Applied Mathematics, 2016, 7, 193-218 ’0:0 Scientific
Published Online February 2016 in SciRes. http://www.scirp.org/journal/am ”:Q’ 53?%2?329
http://dx.doi.org/10.4236/am.2016.73019 ¢

Idempotent Elements of the Semigroups
By (D) Defined by Semilattices of the Class

¥3(X,8) When Z;#J

Giuli Tavdgiridze, Yasha Diasamidze, Omari Givradze

Faculty of Physics, Mathematics and Computer Sciences, Department of Mathematics, Shota Rustaveli Batumi
State University, Batumi, Georgia
Email: g.tavdgiridze@mail.ru, Diasamidze_ya@mail.ru, omari@mail.ru

Received 21 June 2015; accepted 22 February 2016; published 25 February 2016

Copyright © 2016 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

In the paper, complete semigroup binary relation is defined by semilattices of the class X, (X ,8).

We give a full description of idempotent elements of given semigroup. For the case where X is a fi-
nite setand Z, # J, we derive formulas by calculating the numbers of idempotent elements of the

respective semigroup.
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1. Introduction

Let X be an arbitrary nonempty set, D be a X-semilattice of unions, i.e. a nonempty set of subsets of the set X
that is closed with respect to the set-theoretic operations of unification of elements from D, f be an arbitrary
mapping from X into D. To each such a mapping f there corresponds a binary relation ¢, on the set X that sa-

tisfies the condition a; = [J({x}x f(x)). The set of all such «, (f:X — D) is denoted by B, (D). Itis

xeX
easy to prove that B, (D) is a semigroup with respect to the operation of multiplication of binary relations,
which is called a complete semigroup of binary relations defined by a X-semilattice of unions D (see 2.1 p. 34 of
[1]).
By & we denote an empty binary relation or empty subset of the set X. The condition (x, y)ea will be
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written in the form xay . Furtherlet x,ye X, Y ¢ X, aeB, (D), TeD, @=D'cD and teD= UY )
Then by symbols we denote the following sets: YeD
ya ={xe X |yax}, Ya=]ya, V(D,a)={Ya|Y e D},

yeY
X' ={T|@=Tc X}, D/={Z'eD'|teZ'}, D} ={Z'eD'|T cZ'}.
D; ={Z'eD’|Z' T}, (D, T)=u(D'\D;), Y ={xe X |xa =T}.

By symbol A(D,D,) we mean an exact lower bound of the set D’ in the semilattice D.

Definition 1.1. Let £€B, (D). If scc=¢ or aoe=a forany aeB, (D),then & iscalled an idem-
potent element or called right unit of the semigroup B, (D) respectively.

Definition 1.2. We say that a complete X-semilattice of unions D is an Xl-semilattice of unions if it satisfies
the following two conditions:

a) A(D,D,)eD forany teD;

b) Z=|JA(D,D,) forany nonempty element Z of D. (see [2], definition 1.14.2) or see ([3], definition 1.14.2)

teZ
Definition 1.3. Let D be an arbitrary complete X-semilattice of unions, « € B, (D) Af

V(X"a), if@eD,
Vla]={V(X".a), if@eV (X", a),
V(X' a)u{d}, if@eV (X ,a)and @D,

then it is obvious that any binary relation « of a semigroup B, (D) can always be written in the form
a= U (YT“ xT) the sequel, such a representation of a binary relation « will be called quasinormal.
TeV[a]

Note that for a quasinormal representation of a binary relation « , not all sets Y;* (T eV [a]) can be dif-
ferent from an empty set. But for this representtation the following conditions are always fulfilled:

a) YYNnY. =, forany T,T'eD and T=T';

b) X = |J Y. (see[2], definition 1.11 or see [3], definition 1.11)

TeV]a]

Definition 1.4. We say that a nonempty element T is a nonlimiting element of the set D" if T \I(D’,T ) e %)
and a nonempty element T is a limiting element of the set D’ if T \I(D’,T ) =

Definition 1.5. Let us assume that by the symbol X, (X,D) denote a set of all Xl-subsemilatices of
X-semilatices of unions D every element of this set contain an empty set if @ e D or denotes a set of all XI-
subsemilatices of D.

Further, let D,D’eX} (X,D) and 9, ==}, (X,D)xZ}, (X,D). It is assumed that DY, D" iff there
exist some complete isomorphism ¢ between the semilatices D and D’. One can easily verify that the binary
relation 9, is an equivalence relation on the set X, (X, D).

Further, if Q ia a Xl-subsemilattice of unions, then by the symbol QJY,, we denote that 9,, -equivalence
classes of the set =}, (D) for each element of which there exists a complete isomorphism on the semilattice Q.
(see [2], definition 6.3.5 or see [3], definition 6.3.5)

Theorem 1.1. A binary relation « € By (D) is a right units of this semigroupiff « is idempotent and
D=V (D,a) (see[2] Theorem 4.1.3 or [3] Theorem 4.1.3 or [4] Theorem 2.1).

Theorem 1.2. Let D be a complete X-semilattice of unions. The semigroup B, (D) possesses right unit iff
D is an Xl-semilattice of unions. (see [2] Theorem 6.1.3 or [3] Theorem 6.1.3 or [4] Theorem 2.6).

Theorem 1.3. Let X be a finite set and D(«) be the set of all those elements T of the semilattice
Q=V(D,a)\{@} which are nonlimiting elements of the set Q; . A binary relation « having a quasinormal

representation o = U (YT" xT) is an idempotent element of this semigroupiff
TeV(D,a)

a) Vv (D, a) is complete Xl-semilattise of unions;
by U Y =T forany TeD(a);

T'elj(a).l.
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c) Y NT = for any nonlimiting element of the set D(az)T (see [2] Theorem 6.3.9 or [3] Theorem
6.3.9).

Theorem 1.4. Let D, (D), ES)(D’) and | denote respectively the complete X-semilattice of unions, the
set of all XI-subsemilatices of the semilattice D, the set of all right units of the semigroup B, (D’) and the set
of allidempotents of the semigroup B, (D). Then for the sets ES(')(D’) and | the following statements are
true:

a)if @eD and ¥,(D)={D'eX(D)/DeD’} then

1) E&’)(D’)m E@(D”)z@ for any elements D' and D" of the set £, (D) that satisfy the condition
D'#D";

2 1= |J EV(D);

D'ex(D)

3) The equality |I|= D’z

(D)

EY (D’)‘ is fulfilled for the finite set X.

b)if PeD,then
1) EY(D')nEY (D")=2 foranyelements D' and D" oftheset (D) that satisfy the condition
D'«D";

2 1= U EY(D);
D'GE(D)
3) The equality [I|= E&')(D')‘ is fulfilled for the finite set X. (see [2] Theorem 6.2.3 or [3] Theorem
D'ex(D)

6.2.3 or [4] Theorem 6).

Lemma 1.1. Let Y ={y,,Y,,~~ Y} and D;={T,---,T;} be some sets, where k>1 and j>1.Then the
number s(k, j) of all possible mappings of the set Y on any such subset of the set D] that T, € D} can be
calculated by the formula s(k, j)= j*—( ] —1)k (see [2] Corollary 1.18.1 or [3], Corollary 1.18.1 or [4] equal-
ity 6.9).

Lemma 1.2. Let D; :{Tl,Tz,---,Tj} , X, Y are tree nonempty set and Y < X . f be a mapping of the set X in
the set D; which satisfies the conditions  f (y) =T, forsome yeY, Then number such mappings of the set

Xintheset D; isequalto s= iVl ( i"-(i —1)M) (see [2] Theorem 1.18.2 or [3] Theorem 1.18.2).

Lemma 1.3. Let D by a complete X-semilattice of unions. If a binary relation ¢ of the form
e={J({t}xA(D, Dt))u((x \ f))x 5) is right unit of the semigroup B, (D), then & is the greatest right
teD

unit of that semigroup (see [2], Lemma 12.1.2 or [3], lemma 1.1.2).

Theorem 1.5. Let D={D, Z2,Z,,+,Z, .+ besome finite X-semilattice of unions and
C(D)={R,,R,P,,---,P,,} be the family of sets of pairwise nonintersecting subsets of the set X. If ¢ is a
mapping of the semilattice D on the family of sets C(D) which satisfies the condition go(f)):PO and
¢(Z;)=P forany i=12-,n-1 and D, =D\{T eD|Z T}, then the following equalities are valid:

D=R,URUPRU--UPR, Z=RuU |J o(T) (1.1)

TeDg

In the sequel these equalities will be called formal.

It is proved that if the elements of the semilattice D are represented in the form (1.1), then among the parame-
ters P (i =0,1, 2,--~,n—1) there exist such parameters that cannot be empty sets. Such sets P, (0< i< n—l)
are called basis sources, whereas sets P, (0 <j<n —1) which can be empty sets too are called completeness
sources.

The number the basis sources we denote by symbol & .

It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is
always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a com-
pleteness source either does not exist or is always greater than one (see [2], 11.4 or [3], 11.4 or [5]).

Theorem 1.6. Let X be a finite set; & and g are respectively the number of basic sources and the number of
all automorphisms of the semilattice D. If [X|=n>5 and |Z,(X,m)=s, then



G. Tavdgiridze et al.

1 e o (o) (p-o))
3RS )

p—i+1)!

il
where Cjk = W (see [2] Theorem 11.5.1 or [3] Theorem 11.5.4).
L(j—k)!
we give complete classification all XI-subsemilattices of the semilatticeopf the class ES(X ,8)
we derive formulas by calculation the numbers of the semilattices of the given class.

2. Results

In this subsection it is assumed that Z, =< and we characterize the idemtpotent elements of the complete se-
migroup of binary relations which are defined by semilattices of the class X, (X,8).
By the symbol £,(X,8) we denote the class of all X-semilattices of unions whose every element is isomor-

phic to X-semilattice of the form D = {27,26,25,24,23, Z,,Z, D} , Where
Z7CZGCZ4CZZC5, Z7CZGCZ4CZlCD,
Z7c25<:Z4<:ch|j, Z7C25CZ4C21C|5,
Z,c2,cZ,cZ cD;
Z\NZ, 20, Z\2,#D, Z\L,#D, Z,\Z,# O,
Z\NZ,#D, Z\Z,#D, Z\Z, =D, Z\Z, # O,
ZN\NZy D, Z\Z, #D;

(2.1)

The semilattice satisfying the conditions (2.1) is shown in Figure 1.
It is further assumed that C(D)={P,,R,P,,P,,P, R, P;,P,} is some set of pairwise nonitersecting subsets
of the set X, then formal equalities for the element of the considered semilattice have the form

D=P,URUP,UP,UP,UR,UP, UP,
Z, =R UP,UR,UP,URUP, UP,
Z,=P,URUP,UP,UR,UR UP,
Z, =R, UP,UP,UR, UR, UP, 2.2)

Z, =R, UPR,UR, UF,UP,

Z; =P UBUP,

Z,=P,UR,UR,UP,

Z; =FK
where |R|>0,|P,[>0,|R|>0,|P,|>0,|R|>1]|P,|>1|R|>1]|R|>1 thus the elements P, P, P, andP, are the
sources of completeness, while the elements B, P,,P,, P, are the basis sources of the X-semilattice of unions D

Figure 1. Diagram of D.
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Lemma2.1. Let DeZ;(X,8), [25(X,8)|=s and |X|=5 24.If X be afinite set, then

s=%-(5“—4.6" +6-7"—4-8"+9").

