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Abstract

Fourier series is an important mathematical concept. It is well known that we need too much
computation to expand the function into Fourier series. The existing literature only pointed that
its Fourier series is sine series when the function is an odd function and its Fourier series is cosine
series when the function is an even function. And on this basis, in this paper, according to the func-
tion which satisfies different conditions, we give the different forms of Fourier series and the spe-
cific calculation formula of Fourier coefficients, so as to avoid unnecessary calculation. In addition,

if a function is defined on [O,a] , we can make it have some kind of nature by using the extension

method as needed. So we can get the corresponding form of Fourier series.
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1. Preliminary Knowledge

Definition 1 [1]-[3] Let f(x) be an integrable function on [—I,I]. Then the coefficients a, and b, are
calculated by

:—j f( cos—dx (n=0,12,-);
bnzl—j_lf(x)sinTndx, (n=1,2,).
and are called the Fourier coefficients of f (x).

Definition 2 [1]-[5] Let f (x) with the period 2l be an integrable function on [—I, I] , trigonometric series
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with the Fourier coefficient are called Fourier series of f (x) , denoted by
f(x) ~E+Z[a cos—+b si n%j

2 n=1 I I
Lemmal [6] Let f (x) be an integrable function on [—I, I] with period of 2l , the Fourier coefficients are

calculated according to period of 2kl (k € N*). The calculation indicates there are same results between Fourier
series with period of 21 and 2kl (k € N*).

2. Calculating Fourier Series According to the Nature of the Function

Theorem 1 Let f(x) be an integrable function on [-I,I] and satisfy the condition f(x+1)=—f(x),
then we have

—(2k _1) ™ +b,, ,sin

F(x) - Z{aﬂlcos

k=1

.2k 1)

where a,, , = If & dx, b, , = jf dx, k=12,

Proof It was clear that the perlod of f ( ) is 2I and we have

a, :%J:II f (x)dx=%[fI f (x)dx+j(; f (x)dx}
Let x=t-I,then dx=dt. Therefore
[*t(x)ax=[ £ (t-tydt=[{~f[(t=1)+1jdt=—] £ (t)dt=—] f(x)

So we get
a,=0.

=—j f( cos ™ dx = = [I f( cos%dx+jf cos#dx}
Let x=t-1,then dx=dt. Therefore
t—1 t
[ f(x cos—dx [ f(t- Mdt:j;{—f[(t—|)+|]}cos[“l—"—nnjdt
nmt

:—J'Of(t)(— cos—dt ””jf cos—dx

Therefore, we obtain

%[ )" 4 ]j f( cos@dx
0, n=2k;

k=12,---.
Izjlf cos (2K —1)nx dx, n=2k-1.

0 |
In the same way, we have
n = 2k;

b, = _ k=12,
! g_[' f (x)sinwdx, n=2k-1.
| 70 |

In a word, while n isaneven number, a, =b, =0, and
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a, :zj'l f (x)coswdx,

i (2k —1)nx
byys = I f —I ) dx,

Thus in this case, the expansion reduces to

k=12,---.

k—l)nx

(1) 5 o con 2

k=1

+b,, ,sin

Theorem 2 Let f(x) be an integrable function on [-I,1] and satisfy the conditions f(x+1)=f(x),
then we have

f(x)~= Z[achos 2knx +hb,,sin 2k|nx}
k=1
where a,, == J'f )cos @dx k=012, =—If mﬁdx k=12,

Proof The perlod of f(x ) is 1, so we can calculate Fouries series of f (x) with period of 2| by Lem-
ma 1. We have

:_j F(x)dx = U f(x)dx [, (x)ox |
Let x=t—1I,then dx=dt. Therefore
[©f(x)ax=[ f(t-1)dt=] f(t)dt
So we get
aozgjlf(x)dx
=—I f (x)cos 2 dx == D f( cos@dxﬂf cos@dx}
Let x=t—1I,then dx=dt. Therefore
ﬁ f (x)cos@dx:joI f (t-1)cos nR(T_I)dt :j; f (t)cos(nl—m—nnjdt

| nmt
=j0f(t)(— cos—dt-— jf cos—dx

We obtain

an:%[(— +1Mf cosde

0, n=2k-1,
jf coszm dx, n=2k.

In the same way, we have

0, n=2k-1
2knx k=12,
j f sm n .

Thus in this case, the expansion reduces to
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2kmx . anX:‘
+Db,,sin I

f(x)~ 5 %, i[aﬂcos

k=1

Zk“X dx, k=12,

where aZkzng.;f(x)coszﬁnxdx, k=012, =—If )sin

Theorem 3 Let f(x) be an integrable function on [O,I]. When IE<XSI, it satisfies the condition

f(x)=—f (I1-x). Then we have
(1) While f(x) isaneven functionin (-I,1), then we get

© 2k -1
f(X)~2 a0 cosﬂ
Pt I
! _
where aZklzlﬂj.(ff(x)cos(Zk l)nxdx, k=12,---.

(2) While f(x) isan odd functionin (-I,I), thenwe get
()~ 3 bysin 5

KX e k=12,

where b, :—IZf )sin

Proof (1) We use the method of periodic extensionto f (x) with period of 2I.
Because f(x) isan even function, we have b =0, n=12,

=_J' X)dx == {J'sz(x)dXJr'[if(x)dx}:TZDéf(x)dx—fif(l—x)dx}
Let t=1-x, ﬂf(l—x)dx:ijf(t)dt,then we have

a, =0,

=—If cosﬂdx—lz{_[lzf cos@dx _[f cos—dx}
Let t=1-x, therefore

ﬁf(l cosﬂdx——j f(t t)dtz(—l) [2f ()cosn—mdt

2
We obtain

!
a, :[1—(—1)”L3J'02 f(x )cos@dx
0, n = 2k;

2k—1)TCX k=1,2,

415 £ (x)c0s 2K -U™
T.[o f(x) I

Thus in this case, the expansion reduces to

dx, n=2k-1.

2k —1)7rX

f(x)~ iazmcos(

k=1

(2k
where a,, , = J' f( cos—)d k=12,
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(2) In the same way, we can prove Theorem 3 (2).
Similarly, we can prove the following Theorem 4.

Theorem 4 Let f(x) be an integrable function on [0,1]. When IE<xs|, it satisfies the condition

f(x)=f (I-x). Then we have
(1) While f(x) isan even functionin (-I,1), then we get

where a, =— j f(

2 knx

f(x)~ 2 a,,C0S——

2|(7'C

dx, k=0,12,---.

(2) While f (x) isan odd functionin (1,1, then we get

where b, , = _[ f (x)sin

(2k-1)nx

f(x)~ szk Sin—————

(2k-1
&dxl k =12,---.

3. Conclusion

Suppose the function is defined on [OH if we use symmetry extension about the point (IEOJ and then

use odd and periodic extension, we can get two forms of Fourier series as Theorem 3. If we use symmetry ex-

tension about the line x =3 and then use odd and periodic extension, we can get two forms of Fourier series

as Theorem 4. Suppose the function is defined on {—IE,O} , we have a similar conclusion.
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