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Abstract

In this paper, we consider Lotka-Volterra predator-prey model between one and three species.
Two cases are distinguished. The first is Lotka-Volterra model of one prey-three predators and the
second is Lotka-Volterra model of one predator-three preys. The existence conditions of nonnega-
tive equilibrium points are established. The local stability analysis of the system is carried out.
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1. Introduction

The Lotka-Volterra model provides a nice mathematical device to study and understand complex systems of
mutually interacting species or agent [1]. In the past decades, Lotka-Volterra type systems have been extensively
investigated, especially in biology and ecology [2]-[8]. A basic issue addressed in the studies concerns stability
property of the systems because of its relevance to the coexistence of different species in a community [9]. It
turns out that the stability of a Lotka-Volterra system relies crucially on the interaction matrix of the system.

A Lotka-Volterra system of n-dimensions is expressed by the ordinary differential equations [4] [10]:

% (t) =% (t)(b, - ;X (t)), ieN. (11)

j=1
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where N ={1,2,---,n} and n is the species number. In (1.1), the function x, (t) represents the density of spe-
cies i at time t, the constant b, , is the carrying capacity of species i, and a; represents the effect of interspe-
cific (if i = j) orintraspecific (if i= j) interaction. In vector form, System (1.1) is expressed as

%=X (b AXx),

where x =col (X, X,,-+,X,) is an n-dimensional state vector, X =diag(x,,X,,---,X,) is an nxn diagonal
matrix, b =col(b,b,,---,b,) isan n-dimensional real vector,and A=(a;) isan nxn community matrix.

The existence and stability of a nonnegative equilibrium point of system (1.1) or subsystems of (1.1) has been
investigated by many authors [9] [11] and [12]. The global stability of system (1.1) has been studied by many
authors [9] [11] [13]-[16].

In this paper, we shall concentrate on Lotka-Volterra systems of the fourth dimension. A Lotka-Volterra two
preys-two predators system is studied by Takeuchi and Adachi [15], and [16]. The first is Lotka-Volterra model
of one prey-three predators and the second is Lotka-Volterra model of three prey-one predator.

This work is organized as follows: In Section 2, we describe our model. In Section 3, the existence conditions
of nonnegative equilibrium points are established. The local stability analysis of the system is carried out in Sec-
tion 4.

In Section 5, we present an example to clarify each case.

2. The Model
Lotka-Volterra Model

In this section we consider Lotka-Volterra predator-prey model between one and three species and assume that
there is no interspicific competition between the three species x,, x3 and x,. This is represented by the following
system of differential equations:

X (t)=x% (t)[bl =% (1) =%, (1) — 8% (t) —aX, (t)]

X, (1) =X, (t)[bz_azixi(t)_a X (t)] @.1)
X3 (1) = X (t)[b3 — 8% (1)~ A% (t)]’
X, (1) =%, (t)[ by =2y % (1) =2, X, (1) ].

where X (t),(i=12,3,4) represents the density of species i at time t, the constant b, is the carrying capacity
of species i and &; represents the effect of interspecific (if i= j) or intraspecific (if i= j) interaction. In
vector form, system (2.1) is expressed as:

%=X (b-AX),

where x =col (X, X,,X;, X, ) is a 4-dimensional state vector, X =diag(x,,X,,X;,X,) isa 4 x 4 diagonal ma-
trix, b=col(b;,b,,b,,b,) isa4-dimnsional real vector, and

8; 8y, 3 ay
A= a21 aZZ 0 0 (2.2)
ay; 0 a5 0

a, O 0 a,

is a4 x 4 community matrix.

The system (2.1) is a prey-predator system if the following assumption is satisfied.

(H1) a; > O,aijaj1 <0,i=1234,j=12,3.

Two cases of system (2.1) can be distinguished:

The first case describes a one prey-three predators system where x; represents the prey and X, X3, X4 represent
the predators. In this case we assume that the following conditions are satisfied in addition to (H1):

(H2) a; >O,ajl <0,j=2,34.

(H3) b >0,b. <0,j=2,34.
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The second case describes a one predator-three preys system where x; represents the predator and x,, Xs, X4
represent the preys. In this case we assume that the following conditions are satisfied in addition to (H1).
(H2) a;<0,a;,>0,j=234,

(H3)' b <0,b; >0,j=2,34.

