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Abstract

Radiation interaction with matter is by nature stochastic. Monte Carlo simu-
lation makes possible, practical, economical and ethical, many experiments
otherwise not. /n-silico simulation of random samples of radiation histories
places into our hands data which may be treated and analysed in radically dif-
ferent ways. This work reports history-by-history computation of the variance
in simulation output from FLUKA, a general-purpose Monte Carlo code. Va-
riance computed history by history is compared with variance estimated from
varying batch sizes. This work also addresses the issue of under-sampling
where, against conventional expectations, the variance spikes as we sample
more histories. The background to the spikes is traced by reconstructing sin-
gle histories interaction by interaction—a novel level of details atypical of
Monte Carlo simulations in the field, where statistical convergence of aver-
aged quantities has been the focus.
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1. Introduction

Radiation interaction with matter is a stochastic process. Two particles of the
same type and the same energy colliding with the same target may lead to dra-
matically different outcomes. Take a third particle of the same type and the same
energy, the outcome would again be very different. Collect enough samples,
however, we find a well-behaved Gaussian distribution. Single collisions are not

reproducible, but the collisions are predictable.
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1.1. Radiation Histories

A radiation history begins with a particle colliding with a matter (something
which is not vacuum). Each radiation history is typically very eventful, as the
particle traverses the material, takes steps and collides with different atoms or
nuclei. Most collisions produce progenies, which may be particles of different
types. In a photoneutron collision, for example, the photon produces neutron(s),
a different particle type. Some collisions lead to the absorption of a particle; it
will no longer appear in the radiation history but the radiation history does not
necessarily stop there, as there is all too likely to be progenies propagating the
history further. A radiation history ends when the first parent (the source par-
ticle) and all progeny particles have either been absorbed or depleted their ener-
gy through collisions.

A radiation field consists of many radiation histories, each started off by a
particle—the source particle which would later produce progeny particles. A
radiation field may be of a nuclear reactor, a research collider (e.g. the Large
Hadron Collider at CERN), an archeological or forensic laboratory, a student's
laboratory or a radiotherapy clinic. Such is the broad spectrum of applications of
ionizing radiation where we seek solutions from Monte Carlo simulation of rad-
iation interactions. Analytical solutions based on probability distributions alone
cannot solve the problem.

The predictable behavior described in the first paragraph, or the probability
distribution, differs not only by the particle type (e.g. photon, electron, neutron,
alpha or...) and the particle energy (spanning over ten orders of magnitude), but
also the composition of the target (e.g. a% hydrogen, b% carbon, c% sulfur and
d% lead). The target is itself far from homogeneous, each commanding a sepa-
rate set of probability distributions. Radiation fields in real life are usually mixed
with different types of particles, each at different energies evolving by different
trends. Radiation histories are complex; different probability distributions take
effect at different points in time and in space. This complexity easily overwhelms
analytical methods. We resort to Monte Carlo simulations—taking random num-
bers at each step and each collision, to sample the step length, angle, energy, col-
lision type, and progenies.

Generating random numbers and looking up probability densities are but the
most straight-forward components in Monte Carlo simulation of radiation inte-
ractions. The physics components are far more complex, ruling out in-house
software production. General-purpose Monte Carlo codes for radiation interac-
tions have therefore emerged from CERN, Los Alamos National Laboratory and
National Research Council Canada. FLUKA [1], MCNP [2], EGSnrc [3], PENE-
LOPE [4] and GEANT4 [5], each with distinct design philosophy and develop-
ment history, serve user communities worldwide. MCNP is particularly elabo-
rate in neutron transport and statistical analysis. EGSnrc and PENELOPE simu-
late photons, electrons and positrons only. GEANT4 is a toolkit built on a con-
temporary object-oriented software design. FLUKA is not a toolkit; it simulates

seamlessly a broad variety of particle types and heavy ions over a wide energy
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spectrum from eV to TeV [6] [7] [8].

