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Abstract

The purpose of this paper is to study the effect of rotation on the general three-dimensional model
of the equations of the generalized thermoelasticity for a homogeneous isotropic elastic half-space
solid. The problem is studied in the context of the Green-Naghdi theory of type II (without energy
dissipation). The normal mode analysis is used to obtain the expressions for the temperature,
thermal stress, strain and displacement. The distributions of variables considered are represented
graphically.

Keywords

Generalized Thermoelasticity, Three-Dimensional Modeling, Rotation, Normal Mode Method,
Green-Naghdi Theory

1. Introduction

The propagation of waves in thermoelastic materials has many applications in various fields of science and
technology, namely, atomic physics, industrial engineering, thermal power plants, submarine structures, pressure
vessel, aerospace, chemical pipe and metallurgy. Thermoelasticity theories, which admit a finite speed for ther-
mal signals, have received a lot of attention for the past four decades. In contrast to the conventional coupled
thermoelasticity theory based on a parabolic heat equation by Biot [1], which predicts an infinite speed of the
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propagation of heat, these theories involve a hyperbolic heat equation and are referred to as generalized ther-
moelasticity theories.

The first generalization, for isotropic bodies, is due to Lord and Shulman [2] who obtain a wave-type heat
equation by postulating a new law of heat conduction to replace the classical Fourier’s law. Othman [3] con-
structs the model of generalized thermoelasticity in an isotropic elastic medium under the dependence of the
modulus of elasticity on the reference temperature with one relaxation time.

The second generalization is known as the theory of thermoelasticity with two relaxation times, or the theory
of temperature-rate-dependent thermoelasticity, and is proposed by Green and Lindsay [4]. It is based on a form
of the entropy inequality proposed by Green and Laws [5]. It does not violate the Fourier’s law of heat conduc-
tion when the body under consideration has a center of symmetry, and it is valid for both isotropic and aniso-
tropic bodies. Othman [6] studied the relaxation effects on thermal shock problems in elastic half-space of ge-
neralized magneto-thermoelastic waves under three theories.

The theory of thermoelasticity without energy dissipation is another generalized theory and is formulated by
Green and Naghdi [7]. It includes the “thermal-displacement gradient” among its independent constitutive va-
riables, and differs from the previous theories in that it does not accommodate dissipation of thermal energy.
Chandrasekharaiah [8] [9] and Tzou [10] [11] proposed dual-phase-lag thermoelasticity in 1998. A survey of
five different thermoelastic models in which disturbances are transmitted in a wavelike manner is due to Het-
narski and Ignaczak [12].

The problems for rotating media have also been investigated. Chand et al. [13] presented an investigation of
the distribution of deformation, stresses, and the magnetic field in a uniformly rotating homogeneous isotropic,
thermally, and electrically conducting elastic half space. Schoenberg and Censor [14], Clarke and Burdness [15],
and Destrade [16] studied the effect of rotation on elastic waves. Roychoudhuri and Mukhopadhyay [17] studied
the effect of rotation and relaxation times on plane waves in the generalized thermo-viscoelasticity. Ting [18]
investigated the interfacial waves in a rotating anisotropic elastic half space. Othman and Song [19] presented
the rotation effect in a magnetothermoelastic medium. Ailawalia and Narah [20] depicted the effects of rotation
and gravity in the generalized thermoelastic medium. Othman et al. [21] discussed the effect of magnetic field
and rotation on generalized thermo-microstretch elastic solid with mode-I crack under the Green-Naghdi theory.

Recently, Othman et al. [22] discussed the effect of magnetic field on a rotating thermoelastic medium with
voids under thermal loading due to laser pulse with energy dissipation. Othman and Atwa [23] studied the effect
of rotation on a fiber-reinforced thermoelastic under Green-Naghdi theory and the influence of gravity.

In the present work, we studied the effect of rotation on the general three-dimensional model of the equations
of the generalized thermoelasticity for a homogeneous isotropic elastic half-space solid in the context of Green-
Naghdi theory of type II without any body forces or heat sources. The effect of rotation on different characteris-
tics is shown graphically for generalized thermoelasticity.

2. Governing Equations and Formulation of the Problem

We consider a homogeneous thermoelastic half-space, rotating uniformly with an angular velocity Q=Qn,
where n is a unit vector representing the direction of the axis of rotation. All quantities considered are func-
tions of the time variable ¢ and of the coordinates x, y and z. The displacement equation of motion in the ro-
tating frame has two additional terms: centripetal acceleration, Q A (Q A u) due to time varying motion only
and 2QAu where u=(u,v,w) is the dynamic displacement vector, and Q =(0,0,0).