3. Equilibrium Analysis
3.1. Existence of the Quilibrium Points

In this section, the existence of the equilibrium points of system (2.1) in each case is investigated. At most there
are nine possible non-negative equilibrium points for system (2.1) in the first case, the existence conditions of
them are given as the following:

1) The equilibrium points E, :(0,0,0,0) and E, =(i,0,0,0J are always exist where E; is the equili-

1

brium point in the absence of predation and i >0 according to conditions (H1) and (H3).

1
2) The positive equilibrium point E;; :(le,f(j ) J=2,3,4 exists in the first quadrant of the xX; plane if
and only if the following condition is satisfied
() 2 <2 j_234
b; a;
where X; and X; are given by

g - a;b —a;b;
boaya;-aay (3.1)
- ab, —ayb .
R, =— L j_234
;85 — a8y,

3) The positive equilibrium point E; :(lek,f(jk,f(kj), i=2,3 k=34, j#k exists in the first octant of
X X; X, space if and only if the following conditions are satisfied:

: a,b —a,h, .
(H@.b>a.ﬂJL————J=a ,
: " A8y — A&y llek

a.b —a .b.
bk>a'kl & zaklilj’
8,85 —a;ay,
j=23 k=34 j=k
where %;,%; and X, aregiven by

o ajjakkbl_aljakkbj_alkajjbk
K Q8558 — 888y — Ay Ay, @ ,
)A(jk _ _ajlakkbl _alkaklbj +a11akkbj +a1kajlbk ,
8@ — 3@,y — 8y 44 aj; (3.2)
)A(kj _ —a;a,b, +a,;a,b; —a,;a,b, +a,a;b, ,
8,858y — 83818 — A&, dy
i=23 k=34, j=k.

4) The positive equilibrium point E* :(xl*,x;,x;‘,xj) exists in the positive cone (nonnegative octant)
R! = {x = (X, % %, %, )€ R [x 20,i=1,2,3, 4}. if and only if the following conditions are satisfied
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(H6) b, > a,, a33a44b1 — a13a44b3 — a14a33b4

—a )A(1 ,
Q18338 — Q3838 — 81484853 i
b3 > a, a22a44b1 — a14a22b4 — a12a44b2 =a, )”(12
1 17241
8118558y, — 815851844 — 8148418y
b, >a, Byy8a3D — 818550, —8,38,,0 — a41)A(123-
81855833 — 818833 — &1385,8p
where x’,i=1,2,3,4 aregiven by
X
x'=—i1=123,4, 3.3
A (3.3)

where
X = a22a33a44b1 - a12333a44b2 - aiaazza44b3 - a14a22a33b4,
72 = _a21a33a44b1 + (auasaam - a14a4la33 - a13a31a44 ) bz + a13a21a44b3 + ai4a21333b41
X; = _azzasla44b1 +ap a31a44b2 + (anazz 84 — 81p8y,8y, — 84,88 )ba + a14a22a31b4’
X, = 88580, +81,8558,10, + 81388105 + (81185855 — 81585, 855 — 1385, ) by
|A| = a11a22a33a44 - a12a213333-44 - a13a31a22a44 - a14a41a22a33-

A is the interaction matrix defined in (2.2).

For the second case of system (2.1), at most there are fifteen possible nonnegative equilibrium points. The ex-

istence conditions of them are given as the following:
1) The equilibrium points

E, =(0,0,0,0), EZ:[O,b—Z,O,OJ, Egz[o,o,bi,oJ and E4:(0,0,0,b—4]
aZ a33

2 Ay

b.
are always exist where E,, Es, E, are the equilibrium points in the absence of predation and —- > O,(j =23 4)
a..
]
according to conditions (H1) and (H3)".
2) The positive equilibrium point E;; = ()?“,7(] ) 1=2,3,4 exists in the first quadrant of xx; plane if and
only if the following condition is satisfied
(H4)": bl >ﬂ, j=2,34.
an

where xlj and xj are given by (3.1).
3) In the absence of predator and one prey species, both the other two prey species grow. Thus, the equili-

. . b, b, b
brium point E; =| —-,—|,j=2,3,k=3,4, j =k always exists in the interior of X;X, plane where —->0,
a;; "ay ii

b—k >0 according to conditions (H1) and (H3)'.
By
4) The positive equilibrium point E,; :(iijk,f(jk,ikj), i=34,k=34,j#k exists in the first octant of
X X;X, space if and only if the following conditions are satisfied
(H5) by >—tip +2up
aj A

a.b —a.b -
bj >a;, [M] =a,%,,
&8y — a8y

b >a —a”bl_a”bj =a,X
> A =g Xy
8y 8j — 88y,



A. A. Soliman, E. S. Al-Jarallah

where X, X; and X, aregivenhby (3.2).
5) In the absence of predator, all three prey species grow. Thus, the positive equilibrium point