1.2. Averaging and Convergence

Monte Carlo simulations in the literature generally report “statistically mea-
ningful” averaged quantities produced from simulating millions to trillions of
radiation histories. In radiotherapy for example, beams of particles are shot into
the body in a carefully-controlled delivery. No two radiation histories would be
the same because the dice is rolled too many times within a single radiation his-
tory. Each particle deposits different amounts of energy at different points; some
in the tumour, others missing the tumour and deposit their energies within heal-
thy tissues instead—which are never reported—such a suggestion could even
appear scandalous.

Quantities of interest, the intent of the simulation requested by the user in the
input, are called “tallies” and “scores” by the MCNP and FLUKA communities,
respectively. Tallies vary with the application at hand. Absorbed dose, dose
equivalent and displacement per atom (DPA), for instance, apply to treatment
planning, radiation protection and studies of material damage, respectively.

Authors generally report averaged quantities—not outliers. Whereas it is cus-
tomary for referees to request for the number of histories in the absence of such
a statement, it is hardly ever practical or possible to infer any statistical uncer-
tainty of a Monte Carlo output from the number of histories simulated—unless
one has detailed knowledge of the full collection of probability densities in-
volved, along with the full knowledge of the techniques (e.g. variance reduction')
and transport parameters the user applied. That error-bars decrease inversely
with the square-root of the number of histories is a common expectation but will
not apply unless the simulation is sufficiently sampled e there is no under-
sampling in space (e.g. obscure corners hardly tracked by particles), geometry
(e.g. materials of small dimensions bound to be missed) and physics (e.g. reson-

ance regions of neutron cross-sections).

1.3. Variance Estimation

The variance of a score may be estimated either batch by batch or history by
history. The former is the existing practice in the FLUKA community. The latter
estimates variance more accurately; a brute-force implementation, however,
would require storing the score from each history, which can be prohibitive in
terms of computer memory.

Batch-by-batch estimation of variance is realised by dividing the simulation
into batches. Instead of running a simulation of N histories, B simulations
of N/B histories are ran. Each of the B simulations is made independent by
applying unique random number seeds. At the completion of each simulation,

the averaged score,

'Variance reduction techniques cause simulations to converge statistically within a shorter amount
of computation time by cutting corners during simulations. When correctly applied, quantities of
interest to the user will not be biased.
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N/B

2%
X, =L (1)
® N/B
is obtained. X;, the contribution by individual histories, is no longer recovera-
ble. The standard deviation,

(2)

is therefore not calculable. What remains calculable is the standard error, which
is the standard deviation of N/B samples of X, rather than N samples of
X; . The standard error is therefore used as an estimate for the standard devia-
tion; B is most often taken to be ten. This estimation is known to be B depen-

dent unless B is sufficiently large.

1.4. Single Histories Interaction by Interaction

Although least pursued, outliers, exotic events and single histories do have its

place in Monte Carlo simulations [9] [10] [11]. In fact, this is where the poten-

tiality of Monte Carlo simulation is expressed to the full, in that virtual experi-
ments are tapped for data physical experiments cannot provide:

e Controlled experiments can be carried out clean, variables can be controlled
exactly;

e Rare events can be studied with complete confidence, in the absence of in-
strument noise;

e Particles can be detected unperturbed, as opposed to physical detectors
which, by the principle of radiation detection, detect only if and when par-
ticles deposit energy;

e Particles can be detected with memory of their ancestry history, in a specia-

lised technique called latching [12].

2. Materials & Methods

In a FLUKA simulation, 10° independent samples of 7 MeV photons impinge a
tungsten block which is partitioned into 128,797 voxels of 5 mm x 5 mm X 5
mm. History-by-history computation of variance is applied to each voxel. Spa-
tially-differentiated energy deposition is studied alongside event-by-event single

histories.

