<q<T, Y <y, sUi,ieI}. (7)

In (6), v>0 is a penalty parameter and I;(--) a continuous function on
the pairs (p,q). In (7), the quantities p;,q;, P;,0; are given constants that
determine the feasible pressures and flows in the pipe i, while u,,U; describe
control constraints. In the continuous-time case the inequalities are considered
as being satisfied for all times and everywhere along the pipes. In the sequel, we
will not consider control constraints and state-constraints and, moreover, even

reduce to a time semi-discretization.

Time Discretization

We now consider the time discretization of (5) such that [O,T] is decomposed into
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break points t;=0<t <---<ty, =T with widths At, =t -t ,n=0,---,N-1.
Accordingly, we denote p;(Xt,)=p;,(X).0(xt,)=0,(x),n=0-N-1.
We consider a mixed implicit-explicit Euler scheme which takes p; in the

friction term in an explicit manner.

ipi,ml( )+ aq|n+1( )= pln( ), xe(0,4;),ieT

1
Eqi,n-v-l (X) + 6x pi,n+1 (X)

)LC-Z qi n+1 (X)|ql n+l (X)| 1 1
__ A A , Za (x),xe(0,0)ieT
o i) at Ao (%), x€(0.07), i€

gj(pi,n+1( )q|n+l< )) ujn+l’ |€Ij,j€js
p|n+1( ) pkn+1( )VIKGIJ!JEJ
Zdqu|n+1( ) 0, JGJ

IEl

Pio(X)=Pio (X)) Gio(X)

:qio(x), Xe(O,(i),ieI.

We then obtain the optimal control problem on the time-discrete level:

mml(pqu ZZI' (p|n7q|n dx+—ZZ|U |

ieZn=10p JEJS n=1 (9)

8

st. (p,q,u)satisfies (8).

In (9), we consider edgewise given cost functions e.g.

L (P G ) (X) = {|p.n() py (%) +]n (%) qfn(x)r},XE(o,zi),iez.

It is clear that (9) involves all time steps in the cost functional. We would like
to reduce the complexity of the problem even further. To this aim we consider
what has come to be known as instantaneous control. This amounts to reducing
the sums in the cost function of (9) to the time-level t . This strategy has is
known as rolling horizon approach, the simplest case of the moving horizon
paradigm, see e.g. [8] [9]. Thus, for each n=1---,N-1 and given p;,,q;,, we
consider the problems

Bi
(rgj(m)l(p,q,u).:é!li(p,, : dX+_,Ey |u | (10)
st. (p,q,u)satisfies (8) at time level n+1.

It is now convenient to discard the actual time level n+1 and redefine the

1
states at the former time as input data. To this end, we introduce ¢ :=A—,

1
At

2
Pin(X), f2 :ziqi,n(x)’ 7 (x)= ZEC; pi,nl(X) and rewrite (8) as

fl=
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c?

ap,(x)+a—' g (x )—fil,xe(O,Ei),ieI

a0, (X)+0,p, (X) +7 (X) g (X)|a (X)| = 7, xe(0.4,),ieZ
ACIETY ))=uj,'eI,-,JeJ an
pi(n;)=p.(n) VikeZ, jes"

2dy0,(n;)=0,je ™.

iEIj
We now differentiate the first equation in (11) with respect to X and insert
1
the result into the second equation. After renaming f = f’>-—0o,f",
a;
2
1= {i =1, m} and introducing B =——, we consider the semi-linear

elliptic problem on the graph G with Neumann controls at simple nodes.
q; (X)_ﬁiaqui (X)+ G (X;qi (X)) = fi (X)’ Xe (O’Ki )’I el
Bi0,G; (nk):ﬂjaxqj (nk)' i#jel, Kk eg"
g (n)=0ieZ,n eJ; (12)
0,8 (n)=u.,ieZ,n eJy
Zdikqi(nk)zov keJg",
ieZy
where we set g, (X;5):= 7, ( |S| We then consider in the rest of the paper the
following optimal control problem:

min 1(p,q,u): ZII P, G dx+ |u|

(paw) 25 (13)

st. (p,g,u)satisfies (12).

Example 1. Before we embark on the non-overlapping domain decomposition
method in the context of the instantaneous control paradigm (13), we look into
the situation of a star graph with a central multiple node and M edges. We
arrange the graph such that the central node is located at x=0 for all right
ends of the edges and x =/, at the left ends of the edges. This is the situation
that we consider in our examples. We assumed that the first edge satisfies a
homogeneous Dirichlet condition at x =/, and controlled Neumann conditions

at Xx=/,. We obtain, accordingly
aiqi(x)_ﬂiaqui( )+(Z|j/| |q| | (X),XE(O,fi),i:]_,-u,m
ﬂiaxqi(0)=ﬁjﬁxqj(0),lijz ey m (14)

g‘qi (0)=0,0,(4,)=0,0,q (£;)=u; i=2,--,m.