The governing equations of the medium in the context of the generalized thermoelasticity of the Green-Naghdi
theory of type Ilin the absence of body forces and heat sources are:

Equation of motion:

plii+{QA(Qru)l+(2Qni)|=(A+u)V(V-u)+uVu-NT (1)
Heat conduction equation:

0T e

KV?T = pC, —+yT, — 2
p Eatz }/Oatz ()

Stress-displacement-temperature relation:
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o, =4 €,0; +2ue; —yT9, 3)

In the preceding equations, 4 and u are Lame’s constant, p is the density, o are the components of
the stress tensor, ¢ is the time variable, T is the absolute temperature, y is a material constant given by
y = (3/1+2 ,u)aT where «, is the coefficient of linear thermal expansion, K is thermal conductivity, C,
is the specific heat at constant strain, 7, is the temperature of the medium in its natural state, assumed to be
such that |(T-T,)/T,|<1.

We can rewrite the equation of motion as

ou ow o’u o'u  d'u v O*w oT
——Qu+20— |=(A1+2u)—+u| —+— [+(A+ +— |-y 4
p{aﬁ at} (42075 ”[ay2 o )P o e ) T ®
o’ o’ o’v 0% ou  Ow or
Pl |=(A+2u)—=+u| —+— |+(A+u) + —y— (5)
ot oy’ ox" 0Oz Ox0y 0yoz oy
ow ou o’w O’w  O’w u v oT
w—-2Q— A+2u +U| —+— |[+(1+ + —-y— 6
p{az 6t} (A+2m) 7 /{ze 6y2] ( 'u)[éx@z ﬁyaz] "% ©
and the conduction equation takes the form
o'T o°'T o°'T o’T d’e
+—t— —+yT,— 7
(ax P 622] ™ @)
and the stress-displacement-temperature relation as:
o, = Ae+2,ua—u—)/T ®)
- Ox
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where
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ox Oy oz

For convenience, we will transform the above equations in non-dimensional forms, so the following non-di-
mensional variables are used:

(x',y',z')=§(x,y,z), (u v w) 'Iz/%w(u,v,w), t'=wt, T'=T10, a{,=y—£, -
,_Q CE(/1+2/J) 2 K 2 (ﬂ+2,u) 72%
Q=— o=—"—= C;= = G =, g = —.
@ K pC,C Yol pC, (A+24)

where Crrepresents the non-dimensional thermal wave speed and &, is the thermoelastic coupling parameter.
Equations (4)-(13) in the non-dimensional forms (after suppressing the primes) reduce to
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where sza—2+a—2+a—2, p= i
ox~ oy- oz A+2u
From Equations (20)-(22) by addition, we get
oc=ae-T (26)
+o,, + -
Where, o= O Gg} 0. L a= 3 34ﬁ

We consider plane waves propagating in the plane such that at any instant all the particles in a line parallel to
the y axis have equal displacements, i.e. all partial derivatives with respect to y vanish.

We may separate out the purely dilatation and purely rotational disturbances associated with the components
u, v and w by introducing the two displacement potentials ¢ and y , which are functions of x, y, z
and ¢, in the form u(u,v,w)=Vo+V Ay , ie.

_%¢ oy _Op Oy

u , (27)
ox Oz 0z Ox

and V’p=V.u=e; e isthedilatation, V’y = ow_ou )

Ox 0Oz

By using Equation (27) in Equations (16)-(19), we obtain

o oy

Ve —+Q |p+2Q--T=0 28
( ar }” or (28)
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o op
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3. The Solution of the Problem

The solution of the considered physical variables can be decomposed in terms of normal modes as in the fol-
lowing form

(go,l//,v, T,e,0; )(x,y,z,t) = ((o*,l//*,v*,e*,T*,a; )(x)e"”'“””bz) (32)

where i=+/-1, o isthe angular frequency and a, b are the wave numbers in the y and z-directions, respec-
tively and ¢, y",v",T",¢" and 0' are the amplitudes of the field quantities.
Using Equation (32), then Equatlons (28)-(31) take the form

