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Abstract

We formulate efficient polynomial expansion methods and obtain the exact traveling wave solu-
tions for the generalized Camassa-Holm Equation. By the methods, we obtain three types traveling
wave solutions for the generalized Camassa-Holm Equation: hyperbolic function traveling wave
solutions, trigonometric function traveling wave solutions, and rational function traveling wave
solutions. At the same time, we have shown graphical behavior of the traveling wave solutions.
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1. Introduction

The study of dispersive waves originated from the study of water waves. To find the exact solutions of nonlinear
evolution equation arising in mathematical physics plays an important role in the study of nonlinear physical
phenomena. There exists an important class of solutions of nonlinear evolution equations is called traveling wave
solutions which attract the interest of many mathematicians and physicists. The traveling wave solutions reduce
the two variables, namely, the space variable x and the time variable t, of a partial differential equation (PDE) to
an ordinary differential equation (ODE) with one independent variable &=x-ct where ce (R—{O}) is the
wave speed with which the wave travels either to the right or to the left. There are many classical methods pro-
posed to find exact traveling wave solutions of PDE. For example, the homogeneous balance method [1], the
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tanh method [2] [3], the Jacobi elliptic function expansion [4]-[14], differential quadrature method [15], the
truncated Painleve expansion [16], Lie classical method [17], Hirota bilinear method [18], Darboux transforma-
tion [19], the trial Equation method [20]. Recently, more and more methods to find traveling wave solutions

’

are made. In [21]-[26] introduced a method called the %-expansion method and obtained traveling solution for

the four well established nonlinear evolution equation; Seadawy et al. [27] proposed sech-tanh method to solve
the Olver equation and the fifth-order KdV equation and obtained traveling wave solutions. Those methods are
very efficient, reliable, simple in solving many PDEs.

In 1993, Camassa and Holm used Hamiltonian method to derive a new completely integrable shallow water
wave equation

u, +2xU, —U,, +3uu, =2uU,, +Uuu,,, (D)

where u is the fluid velocity in the x direction (or equivalently the height of the water’s free surface above a flat
bottom), x is a constant related to the critical shallow water wave speed, and subscripts denote partial deriva-
tives. This equation retains higher order terms (the right hand of) (1) in a small amplitude expansion of incom-
pressible Euler’s equations for unidirectional motion of wave at the free surface under the influence of gravity.
Now, Equation (1) is called Camassa-Holm (CH) equation. In [28], the authors showed the smoothness of peri-
odic traveling wave solution of the CH equation with the wave length A, where the periodic traveling wave
solution is a special solution we obtained. In recently years, CH Equation has been generalized to the following
generalized Camassa-Holm (GCH) equation

U +2KU, — U, +%[f (u)]X =2u,u, +Uuu,, (2)

where f (u) isa function of u. In 2001, Dulin et al. considered a generalized CH equation

Up + CoU, +3UU, — a? (Uyq + 2U, Uy + Ul )+ 7Uy, =0, (3)

Xxt

which is called CH-y equation. Here «,c, and y are constants, and « # 0. The CH-y equation becomes the
CH equation when a” =1, C,=2x and y=0. In[11] [12], the authors discussed the bifurcations of traveling
wave solutions for the generalized Camassa-Holm Equation (2) and corresponding traveling wave system with
f(u)=au®+pu,ie
U, +2KU, — U, +%[au2 + ﬂu3]x =2U,U,, +UlU,,. 4

In [13], the authors discussed the bifurcations of smooth and non-smooth traveling wave solutions for the
generalized Camassa-Holm Equation (2). In [14], the author obtained the numerical solution of fuzzy Camassa-
Holm equation by using homtopy analysis methods. We look for the traveling wave solutions of (4) in the form
of u(x,t)=¢(x—ct)=¢(&), where c is the wave speed and &=x—ct. In this paper, we pay attention to
solve the (4) and get the traveling wave solutions for the Equation (4).

This paper is organized as follows. In Section 1, an introduction is presented. In Section 2, a description of the
polynomial expansion method is formulated. In Section 3, the traveling wave solutions of the GCH are obtained.
Finally, the paper ends with a conclusion in the Section 4.

2. Analysis of the Polynomial Expansion Methods

In this section we describe the polynomial expansion methods for finding the traveling wave solutions of nonli-
near evolution equation. Suppose a nonlinear equation which has independent space variable x and time variable
tis given by

P (U, Uy, Uy, Uy, Uy, Uy, +++) =0, ®)

T I M ity
where u=u (x,t) is an unknown function, P is a polynomial of u and its partial derivatives and the polynomial
P includes the highest order derivatives and the nonlinear terms. In following, we will describe the polynomial
expansion methods.
Suppose that u(x,t)=¢(x—ct)=¢(¢&), where ¢ is the wave speed and & = x —ct . The Equation (5) can be

reduced to an ODE with variable ¢ §)
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P(¢.¢'.¢"+)=0, (6)

where “” is the derivative with respectto & .