Proof. In this case we have: m=8, §=4 and q=2, while the given semilattice D has only one identity
automorphism. Of this and by Theorem 1.6 follows

S=1-i["z”[(‘l)"””@f4-c:-<4!)-<<p-4>!>-inﬂ,

(i-1)1 -(p—i+1)!

il
Y Therefore the equality s =%-(5” ~4.6"+6-7"-4-8"+9") istrue,

k _
where Cj = .(j—k)!

The Lemma is proved.

Example 2.1. Let n=4,56,7,8,910, then: s=24,840,17760,147000,2099412,27156780,327284760
and |BX (D)| =4096,32768,262144,2097152,16777216,134217728,1073741824.

The number obtained show that if, for instance |X| =10, than the number of elements in the class of semi-
groups, where each element is defined by some semilattice of the class is equal to X, (X ,8) 327284760, while
the number of elements in each semigroup belonging to this class is equal to 1072741824.

Let us define all subsemilattice of the semilattice D.

Lemma 2.2. Let DeX,(X,8). Then the following sets exhaust all subsemilattices of the semilattice
D={2,,2,,2,2,,2,,2,.2,,D}

1) {27}’{Ze}'{Zs}'{24}'{Zs}’{zz}’{zl}'{ﬁ}'

(see diagram 1 of the Figure 2);
(2,,2,}.{2,,2,}{2,.2,}.{2,.2,} {Z,. 25} {2,. 24} {Z,. D} {Z6. 2.} {Z5. 2.}

2) {Z4,2,},{Z5,D},{Z5,2,},{Z5. 24} {Z5.2,} {25, 2,}.{Z5, D} {24, 2, {2, 2.},
{,.D}.{2,.2,}.{z,.D}.{z,.D}.{z,.D}.

(see diagram 2 of the Figure 2);
Z,,25.2,}427.25.2,}.{27.24.2,}{Z,.25,D}.{Z,. 25, 2,},{2;.25.2,}.{Z,. 25, 2, ),
Z,,25,2,},{Z;,25,0}.,{Z;,2,.2,} {Z,,2,.2,}.{2,.2,,0}.{Z,,2,,2,}.{Z;,2,, D},

2,.0}.{Z,.2,.B},{Z,,2,,5},

Z5.24,2,},{25.24,2,}.{Z5.2,.0}.{Z5.25,2,}.{Z5. 25, D}.{Z;.2,.D}.{Z;. 2, D},

{

{

3) {2,,2,,0},{Z;,2,,0}.{Z.2,,2,} {Z.24. 2.} {25, 2,

{

{2,.2,,0}.{2,,2,,0}.{2,,2,,D}.

(see diagram 3 of the Figure 2);

Z,,25.24,2,}.{27,24,24,2,}.{Z;,24.2,,D}.,{Z;,2,,2,,D
z

}
2,,25.2,,2,}.{27.25.2,,2,},{2,.25.2,,0},{2,.25.2,,2,}.{Z;.Z5.Z,, D},
{2,,2,,2,,D},
{

Z5,2,,2,,D}.

12,.2,.2,,B},

Z,,Z5,2,,0},{2,.2,,2,,0},{2,,2,,2,,0}.{Z,,2,,2,,D},

Z5,2,,2,,0},{2,.2,,2,,0},{Z;.2,,2,,0},{Z,.2,,Z,,D},

(see diagram 4 of the Figure 2);
{2,.2:,2,,2,,0}.{2,.2,,2,,2,,0}.{Z;,2;,2,,2,,0}.{Z;.,Z;,2,,2,,D},

{
4)§
{

5) .
{2,.25,2,,2,,D}.

(see diagram 5 of the Figure 2);



G. Tavdgiridze et al.

. {2,,2,.2,,2,},{2,.2,.2,,0}.{Z,.,2,,2,,2,} {Z,.2,,2,, D},
{2:,2,,2,,0}.{2,.2,,2,,2,}.{2,.2,,2,,0}.,{Zs.,Z,,2,,D}.

(see diagram 6 of the Figure 2);

) {2,,2,,2,,2,,0}.{2,,2,2,,2,,2,}.{Z;.,25,2,,2,,D}.{Z,,25,2,,2,,D},
{,,2,,2,,2,,0},{2,,2,,2,,2,,D}.{Z,,2,,2,,Z,,D}.

(see diagram 7 of the Figure 2);

8) {2,.2:.2,,2,,2,,0}:{2,,2,,2,.2,,2,,B}.
(see diagram 8 of the Figure 2);

9) {2,.25,2,,2,,2,,0}.

(see diagram 9 of the Figure 2);

) {2,,24.25,2,,2,}{27,25,25,2,,2,} {2,, 24, 25,2,, D},
{z,.2,,2,,2,,0}.{2,,2,,2,,2,,0}.{2,.2,,2,,2,,D},

(see diagram 10 of the Figure 2);

11) {2,,2,,2,2,,2,,0},{2,.2,,25,2,,Z,,D}.

(see diagram 11 of the Figure 2);

12) {2;,25.25.2,,25,2,}.{27,25.2,,2,,2,,0}.{2,.2,,2,,2,,2,,0} {25, 2,,2,,2,,Z,,D}.
(see diagram 12 of the Figure 2);

13) {2,,25,2,,2,,2,,2,,D}.

(see diagram 13 of the Figure 2);

14) {2,.25.25,2,,2,,2,,D},

(see diagram 14 of the Figure 2);

15) {2,,24,25,2,,2,,2,,D},

(see diagram 15 of the Figure 2);

16) {2;.2.25.24,25,2,,Z,,D}.

(see diagram 16 of the Figure 2);

17) {2,,2,,0},{2,.2,,0}.{Z4.25,2,} {2424, 2,}.{24. 25, 2.}
(see diagram 17 of the Figure 2);

18) {Z4.25,2,,0}.{Z4,25,2,,2,},{Z5.Z5, 24,2} 24,25, 2,,D},{Z,. 24, 2,,D}.
(see diagram 18 of the Figure 2);

19) {2,,2,.2,,0}.{Z.2,,2,,Z,}.

(see diagram 19 of the Figure 2);

20) {2,,25,2,,2,,0},{Z4,25,2,,2,, D,

(see diagram 20 of the Figure 2);

21) {ZG'Z4’Z3’ZI’D}’

(see diagram 21 of the Figure 2);

22) {2,,25,24,24,2,},{25,2,,2,,2,,0},{2,,2,,2,,2,, D},
(see diagram 22 of the Figure 2);

23) {24,25,24,25,2,},{24,2,,2,.2,,0},{2,,2,.2,,2,, D},
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ST

A

Figure 2. All diagrams of subsemilattices of the semilattice D.

(see diagram 23 of the Figure 2);

24) {24,25,2,,2,,2,,0},

(see diagram 24 of the Figure 2);

25) {25.2:,2.,2,.2,,D,

(see diagram 25 of the Figure 2);

26) {Z4,2,25,2,,2,,0},

(see diagram 26 of the Figure 2);

27) {2,,25.2,,2,,2,,D};

(see diagram 27 of the Figure 2);

28) {2:,2,,2,,2,,2,,0},

(see diagram 28 of the Figure 2);

29) {2,.25.2,,25,2,,2,, D},

(see diagram 29 of the Figure 2);

30) {Z,.24.24,25,2,,2,,D},
(see diagram 30 of the Figure 2);

Proof. It is easy to see that, the sets {27},{26},{25},{24},{23},{ZZ},{Zl},{D} are subsemilattices of the

semilattice D.
The number subsets of the semilattise D, which contain two element is equal to C? = 28 . They are:

{2,,2.}.{2,.2,}{2,.2}.{2,.2,} {2, 2:}.{Z,.2:}.{Z;.D}.{Z;. D},
{26,2,}.{26.2,}.{2.2,}.,{Z5.D}.{Z,, D} {25, 2.} {25, 2,}{Z5.2,},
{25,2,}.{2,.2,}.{2..2,}.{2,.D}.{2,,2,}.{2,.D}.{z,, D},

(23 2V 426,24 126, 25} (20, 2,1 (24,2,

It is easy to see that, last five sats are not subsemilattices of the semilattice D.
The number subsets of the semilattise D, which contain tree element is equal to C; =56 . They are:
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{2,,2,,2,}.{2,.2,.0}.{2,,2,,0}.{Z,,2,,0}.{Z,,Z,,D}.{Z,.2,, D}

(2,,2,,2,12,,2,,2,},12,,2,, 25} 12,24, 2,} {2,,2,,2,} 12,,2,,2,}
{2,,2,,2,} {24, 25,23} {25, 25,2,} {24, 25, 2,} {24, 25, D} {24, 2., 2}
{25.2,,2,}.{2,.2,.2,},{2,.2,,D},{2,.2,,2,} {25, 2,, 2.} {25, 2,2,

{24,2,,2,},{2,,2,,D},

It is easy to see that, last twenty sats are not subsemilattices of the semilattice D.
The number subsets of the semilattise D, which contain four element is equal to C, =70 . They are:

{2,,25.25,2,}.{27.24,2,.2,} {2+, 25,24, 2.} {27, 25,2, 2,}.{Z,. 24,2, D},

{2,,2,,2,,0},{2,.2,,2,,2,}.{2,.2,.2,,2,}.{2,.2,,2,,D}.{Z;,2,,2,,D},
{2,.25,2,,2,}.{2,.2,,2,,0},{Z;,25,2,,0},{Z,.2,,2,,0},{Z,,25,2,, D}
{2,.2,.2,,2,}.{2,.2,.2,,0}.{2,.2,.2,,0}.{2,.2,.2,,D},{Z,.Z,,Z,, D}
{2,.2,,2,,0},{2,.2,,2,,D}{25.2,.2,.2,} {25, 2,.2,,0} {Z;. 25, 2,,Z,}
{26.25,2,,0}.{2.25,2,.2,} {24.2,.25,2,} {Z4.25.2,,2,}.{Z5.2,.2,. D}
{25.2,,2,,0}.{2,,2,,2,,0},{2,.2,,2,,0}.{2,.2,.2,,D}.,{Z;.Z,,Z,,D}
{25.2,,2,,0}.,{Z;.2,,2,,D}
(2,,2,,2,,2,),{2,,25,2,,2,}{Z,,25,24,2,} 1Z,,24, 25, 2,}{Z,,2,,Z5, Z,},
{2,,2,,2,,2,}.{2,,2,.2,,2,},{2,.2,,2,,0},{2,,2,,2,.2,} {Z,.2,,2,.,Z,},
{2,,2,,2,, 2.} {2,,24.25.2,} {Z,. 25,25, 2.} {27, 24, 25, D} {24, 25,2, 24},
{26.25,2,,2,},{2.25.2,,2,},{25,25,2,,D} {24, 25,2,,0},{Z,,2,, 25,2, },
{26,2,,2,,D},{2,.2,,2,,2,}{2,.2,,2,.D} {Z5,2,.2,.2,}.{Z5.2,.Z,, D},
{25.2,,2,,2,}{25,2,,2,,2,},{25,2,,2,,D},{Z,.2,,2,,2,},{2,.2,,2,,D},
{25,2,.2,,0},{2,,25,2,,0},{Z,,2,,2,,2,},

is easy to see that, last 33 sats are not subsemilattices of the semilattice D.
The number subsets of the semilattise D, which contain five element is equal to CJ =56 . They are:

{2,,25.25,2,.2,}{2,.2.25,2,,2,}{Z,.2,.25.2,,D}.{Z;.,2,,2,.2,, D},
Z5.24,2,,0},{2,.25,2,,2,,0},{2,.2,2,,2,,0}.{Z;,25.2,, 25, 2.},

z,,2,,2,,2,,0}.{2,.2,,2,,2,,0},{2,.2,2,,2,,0},{Z,,25,2,,2,,D},

Z6,25.24,25,2,},{24.25.2,,Z,,D}.{Z;.25,2,,2,,0}.{Z,.2,.2,,2,, D},

W
/-’\—\
N
N
z
N
v
N
)
—

24,2,,2,,0},{2,,2,,2,,2,,0},{2,2,,2,,2,,D},
o).

z:

{

{2,,2,,2,,2,,0},{2,,2,,2,,2,,0} .{2,.2,.2,,2,,0},{Z,,Z,,2,,2,,D},
{

Zs

(25,2,,2,,2,,0},{2,.2,,2,,2,,0},{Z,.2,,2,,2,, 2.},
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2,.24.25,24,2,} 424,24, 25,25, 2,},{2,,24, 25,25, 0} {Z,, 24, 25,2, 2.},

Z,,25,25,2,,0},{2;.25,25.2,,0},{Z;.25,2,,25,2,} {2, 25,24, 25, D},

2,.26.24,2,,2}{27.25.25,2,,2:} 127,25, 25,2,,0},{2;. 25,25, 2,, 24},

2,,25,2,,2,,2,),{2,,25,25,2,, 2},
{

1
Z,,25,2,,2,,2, {

. (26.25,24,24,2,}{25.25,2,,2,,D},

1

{

{

{ I

{ }{2,.25,2,,2,,0},
{2,,2,,2,2,,2,},{2,.2,,2,,Z,,D}, }
(24,25,2,,2,,Z },{26,25,23,zz,zl},{ze,zs,zs,zz, D},{zﬁ,zs,z3,zl, D},
{26,25.2,,2,,0}.{25,24.20,2,,2,} {25, 24,25, 2,0} {25, 2,25, 2,. 2.},
{

Z5,2,,25,2,,D|

is easy to see that, last 29 sats are not subsemilattices of the semilattice D.
The number subsets of the semilattise D, which contain six element is equal to C; = 28. They are:

2,.26.25.24,25,2,}.{2,.25.25,2,,2,,0},{25.2,.2,2,, 2, D}
Z,.24,25,2,,2,,0},{27,25,2,,2,,2,,0},{24,2,,2,,2,,2,, D},
Z,,25,2,,25,2,,D}

2,,24,2,,2,,2,,0},{2,,25,2,,2,,2,,},

{

{ | f

{ ! |
(2,.25,2,,2,,2,,0},{2,.25,2,,2,,2,,0},{Z;,2,.2,,2,,2,, D},
(26.25,2,,2,,2,,0},{2,.25,2,.2,,2,,0}.{Z;.,2,,25,2,,2,, D},
{2,,26.25,2,,2,,2,}{2,.24,25,2,,2,,2,},{2;. 25,25, 25, 2,, D},
(2,,24,2,,2,,2,,0},{2,.2,.25,2,,2,,0} (2,25, 2,25, 2,. 2.},

(2,.26,2,,2,2,,0},{2,.25,2,,2,2,.2,}{2,.,25,2,,2,,2,, D},

(26.25,24,24,2,,2,},{24,25,2,,24,,2,,0} {Z,,24,25,2,, 24,2, },
{

Z4.25,25,2,,2,,D}.

is easy to see that, last 13 sats are not subsemilattices of the semilattice D.

The number subsets of the semilattise D, which contain seven element is equal to C, =8. They are:
{2,.24,25,2,,2,,2,,0}.{2,,2,.,25,2,,2,,2,,D},
(2,,24,2,,2,,2,,2,,0}.,{2,,25,2,,2,,2,,2,,D},
{26,25,2,,2,,2,,2,,0},
(2,.24.25,2,,2,,2,,2,} 2,25, 25, 2,,2,,2,, D,
{2,.26,25,2,,2,,2,,D}

is easy to see that, last 3 sats are not subsemilattices of the semilattice D.

From the proven lemma it follows that diagrams shown in Figure 2, exhaust all diagrams of subsemilattices
of the semilattice D.

Lemma2.3.Let De 23(X ,8) and Z, =< . Then any subsemilattices of the semilattice D having diagram
17 - 30 are never Xl-semilattices.

Proof: Remark, that the all subsemilattices of semilattice D which has diagrams of form 17 - 30 are never
Xl-semilattices. For example we consider the semilatticesuchis defined by the diagram of the form 30 of the

Figure 2.
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Let Q'={T,. T, T,,T,.,T,,T,,T,} and C(Q')={R,,P.,P,, PP, PP} isafamily sets, where
TLTLT, T, T, T T
I:)0 Pl PZ P3 P4 P5 PG
ping of the semilattice Q' onto the family sets C(Q’). Then for the formal equalities of the semilattice Q'
we have a form:

R.P.P, P, P, P, P are pairwise disjoint subsets of the set X and ¢ =( J is a map-

T,=RURUP,UR,UP, UR UPR,
T,=RUVP,URUP,URUP,
T,=RURURUP,URUPR,
T,=R,UP,UP, UR, UP,,
T,=RUPRUR UPR,

T, =R URUP

T=Fh

Here, the elements P, P,, R, P, are basis sources, the element P,,P,,P, is sources of completenes of the
semilattice Q. Therefore |X|2 3 and §=4 Then of the formal equalities follows, that

Q. if ek, z, ifteP,
{TZ,TO}, if teR, 7, if tep
{TaTuTo}, if tep, Z,, if teP,
Q= {TG’T4'T2'T1’T0}: if tePR, A(D’, Dt'): Z,, if tePR
(T, T,,T,T,}, if te P, Z, ifteP,
T, T, T, T,T,}, if teP, Z, ifteP,
T, T, T, T, T, T,}, if te R, Z,, if teP,

We have Q" ={T;,T,,T,,T,} and A(Q,Q/)eQ’ for all teT,. But element T, is not union of some
elements of the set Q'". So, from the Definition 1.2 follows that semilattice D' which has diagram 41 of the
Figure 3 never is XI-semilattice.

Lemma is proved.

Lemma 2.4. Let DeX;(X,8) and Z, =D . Then the following sets are all XI-subsemilattices of the given
semilattice D:

AR AN AR AR ANV ARV AR(E

(see diagram 1 of the Figure 4);
(2,26} {27,2:}{2,.2,) (2., 2:}.{2,.2,},{2,.2,}.{Z,. D} {25, 2.},

2) {24.2,},{25.2,}.{Z5,D}.{Z5.2,} {25, 2,},{25.2,} {25, 2,}{Z5, D},

{2,,2,}.{2..2,}.{2,.D}.{Z,.2,}.{Z,.D}.{Z,.D}.{z,. D};
(see diagram 2 of the Figure 4);
Z,,26,2,}427,25,2,} (25,24, 2,}{2,. 24,0} {2, 25, 2,} {2, 25,25} {2,. 2. 2,} {Z,. 25, 2.},

}
{z,.2, D}{z Z,,D},

){25.2,.B},

{

{z +0}.{2,,2,.2,}.{2,.2,,2.}.{2,.2,,D} {Z,,2,,2,}.{Z;.,Z,,D},
{26,24,2 ${26.2..2,.{Z. 2, ,D},{z 2,,0}.{Z5,2,,0}.{Z5,2,.2,} .{Z5.2Z,,
{ D}, {

Z5,24,2,},{25.2,,0},{Z,,2,,0}.{Z,, {2,,2,,0}.{Z,,2,,D}.{2,,2,,D};

(see diagram 3 of the Figure 4);
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Figure 3. Diagram of Q’.

i s Y

@
T Zz,
1 8

DN

4 7

T'uT"uT" D D
7" " ZI Zz
Z,a T UT Z ’ Z,
T T T Z, Zs Zs
Z T Z,
12 16

7
11

310 N Ne—0~
ND‘ o N

Figure 4. All diagrams XI-subsemilattices of thesemilattice D.

{2,,26,2,,2,},{2,.25,2,,2.}.{2;.25,2,,D},{Z;.2,,2,,D},{Z;,2,2,,D}.{Z;., 25,2, 2, },
{2,,2,,2,.2,}.{2,.2,,2,,D} {2,.2,.2,,2,}.{Z;.25,2,,D}.{Z,.2:,2,,D}.{Z,.Z;,Z,, D},
{2,,2,,2,,0}.{2,.2,,2,,0}.{Z;.2,,2,,0}, {Z;.2,,2,,D}.{Z;.2,,2,,0}.,{Z;.Z,,Z,,D},
12,.2,,2,,0}.{2,.2,,2,,0};

(see diagram 4 of the Figure 4);

5) {2,.25.2,.2,,0}.12,.2,.2,,2,,0} {2,.2,.2,,2,.0} {Z,.25.2,.2,,D}.{Z,.2,2,,,,D},

(see diagram 5 of the Figure 4);
12,,24.2,,2,} {27,242, 2,}{Z,.2,.2,,2,},{Z;.2,,Z,.D}.{Z,.2,,Z,, D},
{25,2,,2,,0},{25.2,.2,,2,}.{2,,2,,2,,0}.{Z;,2,.2,,0}.{Z,,2,,2,, D};

(see diagram 6 of the Figure 4);

) {2,.2,,2,,2,,0}.{2,.2,,2,,2,,2,,}{2,.25.2,,2,,0} .{Z,.25.2,,2,, D},
{2,,2,,2,,2,,0}.{2,.2,,2,,2,,0}{Z;,2,,2,,2,,D};

(see diagram 7 of the Figure 4);

8) {2,,25.2,,2,,2,,0}.{2,.2:,2,,2,,2,,D};
(see diagram 8 of the Figure 4);

9 {2,.2:,2,,2,2,,D};

(see diagram 9 of the Figure 4);

0 (2,,26.25,2,,2,} 12,25, 25, 2,,2,}.{2;. 25,25, 2,,0},{Z;,2,,2,,2,, D},
{2,.25,2,,2,,0},{2,2,,2,,2,,D};

(see diagram 10 of the Figure 4);
11) {2,,24,25,2,,2,,0},{2,.2,.25,2,,2,,D};
(see diagram 11 of the Figure 4);
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12) {2,.25.25,24,25,2,},{2,.25.2,.2,,2,,0},{2,.2,.2,,2,.,2,,0}.{Z5,2,. 2, 2,.2,,D};

(see diagram 12 of the Figure 4);

13) {2,.2,,2,,2,,2,,2,,D};

(see diagram 13 of the Figure 4);

14) {2,.2,.25,2,,2,,2,,D};

(see diagram 14 of the Figure 4);

15) {2,.2,,25,2,,2,,2,,D};

(see diagram 15 of the Figure 4);

16) {Z;.2.25,24,25,2,,Z,,D};

(see diagram 16 of the Figure 4);

Proof: The statements 1), 2), 3), 4), 5) immediately follows from the Theorems 11.6.1 in [2], 11.6.1 in [3], the
statements 6), 7), 8), 9), 10), 11) immediately follows from the Theorems 11.6.3in [2], 11.6.3 in [3]; the state-
ment 12) immediately follows from the Theorems 11.7.2 in [2]; the statement 13) immediately follows from the
Theorema 2.1 in [4], the statement 14) immediately follows from the lemma 2.1. in [5], the statements 15) im-
mediately follows from the Theorems 13.11.1 in [2] and the statement 16) immediately follows from the theo-
rem2.1. in [6].