2.1. History-by-History Computation of Variance

In this work, history-by-history computation of variance is implemented in
FLUKA via the comscw.f, usrini.f and usrout.f routines. The algorithm imple-
mented here is adopted from Sempau ef al [13]; the same as that implemented
in BEAMnrc by Walters et al [14]. It provides an economical solution to calcu-

lating variance on the fly as a simulation progresses with growing number of
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histories. The memory footprint does not increase with increasing number of
histories. The algorithm summons three counters for each score:

e a counter for the score ( ; ) for the current history;

N
e acounter for the score, cumulative over all the histories so far ) x;;
i1

e a counter for the square of the score, cumulative over all the histories so far

At the end of simulation, the two cumulative counters are used to calculate the

standard deviation,

N N 2
XX | 2K
o= 1 |13 | = (3)
N-1| N N

For scores with multiple bins, the three counters come in the form of three
arrays, one array element to each bin. The tungsten block simulated here con-
sists of 128,797 voxels, corresponding to 128,797 bins.

2.2. Single Histories Interaction by Interaction

Interaction-by-interaction single histories are studied using FTREE; technical
implementation has previously been reported [9]. It operates via the stupre.f,
stuprf.f and mgdraw.f routines, extracting data at various points as the simula-
tion develops, as variables change values and as particles pop in and out of the
stack. Particles and events are then post-processed and rearranged to reconstruct

the entire radiation history interaction by interaction.

3. Results & Discussion

Spatial distribution of energy deposition (E) in tungsten (Figure 1) presents the
penetration problem. Energy deposition along the central beam axis (radial posi-
tion around zero) and at shallow depth is well sampled. Deeper into tungsten,

further off axis, sampling is poor and o is high.

3.1. History-by-History Computation of Variance

With increasing number of histories, there is considerable fluctuation (Figure 2)
along the central axis itself in both E and o, which was computed history by
history. Low photon interaction cross-sections in air is evident from the fluc-
tuating E and high o at d < 0. Difficult penetration pf photons in tungsten is
evident from the fluctuating E and increasing o atd > 10 cm.

Two spikes in o are particularly noticeable in Figure 2(b): at (history,
depth) = (24392, 3.5 cm to 4.0 cm) and (65395, 5.0 cm to 5.5 cm). In both pixels,
o had been decreasing with increasing histories right up to that point, defying
conventional expectations that o decreases with increasing histories. Moving
from the 24391th to the 24392nd history, E changed from 0.116 + 0.005 (1 s.d.)
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Figure 1. Penetration of 7 MeV photons in tungsten. (a) r is the radial position, d is the depth in tungsten. The beam crosses the

air-tungsten boundary at d = 0 cm. Colour-coding is log,, (E), where E (MeV) is the energy deposited per 5 mm x 5 mm X 5 mm
voxel per history. b) Dose deposition profile, E, with error bars, along the central axis of the beam.
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Figure 2. (a) Evolution of log,, (E) with increasing number of histories at varying depth. (b) Evolution of o (expressed as a
fraction) with increasing number of histories at various depths. Data shown is for pixels along the beam central axis.

to 0.156 £ 0.039 MeV. Moving from the the 65394th to the 65395th history, E
changed from 0.032 + 0.002 to 0.048 + 0.016 MeV.

The effects of dividing the simulation into 50, 25, 10 and 5 batches are shown
in Figure 3 and Figure 4 for both spikes. Deviations from history-by-history
computation of o are visible even with 50 batches up to about 2.5 x 10* and 4
x 10* histories in Figure 3 and Figure 4, respectively.

3.2. Single Histories Interaction by Interaction

From the 10° histories ran, five photoneutrons were observed. As expected, ( y,
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Figure 3. Effects of the number of batches on o estimation of E in pixel at depth 3.5 cm to 4.0 cm on the beam central axis,
which spiked in Figure 2. Overlayed on the o computed history by history (in red) are the lines in blue for: (a) 50 batches; (b)
25 batches; (c) 10 batches; (d) 5 batches. Moving from the 24391th to the 24392nd history, o (fraction) computed history by

history leaps from 0.04 to 0.25.

n) production by 7 MeV photons in tungsten is rare. All five were produced
from photon collision with "W, which has an isotopic abundance of 14%. '*W
and '"™W have a higher abundance but the ( y, n) production threshold is 8.1
MeV and 7.4 MeV, respectively; the source photons simulated here are below
threshold. Two of the five histories are presented in FTREE format ([9]) in List-
ing 1 and Listing 2.