3. Domain Decomposition

We provide an iterative non-overlapping domain decomposition that can be

interpreted as an Uzawa method (Alg3, in the sense of Glowinski). See the
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monograph [10] for details. The idea for this algorithm originates from a
decoupling of the transmission conditions. To this end, we define the flux vector
g« :=(dikqi (n).ieZ, )T and the pressure vectors 0Q° = (ﬂiaxqi (n).,ieZ, )T
atagivennode n,,keJ".Givenavector z:=(z,ieZ,), we define

( “(z )) :—Zz -z, (15)

k jeZy

Then (Sk)2 -1 and S* (1):1 for 1= (1,---,1) e R% . With this notation, the

general concept is easily established. We set forany o >0:

q“ +o0q* =oS* (69" ) - S* (). (16)
Applying S* to both sides of (16), we obtain
280 (n) =0 (17)
ieZy

But then (16) reduces to
og; (n, ) = Z@q (n).ieZ,
k keZy
which, in turn, implies

B, (n)=B,0,0,(n) i#jeL keT". (18)

Clearly, if the transmission conditions (17), (18) hold at the multiple node n,,
then (16) is also fulfilled. Thus, (16) is equivalent to the transmission conditions
(17), (18). These new conditions (16) are now relaxed in an iterative scheme as

follows. We use | as iteration number.

(o) " +o0(at) " <o (o) ) -5 (") )=(e")"
We have the following relations:
(gk)lﬂzsk(zaa(qk)'_(gk)l). (20)

This gives rise to the definition of a fixed point mapping. To this end, we need
to look into the behavior of the interface in terms of gk keJY, thatis
geX::erjMHidk,”g" z Z—|g,k| , (21)
kgj |eIk

T:X > X, (22)
(Tg)i,k =8 (20‘8(qk) ) keg" K

(Tg)k :{(T)i,k’ielrk}’
o ={(Tg), ke T"}.

Now,
2

(23)

Il = > >~

kegMiez, O

We use the facts ZieIk (Skgk )i = Zidk (gk )Iz and

s 2u0(e) )
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Y (850°) (8'6*) =X afgf and show
78], = |9||X—4ZZ(9. — oo ) g (24)

ng i€z, K

We now formulate a relaxed version of a fixed point iteration: for e« [0,1)
g'“:(l—e)T(g')+eg'. (25)
Up to now, the relations concerning the iteration at the interfaces do not
involve the state equation explicitly. For the analysis of the convergence of the
iterates, we need to specify the equations.
The Non-Overlapping Domain Decomposition
We are interested in the errors between the solutions to the problem (12) and
a0 (X) = B0 (X) + 0, (qi'*l) =f,(x),xe(0,4,),ieZ
g (n)=0,ieZ,n eJ;
8Xqi(nk):uk, ieZ,n eJs

dlkq:+1(nk)+o_6 ql+1( ) (26)
= a(é j;ﬁjaquj (n )_ﬁiaxqil (ng )J ( J;dlkq (ne)- A (N, )]
=g keJ".

Thus, we introduce €™ :=q'" —q. Then e solves a non-linear differential
equation with nonlinearity g, (eI+l +0 ) 9;(q), zero right hand side and
homogeneous boundary conditions at the simple nodes. As we noted above, the
full transmission conditions are equivalent to (16). Hence, the error satisfies the
same iterative Robin-type boundary conditions as '". We consider the

following integration by parts formula after multiplying by a test function ¢.

0 z_[(ale”l i xx + g (eHl +q ) g|(q|))¢|dx (27)
= Z Zdikﬁiaxeil+1(nk)¢l (nk) (28)
kegMieZy

+ Z]j(aieimﬂ +ﬁiaxeil+1ax¢l +( (e'*l +G ) 9i (q'))ﬂ)dx 29

i€Z 0
We now take the test function to be equal to €™ and obtain:

z Zdlka e|+1( ) |+1(nk)

kegMieZy,

(30)
:Zj‘(a eI+1 I+1+ﬁa el+laxeil+l +(g (el+1 +0 ) g (qi))eilﬂ)dx'
ieZ o
We use the boundary condition at the interfaces in the form
dlkel+l( ) gI+l ob el+l(nk) k Gj
This identity is used in the identity (24), evaluated for the error:
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70l =loll, —4 3, > (i —ovel)oef (31)

kej ieZy

We obtain
o[ =Im'l.

| (32)
= ||g' "i —4;_[(%3:6: +ﬁ6xe,axel +(gi (el' +0 )_ g, (qi ))eil )dx.