E,u = [b—zﬁb—“J always exists in the interior of x,x,x, space.
Ay, a3 ady
6) The positive equilibrium point E* =(x1",x;,x;‘,xj{) exists in R? if and only if the following conditions
are satisfied
(He): by >zp, 4 dap 4 By
a a

22 33 44

b.>a a33a44b1 - a133‘44b3 — a14a33b4 =a ),21
2 21 = A1M34
aua33a44 - a13a31a44 - a14a41a33
b > azza44b1 — a14a22b4 — a1za44b2 _ o
3 > 8y = 831 X154
Q18558 — 815851844 — 81484185,
azzaazbl — a12‘"‘33[)2 — aisazzbs o
b4 >ay = Ay X3

Q1857833 — 81585833 — 838335,
where x',i=1,2,3,4 aregiven by (3.3).

3.2. Remark

We will use the symbols E,,y,, E and Ey, to denote the nonnegative equilibrium points (%,,%,,0,0),

(%3,0,%;,0) and (%,,0,0,%,) respectively, where X; and X;,j=2,3,4 are given by (3.1), the symbols

Eis0. Eis and Eyy, to denote the nonnegative equilibrium points (X5, %3, %5,,0), (K24, %,4,0,%,,) and

(R134,0, %, %,5) respectively, where X, X, %, j =12,k =34, j =k are given by (3.2) and use the symbols

Egpor Egoe @nd Egy, to denote the nonnegative equilibrium points [Ob—zb—soJ [Ob—zob—“j and
a22 a33 a22 a44

(Oob—3b—4] respectively.
Az Ay

4. Stability Analysis

4.1. Stability of Equilibrium Points

In this section, the local stability analysis of equilibrium points is investigated. Assuming that all previous equi-
librium points existing.
The Jacobian matrix J of system (2.1) is given by:

b —2ay,% —a,x
—aX ial X 2 —a,% —8y3% —a%
373 47
b, —a
—a,,X, 2 1% 0 0
B —28,,X,
J= . 4.2)
—a.x b3 — a3 %
3173 —2a33x3
_a.x 0 b, —a,X%
I 4174 _2a44x4 |

Computing the variation matrixes corresponding to each equilibrium point and then using Routh-Hurwitz cri-
teria [17], the following results can be observed:

1) Substituting by E, in the variation matrix (4.1), we get the eigenvalues A, =b;,i=1,2,3,4.

So for the first case, Ey is a saddle point with locally stable manifold in the x,x3X4 space and with unstable
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manifold in the x; direction. Near Eq the prey’s population x; grows while the predators’ populations X,, xz and X,
decline.

For the second case, Ey is a saddle point with locally stable manifold in the x; direction and with unstable ma-
nifold in the Xx,Xxsx, space. Near Eq the predator population x; decline while the preys’ populations X,, x3 and X4
grow.

2) Substituting by E; in the variation matrix (4.1), we get the eigenvalues 4, =-b <0, 4;=b, —Eb1 >0,
1
j=2,34.
(By using (H3) and (H4)).
So E; is a saddle point with locally stable manifold in the x; direction and with unstable manifold in the X,Xsx,

by

space. Near E; the prey species x, remains close to — .
ay

Similarly, E; has three positive eigenvalues

A =b-2p 50, 4,=-b <0 4=b>0 A=b>0.
a'22
(By using (H3)' and (H4)")
So E, is a saddle point with locally stable manifold in the x, direction and with unstable manifold in the X;Xsx,

. . b,
space. Near E, the prey species X, remains close to —2-.

aZZ

Es and E4 have the same stability behavior of E,.

We now state the local stability behavior of other equilibrium points in the form of Theorems. The proofs of
these theorems follow directly from the Routh-Hurwitz criteria [12].

Theorem 4.1

1) Ey, is locally asymptotically stable in the x;x, plane.

2) If E1o30 and Ejoq4 eXist, then Ejxg is a saddle point with locally stable manifold in the x;x, plane and with
unstable manifold in the x3x4 plane.

