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Abstract
Consider the linear dynamic equation on time scales

x4 (1) = A(t)x(t)+ F(t,x); X(t;)=%,, te[ty, o), (1)
where x(.)eR", A(.)eC, ([to,oo)T : Mn(R)), f :[t;,0). xR" > R" is a rd-continuous function, T
is a time scales. In this paper, we shall investigate some results for the exponential stability of the
dynamic Equation (1) by combinating the first approximate method and the second method of
Lyapunov.
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1. Introduction

Let R" be a n-dimension Euclidean space, T be a time scales (a nonempty closed subset of R). We denote
T, = [a,oo)ﬂT . For convenience, we shall use the notions which appear in the book by Bohner and Peterson
(see [1] [2]). The notions related to the Lyapunov function that we use follow the results of B. Kaymakcalan (see
[3]). For necessary, we recall them in this process.

We consider a dynamic equation

x*(t)=F(t,x), teT’, )
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where F eC, (Tto*, R") with F (t,O) =0. We suppose that F satisfies all conditions such that (2) has a unique
solution x(t,ty,%,) with x(t;) =X, . In this paper, we define the stable notions of the trivial solution x(t)=0
of (2) as the followings:

Definition 1. The trivial solution x(t)=0 of (2) isstableon T,* forall &>0, there exists & =5(s,t))>0
that satisfies ||x,| <& then ||x(t,t0,x0)§<g . Vtxt,.

Definition 2. The trivial solution x t):O of (2) is asymptotically stable if it is stable and there exists
8 =6,(t,) >0 satisfies ||x||< 5, then

lim ||x(t,t0, X, )|| =0.
In these definitions, if the numbers 6 and &, do notdepend on t,, we say that the trivial solution of (2) is
uniformly stable (uniformly asymptotically stable).

Definition 3. The trivial solution x(t)=0 of (2) is exponential stable on T if there exists K =K(t;) >0
and g >0 with—qis positively regressive which satisfies

Je(t)]< Ke.y (1), VE2t,

In the simple case (see [2]), consider the dynamic equation

{XA(I): p(t)x(t) tETQ_

X(t) =% ©

0 s—u(7) S

: . . . ¢ Inft+p(7)s|
The solution of (3) is exponential function e, (t,to)zexp '[t lim ———~ Az ;. We recall some prop-

erties of the exponential function which are used later.
Assume p,qeC, (Tt;, R) , We denote
p@q=p(t)+a(t)+u(t)p(t)a(t)
P(t)
)p(t)

® = —
P T+ pu(t

We have the following equalities
1) e(t,s)=Le, (t,t)=1 Vt,seT;

2) e,(o(t),s)=(1+u(t)p(t))e, (t.s) VtseT;
3) e,(t,s)e,(s,7)=¢,(t.7), t=s>7 Vt,s€T;

1
4 = t,s) Vt,seT;
) o (09) €ep (1,S) Vi, s€
1
5 t,s)= = 1) VtseT;
) e, (t.s) o (5] €op (S:1) Se
6) e, (t.,s)e, (t.s)=e,pq(t,S) Vi,SeT;
e, (t.s)
7 e:(t,s):epe’q (ts) vtseT.

In the special case p(t)=4(1eC), we have

Inj1
e,l(t,s)=exp{ " lim | +/18|Ar}.

S s—u(7) S

Using the notations
S(T)=Sa(T)USc(T),

where



N. N. Huy, D. D. Chau

SC(T):{leC:Iimsup ! LT lim In|1+/1S|At<0},

T T—to 0 s—u(t) S
Sk (T):{ﬂe R:VzreT,t >z',1+,u(t)/1:O} ,

S(T) is set of exponential stability of e, (t,s) (see [4]).

Theory of stability of dynamic equation on time scales is an area of mathematics that has recently received a
lot of attention (see [1] [2] [4]-[7]). And almost of the results which involve the methods of Lyapunov to inves-
tigate the stability, have been developed and obtained the interesting results to expand for dynamic equation on
time scales. Besides that the criterions and sufficient conditions were given, there were short of some particular
examples. We know that the calculus for functions on general time scales is complex and difficult to implement.
In order to overcome obstacles, in some cases we can combine the different methods of Lyapunov to investigate
the stability of the solution. The content of this paper contains two parts: the first part presents the sufficient
conditions following the first approximate method for the exponential stability of the solution of the linear dy-
namic Equation (1) on time scales. The second one gives some specific examples for applications. Besides the
part two we add a theorem about the stability of the solution following the second method of Lyapunov. This
theorem can be seen as a corollary of the stable criterion which was presented in [3].