(D=4, ]¢"+ Ay -T" =0 (33)
[02 —AJ;//* A" =0 (34)
[D* =4 ]v =0 (35)
(D=4, 1"~ 4D’ - 4 ]p" =0 (36)

d
where D=, A=D, A =A+0"-Q, A4 =200, 4 =4+aq (0’ -Q),

A =ady, A4, =A +a0’, 4, =4 +a,0°, 4 =a0’.
Eliminating 7" and w" between Equations (33), (34) and (36) we get

[ D°—4D*+BD* ~C|g" (x) =0 (37)
In a similar manner, we can show that " (x) and 7" (x) satlsfy the equations

[ D —4D* +BD* ~C |y ( (38)

[D°—4D*+BD* -C]T"( (39)

where
A=A4,+A4,+4,+ 4,
B=A, (A, +4;)+ A4, (A + A)+ A A + A A,
C= A, A, A + A, AA + A A A, .
Equation (37) can be factored as
(D =& )(D* -k )(D* =k )" (x) =0 (40)

where k ( =12, 3) are the roots of the characteristic equation of Equation (40).
The solutlon of Equation (40), which is bounded as x — o, can be written as
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3
o (x)=2X M (4D
j=1
similarly
3
v (x)=Y H M (42)
j=l
3
T"(x)=Y H,Me™"" (43)
=
k-4
where H; :ZL and H,; :M.
k=4, (k/ - A7)
from Equations (41), (42) and (27) then we obtain
3
( ) = Z( —ibH,, )M_I.e_k-’x (44)
j=1
3
w' (x) = X (k;H,, —ib) M e (45)

from Equations (44) and (45) in (14) we get
¢ (x)
from Equations (26), (32), (43) and (46), then we obtain

o' (x)=

Il
™

> (K} -5 )M e (46)

'Mw

(ak2 —ab®—H,, )M_].e_k-’x 47)

]

4. Application

In order to complete the solution we have to know the parameters M, , so we will consider the following non-
dimensional boundary conditions at the surface x =0 of half space:
a) The thermal boundary condition is

q, +vT = r(O, ¥, z,t) (48)
where ¢, denotes the normal components of the heat flux vector, v is Biot’s number, and r(O, y,z,t) re-

presents the intensity of the applied heat sources. In order to use the thermal boundary condition (48), we use the
generalized Fourier’s law of heat conduction in the non-dimensional form, namely

_or

= 49
D =="7 (49)
From Equations (48), (49) and (29), we get
vl —di:r* on x=0 (50)
dx

b) Mechanical boundary condition:
It is assumed that at x =0, the body is at rest; then the following initial conditions hold:

u(0,,2,0)=0, v(0,y,2,6)=0, w(0,y,z,¢)=0. (51)

Using the boundary conditions (50) and (51) in Equations (43)-(45) respectively, we get

23:(1/+k ) —r* (52)

Jj=
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M-

(—k, —ibH,, )M, =0, (53)

~.
Il

M

(k;H,,~ib)M ;=0 (54)

.
Il

Solving the system of Equations (52)-(54), we get the parameters M | ( j=1 2,3) .

A A A
M]:Xl’ M, = M, =

o M= (55)

where
A= (v k) Hy | (kky =07 )(Hyy = Hyp ) =ib(ky — k) (14 H o Hyy) |
(v ) Hoy [ (ks =% ) (Hyy = Hy, )= b (K~ ) (14 H, ) |
(v k) Hog | (e, =07 ) (o = Hyy ) =ib (K — Ky ) (1+ Hy Hy )|
A =7 [ (koky =B ) (Hiy = Hyp ) =ib (ky = k) (14 H,Hy ) |
A, =—r" [(k1k3 ~0*)(Hy, —H,,)=ib(k, —k3)(l+H”H13)J

Ay =" [ (lky =) (Hyy = Hy, )= ib(k — k) (1+ H, Hyy) |

5. Numerical Results and Discussions

In order to illustrate the theoretical results obtained in the preceding section, we now present some numerical
results. In the calculation process, we take the case of copper material. Since @ is complex, we take

o=, +i§ ,where i isthe imaginary number. The numerical constants of the problem were taken as:

& =0.0168, f=0.25, =067, w,=2.5,¢=1,a=02,b=12,v=50, r" =100, C, =2.