!

2.1. Analysis of G

-Polynomial Expansion Methods

!

Step 1. Suppose the solution of Equation (6) can be expressed by a polynomial in % as follows,

G!

(6)= 322 [g) , ™

where @, are real constants with a; =0 to be determined, N is a positive integer to be determined. The func-
tion G(&) is the solutions of the auxiliary linear ODE

G"(£)+AG'(£)+uG(£) =0, ®)

where A and u are real constants to be determined.
Step 2. Substituting (7) into (6). At first, balancing two highest-order, get the value of N. Then separate all

!

terms with same order of % together, the left hand of (6) is converted into anther polynomial of E where

G(§) is the solution of (8). Equating each coefficient of polynomial to zero. Then we obtain algebraic
equations of a,,a,,---,ay, &s,c, 4 and u aresolved by using Maple.

Step 3. Since we can get the general solutions of Equation (8), then substituting a,,a,,---,a,,C and the gen-
eral solutions of (8) into (7). Thus, we obtain more traveling wave solutions of nonlinear partial differential Eq-
uation (5).

2.2. Analysis of Sech-Tanh Polynomial Expansion Methods

Step 1. Suppose the solution of Equation (6) can be expressed by a polynomial in sech'&tanh! & as follows,
N .
#(&)=a,+ Y sech'™ (asech& +b tanh &), ©)
i=1

where a,,a,---,a, and b,b,,---,b, are constants to be determined.

Step 2. Equating two highest-order terms in the ODE (6) and getting the value of N.

Step 3. Let the coefficients of sech'¢tanh’ & where i=1,2,--- and j=0,1 equate to zero. We have alge-
braic equations about the unknowns a,,a,,---,a, and b,b,,---,b .

Step 4. By using Maple, we can solve the algebraic equations in step 2 and we obtain the traveling wave solu-
tions of (5).

3. The Traveling Wave Solutions of GCH

In this section, we will employ the proposed polynomial expansion methods to solve the generalized Camassa-
Holm Equation (4). Substituting u(x,t)=g¢(x—ct)=¢(&) into (4), we have

(cc+20) '+ " + g + > = 204"+ 44" (10)
where “'” is the derivative with respectto &.

!

3.1. Application of G

-Polynomial Expansion Method

!

In this section, we apply the GE -polynomial expansion method to solve the Equation (10).

Balancing the terms ¢°¢' with ¢¢” , we obtain N =2 . Therefore, we can write the solution of Equation
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(10) in the form

§(£)=a, + a{%} a, [%] , (11)
where a, #0 and G =G(¢). From Equation (8) and (11), we obtain
§(6)=ia {(% e ﬂ(%} . u(%” (12)
9" (&) =giai {(i +1)(%jm +(2i +1),1(%jm +i(22+ Zy)y(%ji
g s (13)
+(2i—1)/1y(%j +(i—1)y2(a] }
(&)= —izz;‘iai {(i +1)(i+ 2)(%)”3 +3(i+1)° A(%}M +((3% +8i+2)(2+ )+ u)(%’r
+(i2 (2 +6/1y)+2/1y)(%j +((3i2 —~3i+1)(A2u+ )+ ;ﬂ)(%ji_l (14)

’

+3(i -1 A (%jiz H(i-1)(i-2)4 (%ja}

Substituting (11), (12), (13), and (14) into Equation (10), let the coefficients of (%j (i=0,1,2,34,56,7)

be zero, we obtain the algebraic equation system for a,,a,,a,,c,c, 5,4 and u as follows:

N
(%) :-3a3 3 + 48a’;

G'Y. 15, 2 387
o) T A+ 118302 + 5033, - 32,

1\5
[%) :—6a,a’f —3adup +118a,a,4 + 94as A’ — %aiazz BA

+96a) +24a,a, +10a —6a’a, S - 24ca, — 2a’a;

N4
[%) :—54ca, A —6a’a, A — 3a,a,a + 68a,a, 1 +148a] ud
—9a,a,a, +89a,a,4° +54a,a,1 — 6a,c —6a,a S

+6a,3, —%a1a§yﬁ —gafﬂ +24a52° + 228l A - 2alal;

N3
(Ej :564°a7 + 40a,ua, +38a,a,4° —12a,cA — 65a,ua;