We denote the following semitattices Q; i =(1,2,---,16) as follows:

1) Q ={T},where T eD;

2) Q={T,T'}, where T,T'eD, TcT’;

3) Q={T,T.T"}, where T,T'T"eD, TcT'cT";

4) Q, ={T,T'T"T", where T,T'T"T"eD, TcT' cT"cT";

5) Q={Z,,T,T'7".D}, where Z,,T,T'T".DeD, Z,cT<T' cT"cD;

6) Q={T.T T"T'UT"}, where T,T'.T"eD, T<T', TcT", T\T"=2Q, T'"\T'#0;

7) Q={T,T T T"T"UT"}, where, TcT'cT", TcT'cT", T'"\T"#@, T"\T"22;
8) Q={2,,7.2,.2,,2,,D}, where T {Z,Z};

9) Qg={z7,zs,z4,zg,zl,|5}, where Z, cZ,cZ,, Z,cZ,c2,, Z,\2,#D, Z,\Z, D,
10) Q,={T, T, T"T'UT"T"}, where T<T', TcT", T\T"#@, T'\T'#@, T'UT"cT";
11) Qu={Z;,25.25,2,,T,D}, where T e{Z,,7,};

12) Q, ={T, T T"T'UT T"T'UT"UT"}, where, TcT', TcT", T\T"#@, T'\T'#Q;

T T, (TUTN\T"2Q, T"\(T'UT") %D ;

13) Qu=1{2,,25,2,,25,2,,2,,D}, where Z,cZ,, Z,cZ,, Z\Z,#D, Z,\2,#D, Z,<Z,;
Z\Z, 20, Z,\Z,#J;

14) Q, ={2;,2,,25,2,,2,,2,,D}, where Z,cZ,,Z, < Z,;

15) Qs ={2;,25.25.2,,2,,2,,D};

16) Qs ={Z;.25.25.2,,25,2,,2,,D}.

Theorem 2.1. Let DeX,(X,8), Z,#J and aeB, (D). Binary relation « is an idempotent relation
of the semigroup B, (D) iff binary relation « satisfies only one conditions of the following conditions:
1) a=XxT,where TeD;

2) a=(YxT)u(YixT'), where T,T'eD, T<T', Y7,Y ¢ {D}, and satisfies the conditions:
Y oT, YPNnT' #d;
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3) a =Y xT)U(YexT)U(YxT"), where T,T'T"eD, TcT' T, VY5,V ¢{@}, and satis-
fies the conditions: Y* o T, YUY, oT', Y nT'#, YPnT"=J;

8) a =Y xT)U(YE xT)u(YExT")U(Y2 xT"), where T,7,T"T"eD, TcT'cT'cT",
Y YS Y ¢ (D) and satisfies the conditions: Yy 2T, Y UYZ 2T', YUY UYS oT7,

YenT' 20, YonT"#0, YanT"#J;

5) o =Y xZ; ) U (Y xT) (% xT)U(Y xT")U(Ys x D), where Z, cT <T'<T"<D,
Y YE YL Yy ¢ { D), and satisfies the conditions: Y, 2Z,, Y,  UY 2T, Y/ UYUYS oT',
Y O OYEOYE DT, YT 2D, YinT 23, YT " #3, Y nD=J;

6) =Y xT)U (¥ xT)U (Y xT") U (Yype x(T'UT")) , where T,T'T"eD, T<T', T<T",
T\T"20, T'"\T' =@, YY", Y" ¢ {&} and satisfies the conditions: Y UY 2T, YUY oT",
YenT' =20, YonT " #J;

7 a=(Y xT)o (N xT) O xT ) O (Y XT") O (¥ x(T"UT")), where, T<T'cT",
TcT'cT”, T\T"=2Q, T"\T"=Q, Y Y7, Y2 Y ¢ {J} and satisfies the conditions: Y, 2T,
YUY DT, YUY OYE T, YA UYS OYE T, YI AT @, YinT 2D, YANT"2D;

8) a=(Y/ xZ, )u(Y xT)u (Y xZ,)u(¥; xZ,)u(V xZ, ) (Y5 D), where T e{Z;,Z,},
Y Y ¢ (D) and satisfies the conditions: Y, ©Z,, Y  UY oT, YUY UY, 27,
YUY OYSOY, o7, YUY OUYS O oz, YYNT 2D, YN, 2D, Yy N, #D,

Y2 #+D;

9) a =Y xZ, ) (Y xZ ) U (Yi xZ, ) U(Ys % Zy ) U (Y, x 2, ) u(Yy x D), where Z, = Z, = Z,,
Z,cZycZ,, Z\Z,#D, Z\Zy =D, YN Y YY) ¢ {D) and satisfies the conditions:

Y/ 2Z,, YUY 2Zy, YUY UY D7, YUY OUY, D7, YO NZ 2D, Y N, + D,
Y NZ, 2D, Y ND#D;

10) &= (Y xT)u (Y xT) O (¥ xT") O (Y x (T UT")) U(Y2 xT"), where T<T', T<T”,
T\T"2Q, T'"\T'2@, T'UT"<T", Y7, Y7, Y5, Y" ¢ {QD} and satisfies the conditions: Y,” UY,” 2T,
YOUYS oT", Y nT' =0, YonT" 20, Yo nT"=J;

11) o =(¥7xZ; ) (Y5 xZ ) (Ve x Zg ) U (Y x Z, ) o (Y xT)u(Y5 x D), where T e{Z,,2,},

Y Y YE Y Yy ¢ {@D) and satisfies the conditions: Y, UYy" ©Z, YUY 27
Yo OUYE UYE OYS OYE DT, Y NZ 2D, Y NZ =D, YT =D, Y nD=J;

12) o = (Y xT) (Y xT )oY T O (Y x (T T O (Y XT") O (Yo x (T OT"OT™)),
where TcT', TcT”, T'\T"20, T'"\T'#@, T"'cT", (T'UT"\T"2@, T"\(T'UT") =D,
Y Y Y Y Y e 2 {@) and satisfies the conditions:, V" UY 2T, YUY T,

Y OUYSOYR T, YO nT' #0, Yo nT"20, YO nT"=J;

13) & =Y xZ; ) U(Ye xZg ) U (Yy xZ, ) U (Y5 x Z4 )L (Y5 x Z, ) U (Y, x Z, )U(Ys x D), where Z, < Z,,

Z,cZ,, Z\2,#9D, Z,\2,#D, Z,cZ,, Z\Z,#D, Z,\Z, =D, Y7 X Y2 Y7 Y, XY ¢ {D)

and satisfies the conditions: Y, ©Z,, YUY, o Z, Y/ UY LY, o7, Y/ UYS LY, oZ,,
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YUY OYS Y 22, YL =D, VPN, =D, XN, D, V' N #D;

14) @ =(Y7 xZ, ) (Y x Zg ) U(Ye x Zs ) U (Vs % Z, ) U(Y¥5 xZ ) (Y xZ, ) (Vs x D), where,

Zs=Zy, Y2 XS YE LYYy ¢ {D) and satisfies the conditions: Y,* UY* ©Zg, Y/ LYy 2Zg,
YUY UYE 22, Y NZy 2D, YENZy 2D, V¥ N, 2D, Y ND=2J;

15) &= (Y xZ; )u(Ye xZe ) (Ys % Zg ) U(Ys % Z, ) U (Y5 x Z, ) U (Y xZ, ) (Y5 x D), where
Y Y Y, Y ¢ (D) and satisfies the conditions: YUY 2Z,, YUY 2 Z,,

YUYy OYSOYSOY,) oz, YUY OUYSUYSOY oz, Yo N2y 2D, YN L D,
Yy NZ, 20, Y\ NZ #D;

16) &= (Y xZ; ) (Y5 xZg )L (Ye x Zs ) U (Vi x Z4 )L (Y5 % Z3 ) U(Y5 ¥ Z, ) (Y xZ, ) U (Y5 x D),
where, Y%, Y2 Y2 Y Y Y Y Y ¢ {@D) and satisfies the conditions: Y, ©Z,, YUY 2 Zg,
YUYy 2Zy, YUY UYy o7, YUY OUYSOUYSUY, D2, YN 2D, YN =D,
Yy NZ, 2D, Yy NZ,#0.

Proof. The statements 1), 2), 3), 4) and 5) immediately follows from the Corollary 13.1.1 in [2], 13.1.1 in [3],
the statements 6) - 11) immediately follows from the Corollary 13.3.1 in [2], 13.3.1 in [3]; the statement 12) im-
mediately follows from the Theorems 13.7.2 in [2]; the statement 13) immediately follows from the corollary 2.1
n [4], the statement 14) immediately follows from the lemma 2.1. in [5], the statements 15) immediately follows

from the Theorems 13.11.1 in [2] and the statement 16) immediately follows from the theorem 2.1. in [6].
Lemma 2.6. If X be a finite set, then the following equalities are true:

a) [1(Q)[=8;

b) |I Q2)| (Z\T T ).Z‘X\T";

c) |I 3)| (2\T \T| 1).(3\T”\T’\ _2‘T"\T").3‘X\T”‘;

d) |I(Q4 )| (Z\T \T| 1) ( g _2‘T"\T")‘(4‘T"’\T”‘ _3‘T”'\T”‘).4‘X\T’"\ ;

e) |I X | oMz _1) (3\T \T] Z\T'\T\)_<4\T~\T'\ _3\T~\T'\).(5\D\T~‘ _4‘D\T~‘).5‘x\5‘;

(
(Z\T'\T"\ _1).(2\T”\T’\ _l).4‘X\(T’uT")‘ .
)

2\ (T"AT")T| .(B‘T"\T’“‘ _ Z\T"\T”\ ) ) (B\T”\T"\ _ Z\T”\T"\ ) ) S\X\(T"uT'”)\ .