Figures 1-4 represented 2D curves for the change of behavior of the values of the real part of the displace-
ment component u, stress o , strain e and the temperature T against horizontal distance x for y=z=0.9
and t=0.1 for a wide range of x (0<x<3) without rotation and with different values of rotation (=0,
Q=02 and Q=0.5). In these figures, the solid line, dashed line and dotted line corresponds for Q =0,
Q=02 and Q=0.5 respectively, which is furthermore precisely explained in each figure in the legend.

Figure 1 displays the distribution of the values of the real part of the displacement component u versus the
distance x. The displacement component u always begins from zero for the three values of € and satisfies

0.05

0.04

0.03

0.02f
001
v of
001}
-0.02
-0.03

-0.04

-0.05
0

Figure 1. Displacement distribution at y =z =0.9.
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Figure 3. Strain distribution at y =z = 0.9.
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Figure 4. Temperature distribution at y =z =0.9.
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the boundary condition at x = 0. In the absence of rotation, it is clear that the displacement component u de-
creases in the ranges 0<x<0.11 and 0.62<x<1.87 while it increases in the ranges 0.11<x<0.62 and
1.87 <x <3. In the presence of rotation, the displacement component u increases in the ranges 0<x<0.13
and 1.05<x<3 for Q=0.2 and in the ranges 0<x<0.08 and 0.88<x<3 for Q=0.5 while it de-
creases in the ranges 0.13<x<1.05 and 0.08<x<0.88 for Q=0.2 and Q=0.5 respectively and final-
ly all curves converge to zero for sufficiently large values of x. It can be observed that the rotational effect de-
creases the displacement component u# inthe range 0<x <1.56 and then increases.

Figure 2 represents the variation of stress o versus the distance x which indicates that all curves start from
negative values. It is clear that for absence and presence of rotation all curves increase in the range 0<x<2.5
approximately and then starts moving together for x >2.5 and finally converge to the origin. It can be seen
that the rotational effect decreases the stress o .

Figure 3 shows the variation of strain e versus the distance x. It starts from a negative value in the ab-
sence of rotation (Q=0) but it starts form positive values in the presence of rotation (Q=0.2, 0.5). In the
absence of rotation, the strain increases in the ranges 0<x<0.26 and 0.84 <x<2.5 while it decreases in
the range 0.26 <x <0.84. In the presence of rotation, the strain decreases in the ranges 0<x<0.46 and
0<x<0.39 for Q=02 and Q=0.5 respectively then increases after that. It is clearly observed that all
curves move together in x >2.5 and converge to zero. It can be seen that the rotational effect decreases the
strain e in the range 0< x <0.84 and then increases.

Figure 4 explains the variation of the temperature 7 versus the distance x. It is clear that all curves begin from
positive values. This figure shows that the temperature 7 decreases in the range 0<x <3 and finally all curves
converge to zero for sufficiently large values of x It can be observed that the rotational effect increases the tem-
perature 7 in the range 0<x<1.l1 and then effect decreases.

Figures 5-8 are representing 3D surface for curves for distribution of the values of the real part of thedis-
placement component u , stress o , strain e and the temperature 7 for a wide range of x (0 <x< 3) and for
a wide range of dimensionless time ¢ (0 <t<0.1) for y=2z=09.

Figures 9-12 are showing 3D surface for curves for distribution of all physical quantities for a wide range of
x (0<x<3) and forawiderange of y (0<y<1) for z=0.9 and r=0.1.

All these Figures 5-12 are in the presence of rotation (Q =0.5) and they are very important to study the re-
lation between physical quantities and dimensionless time ¢ and horizontal distance x and vertical distance y.

6. Concluding Remarks

1) The values of the distributions of all physical quantities converge to zero with increasing distance x. Using
these results; it is possible to investigate the disturbance caused by more general sources for practical applica-
tions.

2) It is clearly observed from Figures 1-4 that the rotation Q plays a significant role in all physical quantities.

Figure 5. Displacement distribution at y =z = 0.9 and Q =0.5.
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Figure 6. Stress distribution at y

=0.5.

z=0.9 and Q

Figure 7. Strain distribution at y
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Figure 8. Temperature distribution at y
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Figure 12. Temperature distribution atz=0.9, t=0.1 and Q = 0.5.

3) It is clear from Figures 5-8 that the changes in the values of the time cause significant changes on all the
studied fields.

4) It is observed from Figures 9-12 that the changes in the values of the dimensions cause significant changes
on all the studied fields.

5) The speed of wave propagation of the thermoelastic field variables is finite and coincides with the physical
behavior of the elastic materials.
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