In the listings, each row represents either the creation of a new particle (the
particle type is named, preceded by an arrow) or a collision (the collision type is
named, preceded by an asterisk). nth level of indentation indicates the nth gen-
eration within the radiation history. + > precedes particles which are siblings of
the previous particle of the same generation; — > otherwise. The kinetic energy

of the particle is given in the first column. For neutrons below 20 MeV, an
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Figure 4. Effects of the number of batches on

() (d)

o estimation of E in pixel at depth 5.0 cm to 5.5 cm on the beam central axis,

which spiked in Figure 2. Overlayed on the o computed history by history (in red) are the lines in blue for: (a) 50 batches; (b)
25 batches; (c) 10 batches; (d) 5 batches. Moving from the 65394th to the 65395th history, o (fraction) computed history by
history leaps from 0.05 to 0.32.

energy range is shown in place of its exact energy; this is due to the way FLUKA
simulates neutrons below 20 MeV, referred to as multigroup treatment. The
elapsed time since the beginning of the radiation history is given in the second
column. The corresponding lateral displacement and depth (in tungsten) are
given in the third and fourth columns, respectively. For a simple problem of 7
MeV photons penetration of tungsten, histories are very short compared to
those of other applications; a history for the 20 GeV n_TOF [15] facility at
CERN easily spans 65,000 rows.

This is now an opportune point to revisit the two spikes in Figure 2(b), Fig-
ure 3 and Figure 4. The spike at the 24392nd history, at depth between 3.5 cm
and 4.0 cm on the beam central axis, in fact traces back to the history in Listing

1, where rows 2 and 3 correspond to the exact same pixel. It is the improbable
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Listing 1. The 24392nd history, where the 7 MeV source photon undergoes a nuclear
collision with "W at a depth of 3.936 cm in tungsten, 0.4649 ns since the history began.
The photoneutron is created with energy 0.8045 MeV. Thereafter it collides and produces
secondary photons which undergo photoelectric absorption, emitting electrons. The
electron on row 16 is the 6th and the last generation.

0

10

12

14

16

18

20

22

24

26

28

E (MeV)
7.0000000e-+00
7.0000000e-+00
8.0454530e—01
7.81e-01_8.21e-01
7.81e-01_8.21e-01
7.81e-01_8.21e-01
9.2733926e—02
9.2733926e—02
8.2527926e—02
9.3825463e—02
9.3825463e—02
2.4136463e—02
5.9483000e—02
5.9483000e—02
4.9277000e—02
4.7514013e—02
1.7385041e—02
7.81e-01_8.21e-01
2.0840676e—01
2.0840676e—01
1.3871776e-01
9.3178919e—02
1.2899929¢—02
5.9483000e—02
5.9483000e—02
4.9277000e—02
6.72e—01_7.07e-01
6.72e—01_7.07e-01

t (ns)
0.000e+00
4.649e-01
4.649e-01
3.996e+00
4.358e+00
6.627e+00
6.627e+00
6.628e+00
6.628e+00
6.627e+00
6.628e+00
6.628e+00
6.628e+00
6.629e+00
6.629e+00
6.629e+00
6.629e+00
6.890e+00
6.890e+00
6.895e+00
6.895e+00
6.895e+00
6.895e+00
6.895e+00
6.896e+00
6.896e+00
6.892e+00
8.774e+00

r (cm)
0.000e+00
0.000e+00
0.000e+00
4.362e+00
4.766e+00
4.138e+00
4.138e+00
4.136e+00
4.136e+00
4.138e+00
4.149e+00
4.149e+00
4.149e+00
4.141e+00
4.141e+00
4.141e+00
4.141e+00
4.201e+00
4.201e+00
4.274e+00
4.274e+00
4.274e+00
4.274e+00
4.274e+00
4.292e+00
4.292e+00
4.202e+00
4.821e+00

d (cm)