(Z\T\z7\ 1) S\ZA\T\ _ 2\24\T‘)'3‘(Z2m21)\24‘ _(4\21\22\ _3\21\22\)_(4\22\21\ _3\22\21\)_6\X\D\;

)

f) [1(Q)

0) [1(Q)=

h) [1(Q)|=

i) [1(Qy)]= (27" -1)-2I ZS“Z“‘ZS\.(g\Zs\ZA\_2\23\24\).(3\24\23\_2\24\23\),(6\5\<zsuz4>\_5\5\<zguz4>\)_ gx10l.
)

i) |I Q1o (Z\T \T'| 1 Z\T T )_(S\T”\(Tw”)\ _4\T"'\(T'uT")\)_5\X\TM\ :

o™ _q

(
K) |I Q1 (2“‘” 1) (Z\T T _ ).(S\T"\u\ _4T"\24)'(65\T" _SD\T”j'6X\D;
1) |I Ql (Z\T T ) (Z\T T (3\T”\TuT Z\T”\TUT ‘).G\X‘(T'UT"UT'")\;
™ [1(Qu ) = (2% -1)

n) |I(Q14 )| — (2\25\24\ _1) ,(2\26\25\ _1) . (3\24\23\ _ 2\24\23\ ),(7‘5\21‘ _ 6"5\21‘ ) . 7‘X\5‘;

2\ Z30Z,)\Zg] (3\23\24\ 2\23\24\) (3\24\22\ _ 2\24\22\ )_(4\22\21\ _3\z2\z1\ ).7‘X\I5‘;
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0) |I Qs | _ (2\25\26\ _1),(2\26\25\ _1),4\(22021)\24\ . (5\22\21\ _4\22\21\),(5\21\22\ _ 447 ).7‘“5‘;

p) | Q16 | ( 2lZ6\Z3| _ ) ‘25\24‘,(2‘25\26‘_1),(3‘23\22‘_2‘23\22‘),(5‘22\21‘_4‘22\21‘),8‘X\D‘.

Proof. The statements 1), 2), 3), 4), 5) immediately follows from the Corollary 13.1.5 in [2],

13.1.5 in [3], the statements 6)-12) immediately follows from the Corollary 13.3.3 in [2], 13.3.3 in [3], the
statement 13 immediately follows corollary 1.5 in [4] and corollary 6.3.6 in [3], the statement 14 immediately
follows from corollary 2.1 in [5] and corollary 6.3.6 in [3], the statement 15) immediately follows from the Co-

rollary 13.11.1 in [2] and the statement 16 immediately follows from the Corollary 2.1 in [6].
Theorem is proved.

Lemma 2.7. Let DeX,(X,8)
lated by the formula |I* (Ql)| =8
Proof. By definition of the given semilattice D we have

QI = {{27},{26},{25},{24},{23},{22},{21},{5}} '

If the following equalities are hold

D/ ={Z,},D; ={Z;},D; ={Z},D; ={Z,},D; = {Z,},D; = {Z,},D; ={2,},D; = {D},

I (Q1)| may be calcu-

then

1 (Q)] =[1(D)[+[1 (D) +[1 (D) + |1 (D3)]+]1 (D) +[1 (D )|+ |1 (D3)] +[1 (Dy)

(see Theorem 1.4). Of this equality we have:

1(Q)| =1+1+1+1+1+1+1+1=8

(see statement a) of the Lemma 2.6).
Lemma 2.8. Let DeX;(X,8)
lated by the formula

I* (Qz )| _ (2\5‘27\ _1). 2\’“5\ +(2\5‘ZB\ _1).2"‘\'5\ _,_(2\5‘25\ _1).2"“5\ +(2\'5‘Z4\ _1).2"“5\
(2\5\23\ _ ) okl (2\5\22\ _1).2\X\f>\ +(2\M\ _1).2\X\D\ + (25 ). g0

n (2\25\27\ ) ( 1). olX\Z4| | (2\23\27\ _1) L (2\22\27\ _1) .ox\zg|

+(2\21\Z7\ 1) olX\zi| ( 2lZa\Zg| _ ) oX\Z4| +(2\Zz\zs\ _1).2\)‘\22\ +(2\Zl\ze\ _1) .ox\zi|

+(2\Z4\Zs\ ) ( ).2\’(\23\ _,_(2\22\25\ _1) . 9lX\Zs| +(2\21\Zs\ _1) L glX\|

+(2\Zz\24\ ) oX\Zy| +(2\21\Z4\ _1) ox\zi| +(2\21\23\ _1) .oz

I"(Q, )| may be calcu-

oX\Zs|  (5lza\ze| _

oX\Ze| | (olza\Zs| _q

Proof. By definitionof the given semilattice D we have
Q% =1{{2:.D}.{Z;.D}.{Z;,D}.{2,,}.{Z,,D},{Z,. D} {2,,D}.{Z;.Z5}.{Z;. 24},
{22,412, 2}, {ZwZ 42020 {26 2 426,201 {260 20426, 201 { 25,24,
{

AR vAvA RIS RTAVAR A

D; ={Z,,D}, D;={Z,.Z,}, Dg':{z7,z} D;O {z 2,4, ={2,,2,},D}, ={Z,,Z,},
D1,3:{Z7’Zl} D1’4 {Zevz } D{SZ{ZG,Z } D1’6 {Z Zl}’D1’7:{ZS’Z4}’D1’8:{ZS'Z?:}’
Dl'QZ{ZS'ZZ} Déo {ZS’Z} D2,1:{Z4’Z } Déz {Z Zl}’D2'3:{Z3’Zl}'
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Then
1 (Q)| =1 (D) +[1(D '| |1(D3)]+[1(D5)[+[1(Dg)] + |1 (Dg)] +[1 (D5)] +[1 (Dg )|
+[1(D3)[+[1 (Dl )| +[1 (D7) +[1 (D5 )| + [ (D] +[1 (DL ) +[1 (D )] +[1 (D )|
+[1(Df, )|+ [1 (DL )| +[1(Dig )| +]1 (D3 )|+ [1(D30)] +]1 (D3 )| +]1 (D )|

(see Theorem 1.4). Of this equality we have:
I* (Qz )| _ (2\'5‘27\ _1). 2\’“5\ +(2\D‘26\ _1).2‘)“'5\ _,_(2\'5‘25\ _1).2"‘"5\ +(2\D‘24\ _1).2‘)("5\
_,_(2\'5‘23\ _1) _oix\D) +(2\'5‘22\ _1).2‘)‘"5\ +(2\D\z1\ _1) _oix\D) +(2\Zs\27\ _1) . 9X\Zg|
+(2\25\27\ ) oX\Z| +(2\24\27\ _1). olX\Z4| +(2\Zs\27\ _1).2\X\Zs\ +(2\Zz\z7\ _1).2\X\Zz\
+(2\21\Z7\ 1) olX\zi| (2\24\26\ _1).2\X\Z4\+(2\Zz\26\ _1). olX\Z,| +(2\21\Zs\ _1).2\’(\21\
( ) olX\Z4| | (ol2a\2s| _1) .oX\zg +(2\Zz\zs\ _1).2\5“22\ +(2\21\Zs\ _1) .oz
)

(
_,_(2\22\24\ _ )_Z\X\Zz\ _,_(2\21\24\ _1). 2%\l +(2\21\23\ _1) L olx\z|

¥ 2\24\25\

(see statement b) of the Lemma 2.6).

Lemma is proved.

Lemma 2.9. Let DeX,(X,8)
lated by the formula

(@) = (2271 1) (821 -2 .30y (g2 ) (40 P 370
(2795 ). (3750 ) 0L (g ) (402 P ) 30
(259 ). (37 g0 g0 (g ) (40 P 30
2%\ _q) (20 gl ) B (g2 _y). (g%l _gE ) g0
el _q). (g g% .3\X\21\+(2\Zs\27\ _1).(3\24\25\_2\z4\zs\).3\><\24\

I (Q3)| may be calcu-

+

+

(22 -2)

( (
+£225\27 1) E3zs\zs _ 223\25)).3X\Z3 +(2\25\Z7\ _1).(3\22\25\ _9lz2\z3] ).3\X\Zz\
+(2\Zs\z7\ 1) (3\21\25\ _2\21\25\) gx\al (2\24\27\ _ ).(3\22\24\ _2\22\24\).3\’(\22\
_,_(2\24\27\ 1) (3\21\24\ _ 2\11\24\) X\l _,_(2\23\27\ ).(3\21\23\ _olz\zg| ).3\’(\11\
+(2\24\Ze\ 1) (3\22\24\ _ 2\22\24\) 3x\z| +(2\Z4\Ze\ _1).(3\21‘24\ _ 2\21\24\).3\X\Zl\
(2o ) () g0 (g (5 o) g
(2 i) (3053 ) g (gooed _g) (goed  e) ge
_,_(2\24\25\ ) (3\21\24\ 0l21\24| ),3\’(\21\ +(2\Z4\Zs\ _1),(3\5\24\ _ 2\5‘24\)_3\)“5\
+(2\Zs\25\ ) (3\21\23\ 2\21\23\) 3X\4| _,_(2\23\25\ ).(3‘5\23‘ _ 2‘5\23‘).3‘)("5‘
+(2\Zz\25\ ) (3‘D‘ZZ‘ _2‘5\22‘) gx0f 2\21\25\ ).(3‘5\21‘ _2‘5\21‘).3‘)“5‘
(2224 ) (30 o) 081 (e g (5 g | g0

(

n 2\21\23\_ )( \0\21\ _2\5\21\). ‘X\D‘

Proof. By definition of the given semilattice D we have
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Q9 _{ z,,2,,b}.{2,.2,,b}.{2,,2,,b}.{Z,,2,,D}.{Z;,Z;,D}.{Z;,2,,D} .{Z,.Z,.2,}
(2,,2,,2,}12,,2,,2,},{2,,25,2,} {2,,25,2,} {2,,25,2,} {Z,,2,,2,} ,{2,.2,,Z,}
{2,,2,,2,}{2,,2,,2,} {2,.2,.2,}{2,.2,.2,} {Z.2,,D}.{Z,.2,,D},{Z,,2,, D}
{25.2,,2,}{25.2,,2.}.{Z5.2,.D}, {Z5,2,,2,}.{Z5,2,,D}.,{Z.2,.D}.{Z;,Z,, D}
{2,,2,,},{2,,2,,0},{z,,2,,D}

If

D;={z,,2,,b}, D;={z,,2,,D}, D;={Z,,Z,D}, D,;={Z,,Z,,D}, D;={z,.Z,D|

D;={Z,.Z,,D}, Dj={Z,,25.2,}, D;={Z,.25.Z,}, Dy={Z;.2,.2,}, D}, ={Z,.25.2,},

Dl'l={27,25,Z3}, Dl’Z ={Z7 Zs Zz}l D1,3={Z7 Zs Zl} D1,4 ={Z7 Z4,Zz}, D1,5 ={Z7,Z4,Zl},

Djs :{27123121}’ Dy ={ZB,Z4 Zz}v Dl’S—{ZG,Z4 Zl} Di —{26,24,5}, Dz :{ZG'ZZ'D}’

Délz{ze Zl ‘}’ D2,2 ={ZS’Z4 Zz}v D2'3={ZS,Z4 Zl} Dz4 ={ZS’Z4’ ~}, D25 ={ZS’ZB'Zl}’

Dy ={Z;.Z,,D}, D}, ={Z;.2,,D}, Dy ={Z;,2,,D}, D} ={Z,.Z,,D}, Dy ={Z,,Z,,D}

Dy, =1{Z,,2,,D}

Then

[1°(Q0)] =1 (D)) +[1 (D) +[1(D3)]+[1 (D) +[1 (Dg)|+[1 (D) +[1 (D7 )] +[1(D3))
+[1(Dg)[+[1 (Dl )| +[1(Bfy )|+ (D )| +[1 (D )| +[1 (DL, )| +[1 (Dys )] +[1 (D )|
+[1(Df7)|+[1(Dg)[ +[1 (Do )|+ |1 (Dso)| +[1 (D30)| +[1 (Dz2)[ +[1 (D35)| +]1 (D3 )
+[1(Dg )| +[1 (D3 )| +[1 (D3 )] +[1 (D )| +[1 (D3 )| +[1 (D3 )| +