We assume
(9, (x:5)—g,(xt))(s—1)20,vxe(0,4,),iel (33)

and define the bilinear form

li

a (v, 4)= { (g + B.OW:0,4 )X, (34)
We define the corresponding quadratic form applied to €'
a(e¢)= ](aiei'ei'+ B0,8i0,¢) )dx, (35)
0
which is certainly bounded below by [&[ 2, - Then the error iteration is
Jo* [ =I7'T, =1s']. —4Za el (36)

and, thus, the error does not increase. That it actually decreases to zero is shown
next. But first we look at the relaxed version of the iteration (25). We take norms

and calculate in order to obtain (for €<[0,1]
o[, <[o'l}, ~4-)Za(e.el). (37)

We iterate in (36) or (37) down from | to zero. Then we obtain

{g'} is bounded, &, (e,&/) > 0,1 > . (38)

2

Clearly, for «; >0, this shows that the Hl(O,f i)—error strongly tends to zero.
Then also the traces tend to zero as | —o and, therefore, the iteration
converges.

Theorem 2. Under assumption (33), for each 66[0,1) the iteration (25)
with (26) and (21), (22) converges as | — c0. The convergence of the solutions
is in the sense of (38).

Example 3. We show a numerical example, where three edges span a tripod.
The first edge (see Figure 1) satisfies homogeneous Dirichlet conditions at the
exterior node, while for the other two edges satisfy homogeneous Neumann
conditions at the exterior nodes. In particular, we take dx=1/1000, ¢ =10,

f,=1, f,=0.1, f;=0.5. The nonlinearity is weighted by a factor y =1 and
there are 10 fixed point iterations in order to handle the nonlinearity. The
system without domain decomposition is solved using the MATLAB routine
bvp4c with error tolerance tol =1e—10. The system with domain decomposition
is solved with classical finite differences of second order. Figure 1 shows the

tripod, where we display the original solutions and the ones obtained by the
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domain decomposition. No difference is visible. Notice the discontinuity of the
state at the central node. This is contrast to the classical nodal conditions known
in the literature, where the states are continous across the multiple node, while
the Neumann traces satisfying the Kirchhoff condition. We display the
individual solutions—again without and with domain decomposition in Figure 2.
There is no visible difference. Figure 3 shows the nodal errors at the central

node. We see the nodal errors regarding the conservation of flows and the two

0.1 <

0.05 - ey

-0.5
=

Figure 1. The tripod with disciniuity at the central node.

-0.02

-0.04

1
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

-0.06 : :

Figure 2. The three edges individually.
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012 T T T T T T T T T

0.1+

10 12 14 16 18 20

0.05

0.045

0.04 |-

0.035

0.03 |-

0.025

0.02 -

0.015 -

0.01

0.005 -

Figure 4. Iteration history L*-errors.

continuity conditions of the derivatives at the central node. In Figure 4, we
display the relative L”-errors of the solutions, where the errors are taken with

respect to the computed solution without domain decomposition.

4. Domain Decomposition for Optimal Control Problems

We pose the following optimal control problem with Neumann boundary

controls:

DOI: 10.4236/am.2017.88082

1083 Applied Mathematics


https://doi.org/10.4236/am.2017.88082

G. Leugering

r(TJIlJr)l I(q,u):= g;"q. _ in"Z +%k; |uk|2

TN
subject to
oG (X) = A0, (¥)+ 9 (X 6 (X)) = fi (%), xe(0,4,),ieZ
g (n)=0,ieZ,n eJ; (39)

8Xqi(nk)=uk,ie2k,nk eJ
ﬂiaxqi(nk):ﬂjaxqj(nk),iijEIk,kEjM,
>di i (n)=0keJ".

ieZy
The corresponding optimality system then reads as follows:
a0 = B0 +0;(a)=f; in(0,4;),ieT
% p; = B0 + 9 (G) o :_K<Qi _Qio) in(0,¢,),ieZ
qi(nk)zouoi(nk)zoiiEIk’nk eJp
1 .
0,5; (nk):;pi (n). 0,1 (n)=0,ie L, n, € Iy
50,4, (nk):ﬁjaxqj (nk)’ Biop, (nk):ﬂjaxpj (nk)! i#jeZ keJ"
2450 (n)=0=Xdyp(ne). k eJ".