2. Main Results
2.1. The Stability of Linear Dynamic Equation under Perturbation on Time Scales
Consider the dynamic equation
x*(t)= A(t)x(t)+ f (t,x), teT, Q)
where x(.)eR", A()eCy (T, ,M,(R)), feCy(T;xR"R") with f(1,0)=0 on T..
In proportion to the system (4), we consider
x*(t)= A(t)x(t), teT, (®)
where x()eR", A()eCy (T, .M, (R%) :
We assume that A(t) is regressive( et[ 1 +u(t)A(t)]=0, vt eTt;). We denote ¢(t)=¢,(t.t,) is expo-

nential matrix of (5) with xgto) =X,

We easily verify that ¢," (t,t,) =@, (t,,t) and ¢, (o(t).t))=[ 1 +u(t) A(t) |da (L)
Theorem 4. We assume that the trivial solution of (5) is exponentially stable, there exists K >0, -1€S (T)
to satisfy

lea (tt))] < Ke, (Lt,), VEeT,,
then the trivial solution of (4) is exponentially stable if one of these conditions is satisfied
i)
i | (tx(0)]
im +———
wobo [x(1)]
ii) There exists a function g €C, (TIO*, R*) to satisfy

[ < g @I

=0, VteTtJ.

where

exp{[ lim Mm}«m.
to s—pu(t) S

Proof. We assume that x(t) is the solution of (4) with x(t,)=X,,

X(t) = ga (t,1) % +L:¢A (t.o(s)) f(s,x(s))As.
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By taking the norms of two sides, combinating the condition of the theorem, we obtain

||x(t)|| <Ke_, (t.t) %]+ ;Ke% (t,o-(s))"f (s, x(s))”As,

L 0 e e e CHO) 1S

e (o(s).t

e, (L)) <K+ [ ——K

oD || S, X ))"AS

K
ofl-p(s) e (s.,) ”fs

ey, (L) ||x ||<K||x0|| L x(s))"As.

Following the assumption i), for all & >0, there exists & >0 satisfies || (tx(t )"Ss”x(t)" where teT/,
x| < & . We obtain

Ke
eo_; (Lt ||x ||<K||x|| Im

€o_s (St )[[x(s)]As .
Let y isa positive satisfies |_ |_;/ cput y(t)=e, , (t.t)[x(t)] then

y(1) <K x| +er[ y(s)as

By using the Gronwall inequality (see [7]), we obtain

y(t)ﬁ K”XO"egy (t,to)ﬁ K”)(O"ej“ogyAS K"X €7t to)
Equivalent
e, (t,to)”x(t)" <K% g(t-)
& "X(t)" <K ||X0 ||e7/1 (t,to)egy(t't‘)) )
i 1 . Infi-is]
By the assumption —1eS(T), put q:=limsup,_,, ftojto H«:)TM <0.
We obtain
e, (tt,)<e" ).
Therefore

X ()] < K g6 e ) = K [x, @),

With q <0, we can choose & >0, which is sufficiently small and q+ &y <0. So that the trivial solution of
(4) is exponentially stable on Tto+ .
For ii), by argument similarly as in i), the proof is completed. o

2.2. The Stability of Scalar Dynamic Equation on Time Scales
For convenience, the first we consider the scalar dynamic equation

x*(t)=p(t)x(t)+ f (t,x), teT, (6)
where peC, (T, .R), feCy (T xRR),f(t,0)=0.

Theorem 5. We assume that peC,, (Tto*, R) satisfies the condition

: Infl t
limsup—— ! j m MM <0
70 T — t to s—p(t) S
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Then the trivial solution of (6) is exponentially stable if one of these conditions is satisfied
i)
fot,x(t
IimM:O, vteT, .
x—0 |X(t)|
ii) There exists a function g eC, (T, ,R") tosatisfy

[F(tx[<a (),

where

0 s—u(t) S

exp{f lim wm} < +o0.

Proof. Let x(t)=x(t,t;,%,) is the solution of (6) with x(t,)=X,, we have
X(t) =€, (L)% + J; &, (t.o(s)) T (s,x(s)) s
By taking two sides
x(t)|<e, (t,t0)|x0|+.[;ep (t.o(s))|f (s.x(s))] As.