+54a’ul’ —3aa,a4 —3Ba%a, +92a,a, 14 — 40cua, — g a’pa

—9a,a,a,54 +12a,a,4 —3a,8 B +8a’u — 38ca,A° - a’a
—2a,a,a +21a,a,4° + 2ca, — 4a,x — 2a’ ua +15a7A%;
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N2
(%) . -3ala, A — a,a,ua —52ca, uA — 2a,a,al — 3a,al A
+27a,a,ul’ +52a,8,ul — 3a,8,a,uf3 + 38’ 1° — 2a,x —8a,cu
—gagaiﬂ —8ca,A° +8a,a,4° + 83/ ud +14a,a, 1 +gafyﬁ
+T7a,a,A° —a,aa +8a,a,u — a’al — da,xd + 2ca,A + 38a5 1A
—7acA’ +ag;
G'Y
(Ej 1 a,CA + 2cua, +16aya,u° —acA® —8a,cul — 2aa,ua
—16ca,u’ — 28] 1* — a0l + 28,8, 1% A — da, ux + o
—14ca,ul” +8a21° +a’ ui® —3ala, uf + 3a,8] up — 2a,xkA
—gagaiﬂ/l +a,a, A% +14a,a,ul” +8aya, u;
G'Y
. 3 2 2 2,2
(Ej t—Aaa,u” —6ca,u° A —aCul” + 28, uK + aga o —2a pA

3
—aCu + A + 28,8,0° + 638,10+ S agauup — 28,cu’.
Solving the algebraic equation system by Maple we obtained six types of solutions:

2(6a3a, — 3,3 —ajx) a,
I: = y = y = L=— 112_1 :01
B =808 = 818, = 8,0 12a,a, —a’ +a2 a, a

15
) 3(96aja; —16a,aa, +12a,a; +3; —a/a; +8ajx ) 5 16 (15)

a; (12a,a, -3/ +2; ) g,

o=

where a,,a,,a, and x are arbitrary constants.

w,ﬂ -0,
C—-2Kx

(33 +c)(c-2x) ,  4(c-2x)
a(a,+c) 3a,(a, +c)’

Il:a,=a,,3 =0,c=c,a,=-
(16)
:O,a:

where a,,¢ and x are arbitrary constants.

2(24°a; —8ayua, +a; —a,k
I:a,=a,,8 =04a,=4a,c=- ('u bl B ),/1=0,
12a, —8ua, +a,

(17)
12(12a] pu — 328y8,1 — 28} pu + 248 + 3898, + 28,K) 16

= ,a:—
i a,(12a, -8ua, +a,) a,

where a,,a,, 4 and « are arbitrary constants.

2K(8,Lt—l) 24k
—————a=0c=ca=—F——7——,
(4u-1)(4u+1) 2 (4u-1)(du+1) 18)
16cu® —c+6x 2(4u—1)(4p+1)

2Kk p=- 3k '

IV:ia, =-

A=0,u=pua=

where c,u and x are arbitrary constants.
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Via, =0, =0c=2xa,-a,1=0u=0aq=—2# 518 (19)
a2 a2
where a, and x are arbitrary constants.
2(6a; —a,x)
Vl:a,=a,,a =0a,=a,c=——F——=,1=0,
8 =88 2= 123, + 4,

(20)

12(24a] +3a,3, +2a,x) 16

ﬂ = 0, o =— 'ﬂ =—,
(123, +2,)a, 3,

where a,,a, and x are arbitrary constants.

Next, we use the solution sets from I to VI and the solutions of (8) to obtain the solutions of (10).

For 1, substituting the solution set (15) and the corresponding solutions of (8) into (11), we obtain the hyper-
bolic function traveling wave solutions of (10) as follows:

~2K, (cosh (=A¢&) —sinh(-1£))
K, + K, (cosh (-2&) —sinh (-1¢£))

K cosh (—Zg)—sinh(.—/lé) ,
K, + K, (cosh (-2&) —sinh(-1¢£))

where K, and K, are arbitrary constants. When a, =4,a, =2,a, =3,k =2,K, =6,K, =5, the figure of I is
like to Figure 1.

For 11, substituting the solution set (16) and the corresponding solutions of (8) into (11), we obtain the ration-
al function traveling wave solutions of (10) as follows:

#h(&)=2a,+a
(21)

b (£)=2, +a2( B ], (22)

N .0 N

3.7

Vi
————
=———

Figure 1. The figure of (10) for I applied % -polynomial expansion method.
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where K, and K, are arbitrary constants. When a, =3,a =0,c=2,x=2,K, =6,K, =5, the figure of Il is
like to Figure 2.

For 111, substituting the solution set (17) and the corresponding solutions of (8) into (11), we obtain the trav-
eling wave solutions of (10) as follows:

When <0, we have the hyperbolic function traveling wave solutions

(K1+KZ)Sinh(\/;‘f)‘(Kl—Kz)cosh(ﬁg) 2
(Ks — Ky )sinh (=& ) + (K, + K, )cosh (J &) |

where K, and K, are arbitrary constants. When u=-2,x=2,a,=2,K, =6,K, =5, the figure of Il1 is like
to Figure 3.
When x>0, we have the trigonometric function traveling wave solutions

chos(\/;(f)— Kzsin(\/ﬁg) i
K, sin(\/;.f)+ K, COS(\/;é’) ’

where K, and K, are arbitrary constants. When u=5k=4,a,=2,K, =6,K, =5, the figure of 111 is like
to Figure 3.
For IV, when u <0, we have the hyperbolic function traveling wave solutions of (10) like the solution

(23).