ieZy ieZy

(40)

The idea now is to use a domain decomposition similar to the original system
on the network. We design a method that allows to interpret the decomposed
optimality system (41) as an edge-wise optimality system of an optimal control
problem formulated on an individual edge. To this end, we introduce the

following local system:
aiqul _ﬂiaquiprl = fi in (O’Ei)' ieZ
ap"t = Boupt = _K<Qil+1 _qio) in(0,,),ieZ
Qim(nk)zov piHl(nk):O' ieZy,n, ejg
ainM(nk ) = l/‘7il+l(n|< )v a></-7i|+l(nk ) =0,ieZ,n ey
v
it (N ) + 40,8 (0 ) + 40,0 ()
2

a2z aed ) pod ()]

k JeZk

2.0 PN
S B0, ()~ Bous (m)] "

k eIk

{2 sed - -

jeIy

dyo! ™ (n, )“‘ﬂ«axpiI+l (n, )_,ukaxqihl (n)

:ﬂk(i > Bi0.P (n) = Bid,p! (g )J—uk {3 > 50,0 (n) = B2,q (m, )j

dk eIy dk jey

dy 7,

—[i > diep (ne) =y (1 )j =h ke g™,

The same arguments that led from (16), (15) to (17), (18) apply to show that,
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upon convergence as | —oo, the system (41) tends to (40). Now, (41)
decomposes the fully connected problem (40) to a problem on a single edge
i € Z with inhomogeneous Robin-type boundary conditions. The question is as
to whether the decomposed optimality system (41) is in fact itself an optimality
system on that edge. If so, then it is possible to parallelize the optimization
problems rather than the forward and backward solves. Let us, therefore, now
consider the following optimization problems on a single edge. The idea is to
introduce a virtual control that aims at controlling classical inhomogeneous
Neumann condition including the iteration history at the interface as inhomogeneity
to the Robin-type condition that appears in the decomposition. To this end, it is
sufficient to consider three cases: a.) the edge i connects a controlled
Neumann jeJ5 node with a multiple node keJ M at which the domain
decomposition is active, b.) the edge i connects a controlled Neumann node
jeJy with multiple node keJ ™ at which the domain decomposition is

active, c.) the edge i connects two multiple nodes j,keJ M

Case a.):

mlnl(q ||q q” +—Uf +—— 1 —V i(,uaq.(n)+h.' )2

o i Ui |k i — 4 24, 24, kOxYi ( Ny ik

subject to (42)

a0 = B0 + 9; (q-)= fi, Xe(O,f.)
dikqi (n ) uJ’ dlkq (nk) /Iklglaxq ( )+ g:k + V.

Caseb.):

min 1 (g;,u;,V, ——||q. ok || +-U; +LV.|<+ : (#kﬂ.axq (nk)+h|)

UjVik 24 24

subject to (43)

o0 — S0, + 9; (Qi): fi, x E(Ovéi)
d; 80,4, (nj ) =u;, dy q; (nk ) =-4.0,0 (nk )"‘ gilk + Vi -

Case c.):
._E _ 2 i i
mlvrzl(q" i) = 2”qi 4 2, Vﬁ*zuk Vi
! 1
+ﬂ(”kﬂ‘a*q‘ (n)+h) +2—y,—(ﬂjﬂi@xqi (n;)+h)
subject to ”

0 = B0, +9; () = f;, x€(0,4,)
dij(']i (nj):_ﬂ’jﬂiax ( )+ glj +VIJ7 dlkq (nk) ﬂ'kﬂlaxq (nk)+ glk +V

Remark 4.1.
o If we write down the optimality systems for (42), (43) and (44), respectively,
and combine the results, we arrive at (41).
e This shows that within the loop of iterations that restore the transmission
conditions at the multiple nodes, we can reformulate the system (41) as the

optimality system of an optimal control problem formulated on a single edge,
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with input data coming from the iteration history that involves all nodes
adjacent at the ends of the given edge.

e This means that we can actually decompose the optimization problem given
on the graph into a sequence of local optimization problems given on an
individual edge.

e The resulting optimization problem on the individual edges are strictly
convex, thus, admitting a unique global solution.

Remark 4.2. There are at least two ways to use the proposed ddm-approach.