—1.000e+01  —>photon
3.936e+00 *nuclear collision
3.936e+00 —>neutron
3.563e+00 *knock
3.698e+00 *knock
2.422e+00 *knock
2.422e+00 —>photon
2.421e+00 *photoelectric
2.421e+00 —>electron
2.422e+00 +>photon
2.406e+00 *photoelectric
2.406e+00 —>electron
2.406e+00 +>photon
2.404e+00 *photoelectric
2.404e+00 —>electron
2.404e+00 *Moller
2.404e+00 —>electron
2.434e+00 *knock
2.434e+00 —>photon
2.544e+00 *photoelectric
2.544e+00 —>electron
2.543e+00 *Moller
2.543e+00 —>electron
2.544e+00 +>photon
2.505e+00 *photoelectric
2.505e+00 —>electron
2.431e+00 *knock
2.189e+00 *knock

Listing 2. The 65395th history, where, prior to (n, y ) nuclear collision, the source pho-

ton undergoes Rayleigh scattering twice. The six electrons seen from row 90 to row 100
are of the 7th generation, which is the last. They are produced from Moller scattering of a
photoelectron, whose parent was a bremsstrahlung photon.

0

E (MeV)
7.0000000e+00
7.0000000e+00
7.0000000e+00
7.0000000e+00
8.0606184e—-01
7.81e-01_8.21e-01
5.7693992e-02
5.7693992e-02
5.7693992e-02

t (ns)
0.000e+00
3.450e—01
4911e-01
5.149e-01
5.149e-01
7.335e+00
7.335e+00
7.336e+00
7.336e+00

r (cm)
0.000e+00
0.000e+00
3.776e—02
4.105e-02
4.105e—-02
4.225e+00
4.225e+00
4.215e+00
4.216e+00

d (cm)

—1.000e+01 —>photon

3.434e—01 *Rayleigh
4.722e+00 *Rayleigh
5.435e+00 *nuclear collision

5.435e+00 .  —>neutron
1.275e+01 . *knock

1.275e+01 . —>photon
1.274e+01 . *Rayleigh
1.274e+01 . *photoelectric
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Continued

10 5.4897492e-02 7.336e+00 4.216e+00 1.274e+01 . . . —>electron
7.81e—01_8.21e-01 8.264e+00 4.829e+00 1.358e+01 .  *knock
12 | 7.81e-01_8.21e-01 1.374e+01 7.501e+00 1.980e+01 . *knock

8.3465021e-02 1.374e+01 7.501e+00 1.980e+01 . . —>photon

14 8.3465021e—02 1.374e+01 7.501e+00 1.980e+01 . .  *photoelectric
1.3776021e—02 1.374e+01 7.501e+00 1.980e+01 . . . —>electron

16 5.9483000e—02 1.374e+01 7.501e+00 1.980e+01 . . . +>photon
5.9483000e—02 1.374e+01 7.489¢+00 1.980e+01 . . . *Rayleigh

18 5.9483000e—02 1.374e+01 7.489e+00 1.979e+01 . . . *photoelectric
4.7406000e—-02 1.374e+01 7.489e+00 1.979e+01 . .. —>electron

20 | 6.72e—01_7.07e—01 1.482e+01 8.461e+00 2.044e+01 . *knock
6.72e—01_7.07e—01 1.729e+01 8.265e+00 2.063e+01 . *knock

22 1.3364675e—01 1.729e+01 8.265e+00 2.063e+01 . . —>photon
1.3364675e—01 1.729e+01 8.269¢+00 2.070e+01 . . *photoelectric

24 6.3957749e—02 1.729e+01 8.269¢+00 2.070e+01 . . . —>electron
4.9958013e—02 1.729e+01 8.269e+00 2.070e+01 . . . *Moller

26 1.6823206e—02 1.729e+01 8.269e+00 2.070e+01 . . . . —>electron
5.9483000e—02 1.729e+01 8.269¢+00 2.070e+01 . . .  +>photon

28 5.9483000e—02 1.729e+01 8.268e+00 2.070e+01 . . . *photoelectric
5.6915200e—02 1.729e+01 8.268e+00 2.070e+01 . . . . —>electron