(see Theorem 1.4). Of this equality we have:

||* (Q3)| _ (2‘21\27‘ _1).(3\5\21\ _2‘5\21‘).3‘X\I5‘ +<2\zz\z7\ _1).(3\0\22\ _ oz} gx\o]

+(2\Zs\27\ _1), 3‘5\23‘ _2‘5\23‘ ,3"“5‘ +(2\24\Z7\ _1), 3"5\24‘ _2‘5\24‘ ,3‘X\D‘

4 2\15\27\ 1) 3‘5\25‘ _2‘5\25‘ ,3‘)‘\5‘ +<2\26\Z7\ _1), 3"5\26‘ _2"5\26‘ ,3‘)‘\'5‘
olze\z7] _ 1) 3Za\Z6| _ 5lZ4\Z4| ),3\X\Z4\ +(2\ZG\Z7\ _1),(3\22\26\ _lz\z4 ),3\X\Zz\
2lZ6\z7| 1) 34z _ 2\21\25\),3\X\21\ +(2\z5\z7\ _1).(3\24\25\ _ lza\zg| ).3\’(\24\
olzs\z7| _ 1) 3%\2s| _ plzs\s| ),3\"\23\ +(2\ZS\Z7\ _1).(3\22\25\ _ 2\22\25\).3\’(\22\
(2%l _q ) 3%\%s| _ 5|1z )_3\X\21\ _,_(2\24\27\ _1)_(3\22\24\ _ 2\22\24\),3\X\Zz\
2\24\27\ 1) 3\zl\z4\ _ 2\21\24\ ).B\X\Zl\ +(

)

(

(

(

( (
( (
( (
Ezzuze 1), E3Zz\24 oz
()
(

(

(

(

(

+

+

+

7\2 7\z 72\Z X\Z
olZ3\z7| _1).(g9%\%8l _ olz1\z] ) gX\zi|

+

X\2,| [AYAE FAVAREP AV ARYPR P4
-3 +(2 1)-(3 2 -3

+

+

2\14\26\ 1) 3‘5\24‘ _2‘5\24‘ _3"‘\5‘ +(2\Zz\zs\ _1),(3‘5\22‘ _2‘5\22‘)_3"(\("

4 (22l _ 1) 3"5\21‘ _ 2‘5\21‘ ).3"(\5‘ _,_(2\14\25\ _1).(3\22\24\ _olz2\zy| ).3\X\Zz\

+

+2Pa\sl _q ) (3\zl\z4\ _2\21\24\).3\x\zl\+(2\z4\zs\ _1)_(3\5\24\ _2\0\24\ .3‘X\D‘
(2727l _q ) (3\21\23\ 2\21\23\) 3\x\zl\+(2\z3\z5\ _1).(3\0\23\ _2‘5\23‘)'3‘X\D‘
427258l _ 1) Ego\z2 Z\D\zz\ 3\X\D\ ( ol21\2| —l)- B\D\zl\_z\lj\zl\ _S\X\B\

2lZ2\z4| _ 1) 3"3\22‘ Z‘D\ZZ‘ 3‘X\D‘ (2\21\24\_1),(3"5‘21‘_2"5\21‘ ,3‘X\D‘

+(27\%l _q ) 3\D\zl\ Z\D\zl\ 3\X\D\
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(see statement c) of the Lemma 2.6).

Lemma is proved.

Lemma 2.10. Let DeX,(X,8) and Z,=Q.
lated by the formula

| (Q4 )| _ (2\26\27\ _1)_(3\24\26\ _2\z4\zﬁ\).(4\5\z4\ _3\5\24\ ).4‘X\|5‘ +(2\Ze\27\ _1).(3‘22\26‘ B 2‘22\26‘)
,(4‘5\22‘ _3‘D\Z2‘ )_4‘){\5‘ +(2\Ze\27\ _1),(3\21\26\ _ 2‘21\26‘).(4‘5\21‘ _3‘53\21‘ )_4‘)(\'5‘
_;,_(2‘25\27‘ _1).(3‘24\25‘ _2‘24\25\).(4‘5\24‘ _3‘5\24‘ ).4‘X\'j‘ _,_(2\25\27\ _1).(3\23\25\ _2\23\25\)
,(4‘5\23‘ _3‘5\23‘)_4‘“5‘ +(2\25\Z7\ _1)_(3\22\25\ _2\22\25\)_ 4‘5\22‘ _3‘5\22‘),4‘)(\5‘

+(2\25\z7\ _l).(3\21\25\ _2\21\25\) (4\0\21\ 3\0\21\) 4‘X\D‘ (2\24\27\ _1)'(3\22\24\ _2\22\24\)
(

1" (Q, )| may be calcu-

.(4‘5\22‘ _3‘5\22‘),4"‘\5‘ +(2\Z4\Z7\ ) 3\21\24\ 2\21\24\) 4"3\21‘ _3‘5\21‘).4‘)(\'5‘

+(2\z3\z7\ _1).(3\4\23\ _ 2\21\23\) (4\D\zl\ S\D\zl\) 4\X\D\ + (977l _1).(3\24\4-,\ _ 2\24\25\)
,(4\22\24\ _ 3\22\24\ ) 42 (2\25\27\ —l) . (3\24\25\ _ 2\24\25\ ) % (4\21\24\ _3\21\24\ )>< A\
+(2\25\z7\ _1)_(3\23\25\ _2\23\25\ )_(4\21\23\ _3\21\23\).4\x\zl\ +(2\ze\z7\ _1)_(3\24\26\ _2\24\26\)
X(4\zz\z4\ _3\22\24\ )X4\X\zz\ +(2\ze\z7\ _1).(3\24\26\ _ 2\24\26\ )_(4\21\24\ _3\21\24\ )_4\X\zl\

+ (2\24\25\ _1),(3\22\24\ _ol%\z,| )>< (4‘5\22‘ _3h\z| ) s a®vol | (2\24\26\ _1) . (3\21\24\ _oln\z4| )
.(4\5\21\ _3\5\21\ )_4\x\|5\ +(2\z4\z5\ _1)_(3\22\24\ _ 2\22\24\)X(4\D\22\ _3\[‘)\22\ )X4\x\|j\

+ (2‘24\25‘ _1) . (3‘21\24‘ _ 2‘21\24‘ ) . (4‘0\21‘ _ 3‘5\21‘ ) . 4‘X\D‘

i (2\23\25\ _1) ) (3\21\23\ _ o7z ) ) (4‘5\21‘ _3P\| ) 4l

Proof. By definition of the given semilattice D we have

Q9 ={{2:.25.2,,0}, {2,.2,,2,.0}, {2,.2,,2,,0}, {2,.2,,2,,D}, {2,.Z,,2,.D},

{z,.2,,2,,0}, {z,,2,,2,,0}, {z,.2,,2,,0}, {2,.2,,2,,D}, {2,.2,,Z,,D},
(2,,25,2,,2,}, {2,,25,2,,2,}, {2,,24,2,,2,}, {2,,24,2,,2,}, {2,,Z5,2,,Z,},
{2,.2,,2,,0}, {2,,2,,2,,B}, {2.2,,2,,0}, {2,.2,,2,,D}, {Z;.2,,2,,D}}
If
D/ ={Z,.2,.2,,0},0; ={2,,2,.2,,D},D; ={2,,2,,2,,0},0; ={2,,Z;,2,, D},
D; ={2,.2,2,,0},0; ={2,,2,.2,,D},D; ={2,,Z,,2,,0},D; ={Z,,2,,2,,D},
Dg’:{Z7,Z4,Zl,[5},D1’O:{27,23,21,5},D1'1:{27,26,24,22},D1'2:{27,26,24,21}
Dy ={Z,.25,2,,2,},D}, ={Z;.25,2,,2,}, D}y ={Z7,25,25,2,},D}s ={Z5,2,,2,, D}
D/, ={Z,.2,.2,,0},Dy, ={2,.2,,2,,0}, Dy, ={Z;,2,,2,,D},D} = {Z;,2,,2,,D},
Then
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Qu)| =1 (D)) +[1(D )| +[1 (D5 +[1 (D3| +[1 (D3)|+[1 (D3| +[1 (D})] +1 (D5))
+|1(Dg)|+[1(Dfy )| +[1(Df, )] +[1 (D3| + |1 (D) + |1 (DL )|+ 1 (D )|
+|1 (D6 )| +[1 (B )| +[1 (Dl )| +[1 (Dio)| +| 1 (D% )|

(see Theorem 1.4). Of this equality we have:

| (Q4 )| _ (2\26\27\ _1)_(3\24\25\ _ 2\24\26\ )'(4\5\24\ _3\5\z4\ ).4‘X\D‘ +(2\ze\z7\ _1)_(3\22\26\ _ 2\22\26\)
'(4\5\22\ _3\5\22\ )'4‘X\I5‘ +(2\z6\z7\ _l),(3\21\25\ _olz\z| ).(4\5\21\ _3\5\21\).4@\5\
+(2\zs\z7\ _1).(3\z4\zs\ _ 2\z4\zs\).(4\5\24\ _3\5\24\).4@(\5\ +(2\z5\z7\ _1).(3\23\25\ _ 2\23\25\)
,(4‘5\23‘ _3‘5\23‘ )_4‘)(\5‘ +(2\25\Z7\ _1) 3\22\25\ 2\22\25\ (4‘D\ZZ‘ 3‘D\ZZ‘) 4‘X\D‘
+(2\Zs\27\ _1),(3\21\25\ _ 2\21\25\) (4\'3\21\ 3\D\zl\) 4% ( olz\z7] _1),(3\22\24\ _ 2\22\24\)
.(4‘0\22‘ _3‘0\22‘ ).4‘X\'5‘ +(2\Z4\Z7\ ) 3\21\24\ 2\21\24\ (4"3\21‘ _3"5\21‘).4‘)(\5‘
+(2‘23\Z7‘ _1).(3‘21\23‘ - 2‘21\23\).(4"3\21‘ _3"3\21‘ ).4‘X\D‘ +(2\25\Z7\ _1).(3\14\25\ _ 2\24\25\)
.(4\22\24\ _ 3\22\24\ ) . 4\x\z2\ " (2\25\27\ _1) . (3\24\25\ _ 2\24\25\ )x (4\zl\z4\ _3\z1\24\ )x 4\x\zl\
+(2\25\z7\ _1).(3\23\25\ _2\23\25\ )_(4\21\23\ _3\21\23\ ).4\x\zl\ +(2\ze\z7\ _1)_(3\24\25\ _ 2\24\26\)
X(4\zz\z4\ _3%\z| )X4\x\zz\ +(2\ze\z7\ _1).(3\24\26\ _olza\z| )_(4\z1\z4\ _3\z1\24\).4\><\zl\
i (2\24\25\ _1) ) (3\22\24\ _ olz2\zy| )x (4‘5\22‘ _gP\z| ) s X0l (2\24\25\ _1) . (3\21\24\ _9la\zd| )
'(4\0\21\ _30'% ) 4ol (2\24\25\ _1) ) (3\22\24\ _olz2\z )X (4\0\22\ _3o%| ) «aX\0)

+(2\24\25\ _1).(3\21\24\ B 2\zl\z4\)'(4\|5\zl\ _3\5\21\ )'4‘X\D‘

+(2\z3\25\ _1).(3\21\23\ _ 2\21\23\).(4\D\21\ _3\5\21\ )_4\)(\0\

(see statement d) of the Lemma 2.6).