1) In the first approach, we consider (40) and start with a guess for the adjoint
variables (p; )id . This provides a guess for the controls (u i )J_Ejs . Therefore, we
can establish the states (qi )iez . The states (qi )iez , in turn, are inserted into the
adjoint problem and that system is then solved for (p; )iEz , which closes the
cycle. With this method, we keep the optimization in an outer loop and solve

both the forward system for the states (g).

ieZ
the adjoint system is a linear elliptic

and the adjoint system for
(,0i )id, individually. For given (qi )ieI ,
problem on the graph. To this system the ddm-method above applies and
converges. As we have established above, the forward problem admits a
convergent ddm-algorithm. This finally means that in the inner loop we can use
convergent ddm-iterations for finding (qi )ieI and ( £ )ieZ . The effect of
parallelization can, therefore, be used for the solves in the inner loop, while the
outer loop is sequential.

2) In the second approach, we decompose the coupled system (40) to (41).
The resulting decoupled problem is then the optimality system for the virtual
optimal control problems (42), (43) or (44), as seen above. In this case, there is
no outer loop other than the ddm-iteration which is completely parallel. Still, the
local optimality systems have to be solved in a way describes in the first
approach. Namely, we provide an initial guess for p, for each ieZ then
solve for ¢, which is introduced then in the local adjoint equations. This is
then followed by the solve for p, and the update of the boundary data g, ,h,
which are used in the communication at the next ddm-iteration. In this,
admittedly, more elegant approach, the constrained minimization problem on
the entire graph can be decomposed to minimization problems on a single edge.
As we will see below, unfortunately, but expectedly, the convergence is no longer
global as in the first approach, but rather local. This means that only if we start
close to a solution of (40), or if we have a priori estimates and tune the
parameters accordingly, we can prove convergence of the unique solutions of (41)
to those of (40).

5. Wellposedness
5.1. Wellposedness of the Primal Problem
The semi-linear network problem (12) admits a unique solution. This is true, as

the linear part of problem (12) describes a self-adjoint positive definite operator
in the Hilbert space H:
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H:HieIHl(O‘fi)'

Indeed, we also define the energy space

ieZy

V::{q€H|qi(nk):0’i€Ik'nkejglzdikqi(nk):o’kejwl}

and the operator A as follows:
Aq =0 (X) - B0,a (X) in'H
D(A):={aeV|Bo,a(n)= 80,9 (n).i#je T, keT",

(45)
8,0,(n)=0,ieZ,,n eJy}.

It is a matter of applying standard integration by parts to show that, indeed,
A is symmetric and positive definite in 7 such that A can be extended as a
self-adjoint operator in . Then it is standard to show that A can be
extended to a bounded coercive map from V into its dual V". If we assume
(33) and define the Nemitskji operator G(q)(X)=g (q (X)) then G is strictly
monotone and continuous. Hence, according to [11], A+G is strictly
monotone and continuous and, hence, the semi-linear problem admits a unique

solution geV . Clearly, for regular right hand sides f , the solution is in

D(A).

5.2. Smoothness of the Control-to-State-Map

Let G, () be the solution of (12) with U replaced with U+t andlet q be
the solution of (12). We denote by e:=§—q the difference of these solutions.
We obtain

a8 (X)— Bon& (X)+0; (& +0)(X)— 9, (a)(x)=0,xe(0,¢,),ieT
Boe(n)=p0e () i=jeL ke"

e(n)=0ieZ,n eJ; (46)
0.8 (n)=tl,,ieZ,,n eJy

>die(n)=0keT".

ieZ,
Dividing by t and letting t tend to zero in (12) implies with
e :=¢e'(u)(d)=ce(u)(0)
el (X) = B0 (x)+9{(a)(x)e(x)=0,xe(0,4;),ieT
pog(n)=p0¢8(n).i#jel keg"
e(n)=0,ieZ,n eJ; (47)
0,&(n) =0, ieZ,n eJy
> d,e(n)=0keT".
i€
For the solution g of (12), applying the standard Lax-Milgram Lemma, €'
uniquely solves the linear elliptic network problem (47) and, therefore, satisfies

standard energy estimates. As the cost function in (39) is convex, according to
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the classical Weierstrass theorem, problem (39) admits a unique solution. One
can then verify the conditions for the Ioffe-Tichomirov Theorem [12] in order to

establish the first order optimality conditions (40).

Theorem 4. Under the assumption (33), for f eV, there exists a unique

solution geV of (12). In addition, the mapping from U into g is Gateaux
differentiable. Moreover, the optimal control problem (39) admits a unique
solution. The optimal solution is characterized by the optimality system of first
order (40).