30 | 6.72e—01_7.07e—01 2.047e+01 7.659e+00 2.009e+01 . *knock
1.3840367e—01 2.047e+01 7.659e+00 2.009e+01 . . —>photon

32 1.3840367e—01 2.047e+01 7.671e+00 2.009e+01 . .  *photoelectric
1.2632667e—01 2.047e+01 7.671e+00 2.009e+01 . . . —>electron

34 1.1657380e—02 2.047e+01 7.671e+00 2.009e+01 . . . +>photon
1.1657380e—02 2.047e+01 7.671e+00 2.009e+01 . . . *photoelectric

36 1.4513800e-03 2.047e+01 7.671e+00 2.009e+01 . .. —>electron

6.72e—01_7.07e—01 2.109e+01 7.181e+00 2.056e+01 .  *knock
38 | 6.39e—01_6.72e—01 2.474e+01 8.329e+00 1.848e+01. *knock

1.0390671e—01 2.474e+01 8.329¢+00 1.848¢+01 . . —>photon

40 1.0390671e—01 2.474e+01 8.329e+00 1.848e+01 . . ‘*photoelectric
3.4217710e-02 2.474e+01 8.329e+00 1.848e+01 . . . —>electron

42 5.8116000e—-02 2.474e+01 8.329e+00 1.848e+01. . . +>photon
5.8116000e—02 2.474e+01 8.328e+00 1.848e+01 . . . ‘*photoelectric

44 4.6039000e—02 2.474e+01 8.328e+00 1.848e+01 . . . . —>electron
1.0655086e—01 2.474e+01 8.329¢+00 1.848¢+01 . .  +>photon

46 1.0655086e—01 2.474e+01 8.329e+00 1.848e+01 . . *photoelectric
1.0375436e—01 2.474e+01 8.329e+00 1.848e+01 . . . —>electron

48 4.1065180e—02 2.474e+01 8.330e+00 1.848e+01 . . . *Moller
1.6186502e—02 2.474e+01 8.330e+00 1.848e+01 . .. —>electron

50 | 6.39e—01_6.72e—01 2.553e+01 8.289e+00 1.797e+01 . *knock
6.39e—01_6.72e—01 2.823e+01 7.744e+00 1.533e+01. *knock
52 | 6.08e—01_6.39e—01 3.113e+01 1.090e+01 1.531e+01. *knock
6.08e—01_6.39e—01 3.128e+01 1.093e+01 1.517e+01. *knock
54 | 6.08e—01_6.39e—01 3.322e+01 9.998e+00 1.594e+01 . *knock

4.7297380e—02 3.322e+01 9.998e+00 1.594e+01 . . —>photon
56 4.7297380e—02 3.322e+01 9.997e+00 1.595e+01 . .  *photoelectric
3.5724380e—02 3.322e+01 9.997e+00 1.595e+01 . . . —>electron

58 | 6.08e—01_6.39e—01 3.328e+01 9.939e+00 1.596e+01 .  *knock
6.08e—01_6.39e—01 3.344e+01 9.846e+00 1.608e+01. *knock
60 | 5.10e—01_5.23e—01 3.822e+01 1.372e+01 1.873e+01. *knock

1.4619104e—01 3.822e+01 1.372e+01 1.873e+01 . . —>photon

62 1.4619104e—01 3.822e+01 1.370e+01 1.874e+01 . .  *photoelectric
1.4339454e—01 3.822e+01 1.370e+01 1.874e+01 . . . —>electron

64 1.0060308¢—01 3.822e+01 1.370e+01 1.874e+01 . . . *Moller
4.2169141e—02 3.822e+01 1.370e+01 1.874e+01 . . . . —>electron

66 3.6116697e—02 3.822e+01 1.370e+01 1.874e+01 . . . . *Moller
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Continued