Proof

Consider the following subsystem from (2.1)

X () =% (t)[ b —ayx (t)—au%, (t)],
X (1) =%, (1)[ b, = 2% (t)—a,%, () ].
Evaluating the variation matrix of system (4.2) at E;,, we have

M12 _ (_aﬂxu _aizxiz}

_a21)~(12 —8y )N(z

(4.2)

The characteristic polynomial is

/12 +(311X12 +azz)~(2)/1+(anazz _312321)7(12)?2- (4-3)
Since

trace(M,, ) =4 + 4, = —(a,%, +2,%,) <0,

dEt(Mlz ) = 11/12 = (aila22 _312321)7(12;(2 > 0.

Then, 4 and A, have negative real parts. Thus, E;; is locally asymptotically stable in the x;x, plane.
Computing the variation matrix (4.1) at E1,q, We have

_311le —ay, )~(12 —83 )N(lz —ay, 7(12

3 = —a X, X, 0 0
r 0 0 b3 - a31)~(12 0
0 0 0 b4 - a41)~(12

689
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The characteristic equation of matrix Vi, is
[ A%+ (8% +85,%, ) A+ (88y — 81,85 ) %1%, (0, —831%, = 4) (b, — 2%, —2) =0,
Comparing with (4.3) we getthat 4, and A, have negative real parts and
A =b,—a,%X,, A, =b,—a,X,.

If Eq230 and Ejpo4 exist, then A4, >0 and 4, >0 (by using (H5) and (H5)').
Therefore, Ejxgp is a saddle point with locally stable manifold in the x;x, plane and with unstable manifold in
the XsX4 plane.

4.2. Remark

1) Behavior of solutions near the equilibrium points E;; and Ey4 are the same behavior of solutions near the
equilibrium point Es,.

2) Behavior of solutions near E3p and E1o4 are the same behavior of solutions near E;qo.

Theorem 4.1

a) E,z is locally asymptotically stable in the x,X; plane.

b) If Ejps exists, then Eqy3 is a saddle point with locally stable manifold in the x,x; plane and with unstable
manifold in the x;x4 plane.

Proof

Consider the following subsystem from (2.1)

X (t) =% (t)[ b, ~aX, (t)]}
X (1) =% ()] by - a3 (1) ]

Evaluating the variation matrix of system (4.4) at E,3, we have

b, 0
M,, = ,
23 [ o _bgj

which have the eigenvalues A, =—-b, <0 and A, =—-b, <0 (by using (H3)).
Therefore, Ex; is locally asymptotically stable in the x,x3 plane.
Substituting by Egasg in the variation matrix (4.1), we get the eigenvalues

(4.4)

21:bl_::’l_2bz_%bal A =-b, A=-b;, 4,=b,

22 33
If E1p50 €Xists, then
4 >0, 4,<0, 4<0, 4,>0.

(By using (H3)' and (H5)".

Hence Eg,3 is a saddle point with locally stable manifold in the x,x; plane and with unstable manifold in the
X1X4 plane.

Theorem 4.2

a) Eq,3 is locally asymptotically stable in the x;x,x3 space.

b) If E" exists, then Ej,3 is a saddle point with locally stable manifold in the x;x,x3 space and with unstable
manifold in the x, direction.

Proof

Consider the following subsystem from (2.1)

X1’ (t) =X (t)[bl —a X (t)_ a, X, (t)_ A3X3 (t)]*
X (t) =X, (t)[bz — 8, % (t) = axX, (t)]’ (4.5)
X (1) = X, (1) b — a5, (1) —age%, () ].

Evaluating the variation matrix of system (4.5) at E;,3, we have
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_a11)A(123 _a12)A(123 _ais)A(lzs
My,; = _a21)A(23 —8p )A(zs 0 )
_asl)A(32 0 _a33)A(32
which has the characteristic polynomial
A2 +c AP +c A+, (4.6)
where
C = ail)A(lzs + azz)A(zs + ass)A(sz’
CZ = a1la22 2123 )223 + a11a33 )’2123 )232 + 322333)223 )232 - a’lZ a21)?123 )223 - 813331)?123 232’
Cs = [anazzasa - a12321a33 - a13a31a22 ] )2123;(23 )232-
From Routh-Hurwitz criterion, E;,; is locally asymptotically stable if and only if ¢, >0, ¢,>0 and
C,C, >C;.
It is clear that all the coefficients ¢y, ¢, and c; are positive and
GC, —C3 = a11)2123 [anazz )A(lzs )A(zs +8,85; )A(lzs )232 - a12a21)?123 )223 - a13a31§(123 )232]
+ a22 )223 [a11a22 )?123 )?23 + a11a33 )?123 232 + a22 a33 )223 )232 - a12 aZl )2123 )223]
+ a33232 [a11a22 )2123)223 + a11a33 )2123232 + a22a33 )223 )232 - 313331)2123232] > O
Therefore E;»; is locally asymptotically stable in the x;x,x3 space.
Substituting by Ej»3 in the variation matrix (4.1), we get the characteristic equation
[ A° 4647 +c,A+¢, |(b, —ay, Ry —4) =0.