5.3. A Priori Error Estimates for the Optimality System

We denote the errors € :=@q' —q, and pl==p —p for ieZ and 1=01,--.
These errors solve the system equations:

~ B0t +g (e +0)-0,(d)=0 in(0.0,),ieT
aipi' —BouP (e w0 ) bl + (0] (e ) -0l (a)
=-xe/™ in(0,¢4;),ieT

ei'”( ) 0, p”l( )=O,ieIk,nkeJS
axei”l(nk):_pllﬂ(nk)' prHl( ):O’iezk’nkest
dikeil+1(nk)+/1kax il+1(nk)+:uka p|+1( )

4 ZEpod)-pod0n) o[ 2 S0t (0)

k JeZk K i€Zy

[ Zdlke (n)- dyel (nk)] 9it,
dy P (0 )+ 40,0 () - 0,87 (ny)

a2z 0)-post )| £ Zaosln)-sed )

k JeZy k jeZy

) (48)
= == 2P ()= dipi (ne) | =i ke TM.
dk jeZy
We prove the following
Lemma 5. The solutions €,p, for ieZ of(48) satisties the estimate

le o 1P +7(6 (00 +& (£ + Bi(0) + mi (1)) <C{gg +h ). (a9)
More precisely, for 4, =A,Vk e J" . we obtain

(ei(gi)z"' pi (fi)z)

4y 2

7 Z{g.,+h 3 (50)

Remark 5.1. As a result, for small data g, h. , we have small solutions.

ij >
Proof of Lemma 5: We multiply the equations in (48) by e and p'*,

respectively, integrate and then use integration by parts. For the sake of brevity,

we leave the full arguments to the reader.
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5.4. Convergence

(g' h) eX ::erJM HieIk R’, "(g' h)”i = kgM iEZI: (|gi:k|2 +|hi’k|2)' (51)
T:X > X, (52)

7(g,h),, :=(sk (2(A2, () + o, (P))-0")

§* (2(A0.(0) -, ()) 1) ke g ie

T(g.h), ={(7)(g.h),, i€ L},
7 (g.h)={T(g.h), . keT"}.

Now,
Ir(an, = 3, 35 (2(ac (e oo (0)-') |
Sk(Z(lkax(pk)—,uk@X (ek))_hk)ik (53)
= kEZJ:M;(gi —4d,& (n) 4 (ﬂkaxei (M )+ 240, p; (ny )))
+k§M§(hii_4dikpi(nk)ﬂi (ﬂ«axpi(nk)_ﬂkaxei(nk)))-

We multiply the state equation for the errors €, p, by € and p,

respectively.

0= ZT(aiei ~B0q8 +9 (e +0)—g ())gdx

- i—iZOZi;dikﬁi@xei (no)ei (n) (54)
r3ffa(a) 0 ) (a6 ra)-ala)e o
0= Z;,{(a D= B0 P+ 0 (6 +0) P +(9/ (8 +a) -9/ (a)) A + K€ ) pdx
==X Zdesop ()R (n)+ 1{ o, +5(0,p) (55)

+07(e +0) P’ +(0/ (e +a)-9/(a)) AP, + K8 lx.

Now, we reverse the roles and obtain

0= ZT(aiei — B8+ (& +a)—g (g )) pdx

ieZ o

:_z zdikﬁiaxei(nk)pi(nk) (56)

keJieTy

+Zir {aiei P+ 50,80, +(gi (ei +qi)_gi (Qi ))ei pi}dx

ieZ o
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0=ZT(0« D= B0 +0/ (8 +a) p+(07 (& +a)— g (a)) pd + e ) g

i€Z o

== 2diBoip (n)e () +

keJieZy ieZ

+0;(&+a) pe +(gi,(ei +0)- 9 (qi ))Piei +Kiei2}dx'

~

{ P& + B0, P08 (57)

[SX—

From now on we assume thatall 4, =4,y =y are independent of the node.

We multiply (54) and (56) by A and (55), (57) by u and add in the following way
A(54)+ u(27), A(55)- u(56). This leads to

Z zdikei (nk )(ﬂ'ﬂiaxei (nk )+/1,Biax Pi (nk ))

keTJieZy

_ZV’{ &) (66) +(gi(ei+qi)_gi(qi))ei}

ieZ o

+,u{aiei P+ £,0,80,p + 9 (& + 0 )&Pp +(g;(ei +0;)-9i(q, ))piei +Kiei2}dx

Z Zdik pi (nk)(/lﬂiax p; (nk)_:uﬂiaxei (nk))

keJieIy

—Zjﬂ{ B) + 4 (0,p) +9/(e +a) p?+ (9 (e +a)-9/(a)) o P +x8 P}

ieZ o
_/u{aiei P + 50,80,P; +0; (ei +(; )ei pi}dx
We add the latter equations and obtain