68

70

72

74

76

78

80

82

84

86

88

90

92

94

96

98

100

102

104

106

108

110

112

114

116

118

120

122

1.1362142e-02
5.10e-01_5.23e-01
3.88e-01_4.08e-01
3.88e-01_4.08e-01
3.51e-01_3.69e-01
1.5561272e+00
1.5561272e+00
1.5555425e+00
1.5516998e+00
1.6055010e-02
1.4907119e+00
1.3103395e-02
1.3537090e+00
1.0958506e-02
1.2783126e+00
2.1667648e—02
1.2409278e+00
4.1114243e-02
1.1461942e+00
4.2076943e-01
4.2076943e-01
3.5108043e-01
3.2513663e-01
1.9178130e-02
1.7693047e-01
3.0693943e-02
1.3356454e-01
1.2075082e-02
1.0481549¢e-01
1.1361148e-02
7.2793467¢-02
1.4354972e-02
4.4945474e-02
1.3086866e-02
5.8116000e—02
5.8116000e-02
5.5319500e-02
6.5896339¢e—-01
4.4212339e-02
5.9961173e-01
1.8862187e-02
4.0859432e-01
2.1422726e-02
3.4519468e-01
1.7242720e-02
3.1880803e-01
1.4468891e-01
1.4290081e-01
5.7903015e-02
1.4504754e-01
1.4504754e-01
7.5358545e—-02
6.7417800e-02
6.7417800e—02
6.7417800e—-02
6.7417800e-02
5.5340800e-02

3.822e+01
3.945e+01
4.050e+01
4.215e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.796e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01
4.795e+01

1.370e+01
1.494e+01
1.425e+01
1.290e+01
1.028e+01
1.028e+01
1.029e+01
1.029¢e+01
1.029¢e+01
1.029e+01
1.029e+01
1.029e+01
1.029¢e+01
1.029e+01
1.029¢e+01
1.029¢e+01
1.029e+01
1.029e+01
1.029¢e+01
1.029e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.028e+01
1.027e+01
1.027e+01
1.029e+01
1.029¢e+01
1.029¢e+01
1.029e+01
1.029e+01
1.029¢e+01
1.029e+01
1.029e+01
1.029¢e+01
1.029¢e+01
1.029e+01
1.029e+01
1.028e+01
1.024e+01
1.024e+01
1.024e+01
1.024e+01
1.023e+01
1.023e+01
1.023e+01

1.874e+01 .
1.884e+01 .
1.900e+01 .
1.871e+01 .
1.954e+01 .
1.954e+01 .
1.948e+01 .
1.948e+01 .
1.948e+01 .
1.948e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.944e+01 .
1.941e+01 .
1.941e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.947e+01 .
1.954e+01 .
1.951e+01 .
1.951e+01 .
1.951e+01 .
1.951e+01 .
1.951e+01 .
1.952e+01 .
1.952e+01 .

*knock
*knock
*knock
*knock

—>electron

—>photon

*photoelectric

—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*bremsstrahlung
—>photon
*photoelectric
—>electron
*Moller

—>electron

*Moller

—>electron

*Moller

—>electron

*Moller

—>electron

*Moller

—>electron

*Moller

—>electron

+>photon

*photoelectric

—>electron

*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron
*Moller
—>electron

+>photon

*photoelectric

—>electron
+>photon
*Rayleigh
*Rayleigh
*photoelectric
—>electron

%%
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event of a nuclear reaction that causes a sudden spike in energy deposition; this
is a manifestation of the under-sampling outlined in Section 1.2. By the same
token, Listing 2 answers for the spike at the 65395th history at depth 5.435 cm

on the beam central axis; rows 4 and 5 correspond exactly to that pixel.

4. Conclusion

History-history computation of variance has been implemented and compared
against batch-by-batch estimation. The issue of undersampling was addressed.
Two spikes in variance, even as it was apparently decreasing monotonically up to
that point, were traced to their origin by examining single histories interaction
by interaction using FTREE. The particle undergoing a low-probability event
(photoneutron collision), of entirely correct physics, was uniquely identified.
Two radiation histories were presented, featuring invaluable data which would
have been washed out by averaging and which could only be available from
Monte Carlo simulations. Dynamic versions of this and other histories are

available online?.
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