Lemma is proved.

Lemma 2.11. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the number |I (Qs | may be calcu-
lated by the formula

||*( ( olz6\z1| _ ) 9242 _ \24\25\) 472\l _ \zz\z4\).(5\5\22\ _4\5\22\)'5@\5\
42zl _ 3\21\24\) (5\5\21\ _4‘5\21‘).5‘)(\5‘
472\ _ \zz\z4\) (5\5\22\ _4\5\22\).5\)(\5\

+ (275 _q).(322s] _ olza\z

( (
+ (21 2a). (g%l g,
) )
1) )

( (
" (2\25\27\ 1 (3\24\25\ _ 2\24\25\
( ( ) (S\D\zl\ _4\5\21\)_5\X\D\
+(2\25\z7\ _1).(3\23\25\ _2\23\25\) 42z _3\zl\z3\) (S\D\zl\ _4\[3\21\).5\)(\0\

(
(
(4\21\24\ 3\21\24\
(4

Proof. By definition of the given semilattice D we have

()
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QS ={{27.2:,2,,2,,0},{2,.2,,2,,2,,0}.{2,.2,2,,2,,D},

{2,,2,,2,,2,,},{2,,2,,2,,2,,D}}.

D/ ={2,.2,.2,,2,,D}, D; ={2,.2,,2,,2,,0}, D; ={2,,Z,,2,,2,,D},
D, ={2,.2,,2,,2,,0}, D} ={2,,2,,2,,2,,D}.
Then
1 (Q) = 1 (D[ (D2) 1 (D)« () +/1 (D)
(see Theorem 1.4). Of this equality we have:

||* (Q5 )| _ (2\26\27\ _1)'(3\z4\26\ _2\24\26\) 472\%4) _ 3‘22\24‘) (S\D\zz\ _4\5\22\ )'S‘X\D‘

32\6| _ 9l24\24]

2\ 7l _q 422 _3\21\24\) (5\D\z1\ _4‘5\21‘).5‘X\|j‘

472\2| _g72\2 (S\D\zz\ _4\5\22\).5@(\5\

42\%l _ g2z

n 2\25\27\ 1 (S\D\zl\ _4\5\21\)_5\x\|:3\

3%\Zs| _ 5l73\Zs|

(
(2 -)-{ M
+(2 1)- (370 g
(25 1) (3720

1) M

+(2\25\Z7\ 4\21\23\ _3\21\23\) (S‘D\Zi‘ _4‘5\21‘ ),5‘X\D‘

(see statement e) of the Lemma 2.6).
Lemma is proved.

Lemma 2.12. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the number |I (Qs | may be calcu-
lated by the formula

||* | (2\25\26\ 1) (2\26\25\ 1) 4\X\24\ (2\23\26\ _1).(2\26\23\ _1)_4\X\zl\
+(2\Ze\24\ 1) (2\24\23\ _1),4\X\Zﬂ +(2\Zs\zz\ _1),(2\22\23\ _1),4‘X\5‘
+(2\Z1\Zz\ 1) (2\22\21\ _1),4‘)(\'5‘ +(2\Z1\Zz\ _1),(2\22\21\ _1) X 4‘X\D‘
+(2\Ze\24\ _1),(2\24\23\ _1),4\X\Zﬂ +(2\Zs\zz\ _1),(2\22\23\ _1),4‘X\5‘
+(2\22\Z1\ _1),(2\21\22\ _1),4‘)(\'5‘ +(2\Zs\zz\ _1),(2\22\23\ _1).4‘)(\5‘
Proof. By definition of the given semilattice D we have
Qe % :{{27122121-5}' {Z7'26’25’24}'{27726'23'21}' {27124123121}1 {27123122'5}!

{25.2,,2,,0}, {2:,2,,2,,0}, {2,,2,,2,,D}, {2:,2,,2,,2,}, {Z:,24,2,, D}

»—‘U‘

={2,,2,.2,,0}, D, ={Z,,2,,25,2,}, Dy ={Z,.25,2,,2,}, D, ={Z,.2,,Z;,2,},

. =1{2,.2,,2,,0}, D;=1{2,,2,,2,,D}, D;={Z,,2,,2,,D}, D;={2,.2,,2,,D},

o O

s; {25!24123121}1 Dlro :{2512372275}1

G2
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17 Q) =[1 (D)1 (D)1 (D)« (D)« 1 (D)
# (B [H)]+ [ (Bs)] (D5 +
(see Theorem 1.4). Of this equality we have:

||* (Qe )| _ (2\25\26\ _1).(2\26\25\ _1)_4\x\24\ +(2\23\z6\ _1).(2\26\z3\ _1).4\x\zl\
i 2\23\24\ _1)_ 2\24\23\ _1).4\)(\21\ +(2\23\z2\ _l)_(z\zz\zs\ _1).4‘X\D‘

olz2\z| _q 4"(\'5‘+(2\Z1\Zz\_1),(2\22\21\ _1),4‘)(\5‘

(
+ (2\21\22\ _1)
+ (2\23\24\ _1),

(
(
(
(

)
2\24\23\ ) 4\x\zl\ +(2\zg\zz\ _1)'(2\22\23\ _1).4‘X\D‘
+(2\Zz\21\ _1), ol1\Zs| _q )

4‘X\D‘ +(2\Zs\zz\ _1),(2\22\23\ _1),4"(\'5‘

(see statement f) of the Lemma 2.6).

Lemma is proved.

Lemma 2.13. Let DeX (X 8) and Z, = . If X'is a finite set, then the number |I Q7 | may be calcu-
lated by the formula

||* (Q7 )| _ (2\26\27\ ) 2\ 202, )\Zg| 3\21\22\ _ 2\21\22\ )_(3\22\21\ _2\22\21\ )_S\X\lj\

ZamZA NZs| 3\z3\24\ _2\23\24\

+ 2\25\27\ 1 ) 3\24\23\_2\24\23\).5\X\z1\

2\25\27\ 2\ Z30Z,)\Zs] 3\z3\zz\ _2\23\22\

+

,(3\22\23\ _ 2\22\23\ ),S‘X\D‘
3\22\21\ _ol7a\z] _S‘X\'j‘

+ S\X\D\

n 2\24\25\ 2\ 21NZy)\Zy)| 3\21\22\ _2\21\22\

(2241 1)- 215050
(24 -1) [
(250 1) 0 (g g
(241 -1). {
(2% 1) {

)
)
)
ol2a\z7| _ 1. olZnZ2)\24] 3\21\22\_2\21\22\).
)
)

( )
(3\22\21\ _ 2\22\21\ )
.(3\z2\zl\ _ 2\22\21\ ).5\><\D\
+(2\24\zs\ _1).2\ 2112y )\24] ,(3\21\22\ _olz\z _(3\22\21\ _2\22\21\).5@(\5\

Proof. By definition of the given semilattice D we have

Q9 ={{z7,z4,zz,zl,D},{z7,z6,zz,zl,D}, {2,.2,,2,,2,,0}.{2,,2,,2,,2,,D},

{2,,2,,2,,2,,2.}, {2,,2,,2,,2,,0}.{Z,,2,,2,,2,,}}

D;={2,.2,.2,.2,,B}, D; ={2,,2,.2,,2,,D}, D;=1{Z,.2,.2,.2,,D},
DS'Z{Z7,25,Z3,ZZ,D}, Dé:{Z7,Zs,Z4,Zs,Zl}, Dé:{ZG,ZA,ZZ,Zl,D},
D;:{ZS'ZMZZ'lelj}’

Q)| = [1 (D) + |1 (D3)]+[1 (D)) + 1 ()] + 1 (D%)] +[1 (Dg)|+[1 (D})

(see Theorem 1.4). Of this equality we have:

G2
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| (Q7 )| _ (2\26\27\ _ ) 2\(z1mzz NZg| (3\21\22\ _ 2\21\22\ )'(3\22\21\ _ 2\22\21\ ) ) S\X\D\
+(2\z5\z7\ 1) 2\ Z3nZ4)\Zs| .(3\23\24\ _ 2\23\24\ _(3\24\23\ _ 2\24\23\)_5\><\zl\
n \25\27\ 1) 2\ Z3nZ,)\Z| \za\zz\ _ 2\23\22\ .(3\22\23\ _ 2\zz\z3\)_5\xu§\

3\22\21\ _ 2\22\21\ ) ) S\X\B\

+ (3728 _plz2\7|) g\

" 2\24\26\ 1 2\ 21NZ,)\24) 3\z1\z2\_2\zl\zz\

. 3\22\21\ _2\22\21\ S‘X\D‘

)
(2 {2 )
n (2\25\27\ _1). 2\ 212, )\Zs| (3\21\22\ 2\21\22\ ) (
(2\24\27\ _1). 2\ 21nZy)\Zy] (3\z1\z2\ \zl\zz\) ( )
( ( ),(3\12\21\ _ 2\22\21\) 5‘)(\5‘
{ i )

" (2\24\25\ ) 2\ nNZ,)\2] 3\z1\z2\ 2\21\22\
(see statement g) of the Lemma 2.6).
Lemma is proved.

Lemma 2.14. Let DeX,(X,8) and Z, = .
lated by the formula

|* (Qs )| _ (2\z6\27\ _1) ) (3\24\26\ _ 2\24\26\ ) ) 3\(zlmzz)\24\ .(4\21\22\ _ 3\zl\z2\ ) ) (4\zz\z1\ _ 3\22\21\ ) ] G\X\ﬁ\

i (2\25\27\ _1) . (3\24\25\ _ 2\24\25\ ) . 3\(21022)\24\ ,(4\21\22\ _3\21\22\ ),(4\22\21\ _3\22\21\ ) . G‘X\D‘

I (Q8)| may be calcu-

Proof. By definition of the given semilattice D we have

Qe ={{Z7,ZG,ZA,ZZ,21, D},{Z7,ZS,ZA,ZZ,21, D}}

DI':{Z7’ZG’Z4’ZZ’21’D}’ D; :{27’25’24’22’21’5}

(Q) =l (e} (D)

(see Theorem 1.4). Of this equality we have:
& (Qs )| _ (2\25\27\ _1) . (3\24\26\ _ 2\24\26\ ) ) 3\(zlnzz)\z4\ _(4\21\22\ _ 3\21\22\ ) . (4\22\21\ _ 3\22\21\ ) ) G‘X\D‘

4 (2\25\27\ _1) . (3\24\25\ _ 2\24\25\ ) . 3\(21022)\24\ ,(4\21\22\ _3\21\22\ ),(4\22\21\ _3\22\21\ ) . G‘X\'j‘

(see statement h) of the Lemma 2.6).

Lemma is proved.