Comparing with (4.6), we obtain that 1,, 4, and A, have negative real parts while 4, =b, —a,;X,, >0
(by using (H6) and (H6)")

Therefore, Ejys is a saddle point with locally stable manifold in the x;x,x; space and with unstable manifold
in the x, direction.

Remark 4.1

1) Behavior of solutions near E;,, and E;34 are the same behavior of solutions near the equilibrium point Ejs.

2) Behavior of solutions near E1,q4 and E1g34 are the same behavior of solutions near E;s.

Theorem 4.3

a) E,a4 is locally asymptotically stable in the x,x3x4 space.

b) If E" exists, then Egys4 is a saddle point with locally stable manifold in the x,x3x, space and with unstable
manifold in the x, direction.

Proof

Proof of this theorem follows directly as proof of Theorem 4.2

Now, we study asymptotic stability of the positive equilibrium E*.

Substituting by E" in the variation matrix (4.1), we get the characteristic equation

At + A’ +c, A% +cd+c, =0,
where

G = a11x1* + asz; +a€3X; +a44XZ:

C, = a8y, Xf X; + 8,85 Xf X; + 311344)(1*)(: + 85,85 X; X; + 858y X; X:
+ aa3a44X;XZ - 812321X1*XZ - alaaslxl*xé.k - ai4a41X1*XZ’

Cy = 8338, 835X X; Xy + 8185y Xy Xp Xy + 8118380 X X3 Xy + 8 B304 Xo Xg X,
—ay, a21333X1*X; X; —ap azla44XIX; XZ - a13a31a22X1*X; X; - 313331a44X;X; XZ
- a14a41a22X1* XZ XZ - a14a41a33X1* X; XZ )

C, = (anazz Q38 — 81588538y, — 81385185,8y, — 814848583 ) Xy Xy Xg Xy -
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5

From Routh-Hurwitz criterion [12], E
and c,c,c, > ¢l +clc,.
It is clear that all the coefficients ¢y, ¢,, ¢z and c; are positive and if

is locally asymptotically stable if and only if ¢, >0,c;>0,¢c, >0

2 2
c,C,c, —C; —¢;¢c, >0.

Then E” is locally asymptotically stable in R?.
Theorem 4.4

E* is globally asymptotically stable in R? for every carrying capacity beR*.
Proof.

We define the Liapunov function V (x) by

4 X.
V(x)=>w (xi -X =X InX—LJ,
i=1

where X =(X,%,%,%,), W >0,i=1234.
In the region

G ={(%: %, %3, %, )% >0,i=1,2,3,4}.
It is clear that
V(x)eC(G,R),
V(x)=0e=x=E",
V(x)>0 for xeG—{E"}.
Then calculating the time derivative of V along the positive solutions of system (2.1), we have
V =-way (X, —xf)2 —(Way, + W3, ) (X% =X ) (% = %)
—(way, +W35131)(xl - xl")(x3 - x;‘)—(wla14 +w4a41)(xl - xi")(x4 - xj)

* 2 * 2 * 2
_Wzazz(xz_xz) _Wsas3(x3_x3) —W4a44(X4—X4) :

Then, we can choose

Hence, we obtain

v :_all<xl_xl*)2 +&azz (Xz _X;)Z +%333(X3 X )2 +_a44(x4 _XZ)Z <0.

a21 1 41

Therefore, it follows from well-known Liapunov-LaSalle theorem that the positive equilibrium E* is glo-
bally asymptotically stable in R?.

5. Numerical Simulations

The reader can be check local asymptotic stability of the system 2.1 for:
Example 5.1

bl =a,; =ay =1 Q) =8;3=38y, =05, A3 =, =0.25
a, =-1 a,=0b,=-075 a,=b=-05
Example 5.2
bh=-1 a,=1 a,=a,=a,=h=05 a,=a,=hb =025
a, =b,=0.75 a,=-075 a,=-05 a,=-025
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