When >0, we have the trigonometric function traveling wave solutions of (10) like the solution (24).

For V and VI, we have the rational function traveling wave solutions of (10) like (22).

In addition, the figures of 1V are similar to the figures of 111, and the figures of V and VI are similar to the
figure of 11.

P (f) =8, — az:”[ (23)

P (f) =a, + azﬂ[ (24)

3.2. Application of Sinh-Tanh Polynomial Expansion Method

In this section, we apply the sinh-tanh polynomial expansion method to solve the Equation (10).
Balancing the terms ¢°¢’ with ¢¢” , we obtain N =2 . Therefore, we can write the solution of Equation
(10) in the form

4000

5000 ‘
I

|
|

Figure 2. The figure of (10) for Il applied % -polynomial expansion method.



J. L. Lu, X. C. Hong

x10°

Figure 3. The figure of (10) for 111 applied %-polynomial expansion method. The first

figure satisfies <0 and the second one satisfies x>0.

2 B
$(&)=a,+ Y sech'™ (gseché +b; tanh &), (25)
i=1
where a,,a,,a,,b,b, are constants to be determined, and a,,b, at least one is not zero. From (25), we have

¢ (&)= Zzl(iaisech‘f tanh & + (i —1)bsech™¢ — (i - 2)sech”1); (26)

¢'(&)= Zz:(izaisech‘(f —(i2 —1)sech”2§ +(i-1)* bsech' £ tanh &

—(i-2)(i+1)bsech' tanh 5);

@7)
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¢"(&)= i(ie'aisechigtanh £~ (" =i)(i+2)sech™*¢ tanh £

+(i-1)’ bsech™& - 2(i - 2)(i* +1)bsech™¢ (28)
+i(i—2)(i+1)bsech™*¢).

Substituting (25), (26), (27), and (28) into Equation (10), let the coefficients of sech'tanh’&
(i=0,1,2,3,4,5,6,7;j=0,1) be zero, we obtain the algebraic equation system with the unknowns
a,,8,,8,,b,b,,, f and c. Like above section, we solve the algebraic equation system by Maple, we get four
types of solutions as follows:

2(2a2+4a.a, +a
i5ao=ao:ai=0,az=a2,b1=0,bz:o,c:_(a° ki 2"),

4a, +3a,
(29)
4(8a] +13a,3, +9a; — 2a,x ) 16
o= B =—,
a2(4a, +3a,) 3a,
where a,,a, and x are arbitrary constants;
N 2 8
1] :aO :——K,a,l :O’a2 :_K’bl :O,b2 ZO,CZC,
5 15
(30)
_3(2x+5c) , 10
o2 T K]

where cand « are arbitrary constants;
iiitay=-x,8 =a,a,=0b =0,b,=b,,c=c,a=3,4=0, (31)

where a,,b, and x are arbitrary constants;

ivia,=0,a =0,a, =a,b =0,b, :0,0:_2,(,
(32)

azm,’gz_ﬁ

3a, 3a,’
where a, and x are arbitrary constants.
Therefore, we obtain the solutions of (10) by the solution sets from case 1 to case 4.
For i, substituting the solution set (29) into (11), we obtain the hyperbolic function traveling wave solutions of
(10) as follows:

¢ (&) =a, +a,sech’é = a, +a,sech? (x —ct), (33)

where a, and a, are arbitrary constants. When a, =2,a, =3, the figure of i is like to Figure 4.
For ii, substituting the solution set (30) into (11), we obtain the hyperbolic function traveling wave solutions
of (10) as follows:

2 8 2 8
= —Z ik +—xsech’s = — =k + —xsech? (x —ct), 34
¢2(§) 5 15 5 15 ( ) (34)

where « and c are arbitrary constants. When x =2,¢ =4, the figure of ii is like to Figure 5.
For iii, substituting the solution set (31) into (11), we obtain the hyperbolic function traveling wave solutions

of (10) as follows:
¢, (&) = -« +aseché +b,sech& tanh & -
=—« +a,sech(x—ct)+hb,sech (x —ct)tanh (x —ct),

where x,a,,b, and c are arbitrary constants. When x=2,a =1b, =3,c=0.5, the figure of iii is like to
Figure 6.
For iv, substituting the solution set (32) into (11), we obtain the hyperbolic function traveling wave solutions
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Figure 7. The figure of (10) for iv applied sinh-tanh polynomial expansion method.
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