Lemma 2.15. Let DeX,(X,8) and Z, = .
lated by the formula

I* (Qg )| _ (2\25\27\ _1) ) 2\(23m24)\25\ _(3\23\24\ _olz312 ) ) (3\24\23\ _olza\z )~(6‘5\Zl‘ _ S\D\zl\ ) ) 6‘X\D‘;

1" (Q )| may be calcu-

Proof. By definition of the given semilattice D we have Q,9,, = {{27, 26,25,2,,2,,Z,, D}}
If the following equality is hold D[ ={Z,,2,,2;,2,,Z,,Z,,D} 1'(Qu)[ =1 (DY)

(see Theorem 1.4). Of this equality we have:

| (Qg )| _ (2\25\27\ _1> ] 2\(z3mz4)\25\ .(3\23\z4\ _olza\z] ) ) (3\24\23\ _olzaz )'(6‘5\21‘ B S\D\zl\ ) ) G‘X\D‘;

(see statement i) of the Lemma 2.6).
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Lemma is proved.
Lemma 2.16. Let DeX,(X,8) and Z,=Q.
culated by the formula

1" (Qu )| may be cal-

2\25\26\

|*(Q1 (2\26\25\ 5‘[’\24‘ 4‘D\Z4‘) 5‘X\D‘

(2787 _q). (9222l _q (S‘D\zl‘—4"j\zl‘)~5‘xm‘

(251
()
(s
()
ey

)

+

\D\zl\ B 4\5\21\ ) . 5\X\D\

ol26\zs| _1).(plzs\Zel _

n 5\22\24\ 4\22\24\ ) . 5\x\z2\

(2782 _q). (ol _q

n ( \24\23\ \23\24\

(
(5\21\24\ _ 4\21\24\ ) . 5\X\zl\

S\D\zl\ \D\zl\ ) _ S\X\D\

Proof. By definition of the given semilattice D we have
Q1o‘9><| = {{27,26,25,24, D}’ {27726’23'21' 5}1{27!24123’211 5}’

(2,,24,25,2,,2,}, {2,,24,2,,2,,Z,}, {25,24,23,21,[')}}
D ={Z,,24,25,2,,D}, D;={Z,,2,,2,,2,,0},D; ={Z,,2,,2,,2,, D},
D, ={Z,.24.25.2,,2,}, D} ={Z,,2,,25,2,,2,}, D} ={Z,,2,,2,,2,,D},

1 (Qo )| = 1D+ [ ()] [ (D3] + |1 (D)1 (D)1 (D5)]
(see Theorem 1.4). Of this equality we have:

1 (Qo) (zwze\zs\ (szs\ze\ (5\0\24\ 4\0\24\) gx\0]
+ (270 1) (2% ). ( 50z _4\5\21\). gx\0]
+(25 21). (224 ). (5\0\21\_4\5\21\).5\X\D\
(2703 21)- (225 _1) (5722 g2 ) g
(2203 _1)- (225 1) (522 _ g ) 5
+(2\z4\z3\ ) (szg\za ) (5\0\21\ _4\5\21\).5\X\D\

(see statement j) of the Lemma 2.6).

Lemma is proved.

Lemma 2.17. Let DeX;(X,8) and Z, =D .
lated by the formula

| (Q11)| _ (Z\ZG\ZS\ —l)~(2‘z5\25‘ _1).(5\z2\z4\ _4\22\24\)'(6\5\22\ —5‘5\22‘)6‘“5‘

+(2\26\25\ _1).(2\25\26\ _1).(5\4\24\ _4\21\24\).(6\5\21\ _S\D\zl\).dxuj\

Proof. By definition of the given semilattice D we have

G2
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Qudx 2{{27,26,25,24,22,D},{Z7,ZG,ZS,Z4,21,D}}

D; ={2,,2.25.2,,2,,0}. D ={Z,,2,.2,,2,,Z,,D},

17 (Qu)| = (D) + 1 (D)
(see Theorem 1.4). Of this equality we have:
2lZ6\Zs| _ olZs\Zel _ 1) .(5/%2\2l _ 4l72\2dl ). 6"5\22‘ _5"5\22‘ .G‘X\D‘
1 (Qu)f= (2% -1)- (2% 1) )

+(2\ze\zs\ _1)_(2\25\25\ _1)_(5\21\24\ —4‘21\24‘)~(6‘D\Zl‘ _5‘5\21‘).6‘X\D‘

(see statement k) of the Lemma 2.6).

Lemma is proved.

Lemma 2.18. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the number |I (Qp | may be cal-
culated by the formula

17(Qu)| = (2205 1) 220 ). (202 _ gl ). g
(2\23\22\ ) (zwzg\zsw 1) (3\12\21\ _2\22\21\).6\“5\
(2\z3\z2\ ) (2\24\23\ ) (3\22\21\ _2\z2\zﬂ).6\X\D\
+ (2007 a) (2747 _q). (g7 _2\22\21\).6\“'5\
Proof. By definition of the given semilattice D we have
Qudh ={121,24,25,2,,.20,2,}{2,,2,,2,,2,,2,,D},{2,,2,,2,,2,,2,,D}{Z4.,2,,2,,2,,Z,, D}
D ={Z,.25.25.24.25,2,},0; ={Z;,25,2,,2,,Z,, D},
D; ={2,,2,,2,,2,,2,,0},0; ={Z.2,,25,2,.Z,,D}.
[17(Qa)| <[ (PO +[1 (B2} 1 (D3)]+ 1 (2%)
(see Theorem 1.4). Of this equality we have:
17(Qu)| = (2202 1) 2202 ). (202 _ g ). g
(Z\MZ\ ) (zwzm 1) (3\22\21\ _zwzz\zﬂ).e\m\
(2\z3\z2\ ) (2\24\23\ ) (3\22\21\ _2\z2\zﬂ).6\X\D\
(2\z3\22\ ) (2\24\23\ ) (3\22\4\ _2\22\21\).6\”5\

(see statement 1) of the Lemma 2.6).
Lemma is proved.

Lemma 2.19. Let DeX;(X,8) and Z, Q. If X is a finite set, then the number |I (Qs | may be cal-
culated by the formula

E (Q13 )| _ (2\25\27\ _1) ) 2\(23mzz)\25\ .(3\23\24\ B 2\23\24\ ) ) (3\24\22\ _ 2\24\22\ ) ) (4\22\21\ _ 3\22\21\ ) ] 7\X\D\;
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Proof. By definition of the given semilattice D we have Q13
ing equality is hold D] = {27,25,24,23,22,21, D} then | (Qs) =|I(D
(see Theorem 1.4). Of this equality we have:

I* (le )| _ (2\25\27\ _1) . 2\(zgmzz)\zs\ .(3\23\24\ _ 2\23\z4\ ) ) (3\24\22\ _ 2\24\22\ ) . (4\z2\zl\ _ 3\22\21\ ) ) 7\X\D‘\;

{izwzs,z“zs,zz,zl,o}}. If the follow-

(see statement m) of the Lemma 2.6).

Lemma is proved.

Lemma 2.20. Let DeX;(X,8) and Z, #@. If X is a finite set, then the number |I (Qu | may be cal-
culated by the formula

| (Q14 )| _ (2\25\24\ _1) ) (2\26\25\ _1) ) (3\24\23\ EPALS ) ) (7\0\4\ 3 G\D\zl\ ) ) 7‘X\f)‘;

Proof. Bydefinitionof the given semilattice D we have Q.9 ><| EZ7,ZG,ZS,Z4,23,21, D}} If the following
equality is hold D} ={7,,2,7;,2,,Z,,Z,,D} , then |1"(Qy) _|
(see Theorem 1.4). f this equality we have:

| (Q14 )| _ (2\25\24\ _1) ) (2\26\25\ _1) ) (3\24\23\ _olzazy ) ) (7\D\z1\ _ G\D\zl\ ) ) 7‘X\D‘;

(see statement n) of the Lemma 2.6).

Lemma is proved.

Lemma 2.21. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the number |I (Qss | may be cal-
culated by the formula

|* (le )| _ (2\25\26\ _1) . (2\26\25\ _1) . 4\(2022)\24\ ,(5\22\21\ _ 42\ ) . (5\21\22\ _4n\z ) . 7"“'5‘;

9, =§ 2,,2,,25,2,,2,,Z;,D}}. If the follow-
ing equality is hold D’—{Z 26,25,2,,2,,Z, D} then [1"(Qss )| =1 (DY)
(see Theorem 1.4). Of this equallty we have

|* (le )| _ (Z\ZS\ZG\ _1),(2\25\25\ _1)_4\(zmzz)\24\ .(5\22\21\ _4\22\21\)_(5\21\22\ _4\21\22\).7‘X\D‘;

Proof. By definition of the given semilattice D we have Q

(see statement o) of the Lemma 2.6).

Lemma is proved.

Lemma 2.22. Let DeX,(X,8) and Z,=Q.
culated by the formula

|* (le )| _ (2\26\23\ _1) . 2\(Zsﬁzz)\24‘ ,(2\25\26\ _1) . (3\23\22\ _ 2\23\22\ ) . (5\22\21\ _ 4\22\21\ ) . 8‘X\D‘

Proof. By definition of the given semilattice D we have Q% x, ={{Z Z, Z Z Z23,2,,2, D}} If the fol-
lowing equality ishold D, =7,,7,,7.,2,,2,,7Z,,Z, D} Q16 |_|I
(see Theorem 1.4). Of thls equallty We have

" (Qw )| _ (2\26\23\ —l) ) 2\(z3nzz)\z4\ '(2\25\26\ _1).(3\23\22\ _ 2\23\22\).(5\22\21\ _4\z2\zl\).8\><\fn\

1" (Qe )| may be cal-

(see statement p) of the Lemma 2.6).

Lemma is proved

Theorem 2.2. Let DeX;(X,8) and Z, =@ . If X is a finite set, then the number |I (D)| may be calcu-
lated by the formula

I(D)= I*(Q1)|+ 1"(Q,)|+ I*(Q3)|+ I*(Q4)|+
1 ( Q)|+ 1 (@) 1 (Qu)]+[1 (Qu)| 1 (le)l (Q14|

Proof. This Theorem immediately follows from the Theorem 2.1.

)

1"(Qs)
Q15|

"(Qu)
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Theorem is proved.
Example 2.1. Let X ={1,2,3,4,5},

P0={1}, F’1={2}, PZ:{S},P3:{4}, P6:{5}, P=R =P =0.

Then D={12345}, Z,={1345 , Z,={L2,45 , Z,={135} , Z,={L45}, Z,={L5},
Z,={14}, Z,={1},and

D ={{1},{L4},{15},{L4,5},{1,3,5},{1,2,4,5},{1,3,4,5},{1,2,3,4,5}}.

Then we have that following equality are hold:

1(Q)|=8, [1"(Q)| =147, |1"(Q)|=241, [1"(Q,)|=75. |1"(Q)|=5. [I"(Q)|=46. [1I"(Q)[=19,
I*(Q8)|:2’ I*(Q9)|:l’ I*(Q10)|:24' I*(Q11)|:2’ I*(Q12)|:9' I*(Q13)|:l' I*(Q14)|:l’

1 (Qs)| =1, [I"(Qs)| =1, [15]=583.
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