2. 2. die (N, )(lﬁiaxei (e )+ 45,0, p; (1 ))

keTicT
+2 2. du b (n) (28,5, (n) - B, (0 )

KeTicT,
= Z;[iﬂ“{aieiz +o;p} + 3 (axei )2 +5 (ax P )z}dx"'Z;f’(i (ﬂeiz +ADE )dX

25 3 (u(p(n) -2, (n)pi(n,)

14 kegMieZy

+/12j{ (e +a)-g(a))e +o/(e+a)pl +(g/(+¥)-0/(a)) AP dx  (58)

ieZ o

+/‘ZJ{ & +q & D +(gi,(ei +qi)_giy(qi))piei _(gi (ei +qi)_gi (Qi ))ei pi}dX

ieZ o

> ZTﬂ{ai (e +p7)+B(0,8) +5(o,p, )Z}dX’LZT’q (e +2pie, ) ox

ieZ o ieZ g

23 5 (ulp(0) - 20, (1) By ()

VkegMieTy
+Z_[ e +q| g.(qi))pi (ﬂpi+ﬂei)+ﬂ(gir(ei+qi)_gi’(qi+9ei))ei pidx
ieZ o
=1+ 1+1ll.

We are going to estimate the third integral. For that matter we assume that

9/(s) admits a Lipschitz constant L.
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“'<ZJh|p.||e (2] [+ we]) + L (1-0)[pi| (e

e (59)
ﬂ/ €| 2 ﬂ €| 2
< ; L H +E ”pi |||_°°(0,/i) + /u" pi|||_°°(o,/i) f[ei dx +E"pi |||_°°(o,fi) .([pi dx

The second term contains quadratic expressions an mixed terms. The mixed

terms need to be absorbed in the quadratics ones

ZTzq (1€l +Ape )dx= Z]'zc, [(,u —g)ef _,wpfjdx

%ke;ﬂ i;(ﬂ(pi (ny ))2 —Adye (n) p (”k)) (60)

Z%kEZJ:M iGZ:Ik ((ﬂ_gj( P (nk ))2 _lgei (nk )Zj

We now combine (58), (59), (60) in order to obtain

Z Zdikei (nk )(lﬂiaxei (nk ) + 40, p; (nk ))

:ijde pi (0 )(280, 1 (n) - B0,& (ny))

> Z{ﬂ{“ (e + )+ (2,8)" + . (0,m,) (61
(-2 o 52
-2t ( ol Bl Jfes Sl o]

We now group the corresponding quadratic expressions.

2 2 die (g )(/Iﬂiaxei (ne)+ 1p,0,p; (ny ))

keJieZy
+2. 2 di by (nk)(/lﬂiax P (N ) — 14B,0,& (N, ))
keJieTy
o B e ) PR T R B O) | S

[ia -A5-LZ ||p,||wa ijfdx+§£{ (1—5cl(n))(axei)2+/1(6Xpi)2}dx
SaEl-o)

V kegMieT,

where we have used the boundary estimate due to Kato [13]. We now need to
discuss under which configuration of the parameters the coefficients in front of

the quadratic terms

A A
a2 -2 (4 2l + s |- 2065 o)
(63)

1
b, = ﬂ(ai -0-1 E"pi ||L~°C(0,/.)J
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A
can be made positive. Moreover, if 'U_ESO’ we need to absorb the
corresponding boundary term again using the estimate [13]. It is obvious that

b, can be positive iff [ai -5-1 %"p‘”ﬁ(w)j and A are positive. The only

parameters that we can select in order achieve positive, respectively, non-
negative coefficient are the two parameters «;,1; coming from the cost function
and the parameters 1>0,u>0 provided for the algorithm. Moreover, the
coefficient ¢; >0 becomes relevant. We recall the meaning of ¢;:itis —! So
it becomes obvious from (63) that the norm of the reference solution to the
adjoint equation || P, ||oo and the Lipschitz-constant L, reflecting the stiffness of
the nonlinear term come into play. We thus need small At>0 to compensate
the remaining terms. The question to be discussed below then is as to whether
the maximum-norm of the solution p, of the adjoint equation which, in turn,
involves ¢; is small against ¢;. Only in this case, we can choose 1>0 in
order to have b, >0. If, on the other side, 1=0, we have to compensate
L || pi”, in this case the adjoint error, by choosing «; sufficiently large and
4 >0 in order to have & >0. The appearance of the adjoint error, in case
4 >0, necessitates an a posteriori error estimate. We discuss the following cases
A=0,u>0, 1>0,4=0 and A>0,u>0:
[Case1.] A=0,u>0:

&= 'U(Ki -L ("pi ||L°°(O,fi) +|| Pi ||L°°(O,fi)))’ by :=0 (64)

In this case

PIPIN (nk)(ﬂlfiaxei (n )+ B0, p, (nk))'

keJieIy

+kZ 2P ()5 (/wx pi (ny ) — 0,8 (N, )) (65)
eJiely

z Z’u(’(i -L ("pi ”L‘”(O,é’i) +" Pi ||L°°(0,fi) )) IeiZdX +€ Z z ( Pi (nk ))2 )
ieZ 0 kegMieZy

As mentioned above, this case involves both the reference adjoint and the
adjoint error. Moreover, in this case the convergence of the iteration is
determined solely by the choice of the cost parameters in that x; has to be
sufficiently large, while ¢, plays no role.

[Case2.] A>0,u=0:

1 1
8 = ﬂ’[ai —kK; 5 L (E"pl ||L°°(0,éi)j_5ci2 (n)J

1 (66)
=2 @ -0 L 3ol |
In this case we obtain
kZ: 2. e (1 )(ﬂ’ﬂiaxei (M )+ 150, 0 (1 ))
eJiely
+2 2 pi(nk)[”i(/wxpi(nk)_ﬂaxei(nk)) (67)
keJieZy
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1 1 4
i ([ n L dol g, - ) oo

1 t
+(ai -o-L E”pi "L‘”(o,éi) -o¢; (n)J .(l;pizdx (68)

£

+Y [ (1-ac'(n))(0,&)" +(1-5¢ (n))(0,p;)° dx}
ieZ o

In this case ¢; has to absorb all negative terms and, in fact, the penalty
parameter &; acts in the reverse sense than in Case 1. One needs to balance x,
S and N in the coefficients cl(n),cf (n) in order to make the two
coefficients of all quadratic terms positive. We are then left with question as to
whether the norm ||pi || is small against ¢; for suitably large ¢,. Now, the
adjoint p, of the full network problem has as data the right hand side
—Ki(qi —qio) and as (| -dependent coefficient g/(q;). For a given ¢, the
corresponding network equation is linear and by Lax-Milgram’s lemma, the
solution p, satisfies an estimate against the data, which, in turn, depend on the
original solution ¢ .

[Case 3.] 1>0,1>0:Inthiscase a,b in (63) need to be positive. This can
be achieved in general if ¢; large and «; small and 4 is large compared to
A . A more explicit analysis can be done, but is skipped for the sake of space.

Theorem 6. Under the positivity assumptions in Cases 1, 2, 3, the iterations
converge and the solutions q = (qi' )id of the iterative process (41), describing
the local optimality systems on the individual edges, converge to the solution of
the optimality system (40). In Case 2,3, qi', piI converge to @, p’ in the
energy sense. In Case 1, convergence takes place in the L*-sense.

Example 7. We consider the following numerical example. We take for
a=10, k=10, v=1 and f,=a*x and Neumann controls at all simple
nodes. Clearly, the exact solution of the linear problem, ie. y*g(q), with
y=0 and g(q)=|q|q , is g, =x,1=12,3, where the adjoints have Dirichlet
traces equal to 1 with Neumann traces being 0 by construction. This, however, is
achieved only for very large penalty x . We compute the solution with
nonlinearity y =0.1 using the MATLAB routine bvp4 with tolerance e.—6.
As for the domain decomposition, we take 15 steps. The nonlinearity is taken
into account using an inner fixed-point loop, where we take 15 iterations. The
parameters A,u are chosen as 0.1, respectively. The results are shown in
Figures 5-10. In Figure 11 and Figure 12, we display the numerical results for
the same setup, but now with ¢, =1000, x; =100, ux#=1, 21=0, y=0.1
with relaxation parameter e¢=0.1. Figure 13 reveals the fact that due to the
optimality of the functions ¢, (X) =X, the adjoint, as being forced to have zero
Neumann data, is zero in almost the entire interval and is nontrivial in the last
part only. Clearly, the three reference solutions and adjoints are plotted on top

of the ddm-solutions. No difference is visible.
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forward solutions, nonlinear=.1*abs(q)*q

Figure 5. Forward solutions.
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Figure 6. Adjoint solutions.
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Figure 7. Optimal tripod.
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Figure 8. Errors.
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Figure 9. Errors of relaxed iteration.
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Figure 11. Optimal tripod.
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Figure 12. Optimal state.
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Figure 13. Optimal adjoint.
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