By argument similarly as the proof in theorem 4, we obtain results. o

In the next part, for convenience to investigate the stability in specific examples, we represent a theorem
about the sufficient condition for the exponential stability of the trivial solution of system (2). This result can be
seen as a corollary of the stable criterion B. Kaymakcalan (see [3]).

We assume VT xR" —R" is Delta differential of t, continuous differential of x and x = X(t,ty,%,) is
the solution of (2) with x(t, ) = X, . Then derivative of V (t,x) following the trajectory of x(t) is defined by
VA(t,x)=V*(t,x(t)) and

1 ’
VA (t,x) =V (t,x(o(t)))+ A (tx(t)+hpe (1) x* (t))dth (t)
1 ’
=V (tx(a(t)))+ [ V) (tx (1) + ha(t) F (t,x))dhF (t,x).

Function V (t, x) with above properties is a Lyapunov function.
Theorem 6. We assume that there exists function V :Tto+ xR" — R" is a Lyapunov function which satisfies
the following conditions

A <V (1),
VA (LX) <g(tV(tx)),

where 4, >0 and « =1 are positive real numbers, g eC, (Tto+ x R+,R) .
If the trivial solution of

u* =g(tu), Y]

is exponentially stable then the trivial solution of (2) is also exponentially stable.
Proof. By the assumption the trivial solution of (7) is exponentially stable, then the maximal solution r(t)
of (7) with u(ty)=u, >0 satisfies

|r(t)| <Ne7l70) ¢ €T,
where N >0 and —y e S(T). By theorem 2.1 (see [3]) we obtain
\Y; (t,x)s|r(t)| < Ne7070), teT, .

Using the assumption, we have
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A" <V (6 x)<Ne? ) teTr

Therefore

1
<[ e e

By the assumption « >1 implies the trivial solution of (2) is exponentially stable.

3. Applications

In this part, we represent some examples of applications.
Example 1. Assume that «, 8 are positive constants. These functions f, €C, (Tto+ xR?, R); i=12 satis-
fy one of the conditions i) or ii) of theorem 4. Consider system

{xf (t) =—ax, —Bx, + f,(t,x,X%,) ®
X (1) = Bx —ax, + T, (tx, X, )
We assume that f, (t,0,0) =0, Vvt eTto* in order that system (8) has the trivial solution. We consider
X () =—ax - Bx, o
X, (t) = Bx —ax,

In order to investigate the stability of (9), we choose Lyapunov function V (x1 xz) =x2+x2.
Taking Delta derivative, we obtain

2 2
V= 268 ()%, (1) + 2% (1) %, (t)+y(t)[(xf () +(% (1) } .
Therefore the derivative of right-hand side of (9) is

VA (t,Xl,Xz):[—2a+,u(t)(a2 +ﬂz)}(xf +x§),

which implies if y(t) < 2—,82 then the trivial solution of scalar dynamic equation
a®+

u® :—20:u+,u(t)(052 +ﬁ2)u .

is exponentially stable.
By using the results of theorem 6, the trivial solution of (9) is exponentially stable.
Therefore following theorem 4, the trivial solution of (8) is exponentially stable.
Example 2. Consider system

X*(t)=—x-y+z+y’+xz
yH(t)=x-y-z-xy-z* . (10)
4 (t)=—x+y-z-x"+yz
In proportion to system (10), we investigate the stability of the trivial solution of system
X2 (t)=—-x-y+z
yr(t)=x-y-z . (12)
2 (t)=—x+y-z

We choose Lyapunov function V (x,y,z)=x*+y?+z°, we obtain
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VA=2xA(t)x(t)+2yﬁ<t)y<t)+2zA(t)z(t)w(t)[(xﬁ(t))z+(yA(t>)z+(zA<t>)2]
:—2(x2+y2+z u(t) [3 x +y?i+7° 2(xy+yz+zx)}
=2(X*+y +7° t[4 X2 +yi+z? (x+y+z)2].
Therefore
VA(t,x,y,z)s(—2+4,u(t))(x2+y2+22),

which implies if y(t) <% then the trivial solution of scalar dynamic equation

:(—2+4,u(t))u ,

is exponentially stable.
By using the results of theorem 6, the trivial solution of (11) is exponentially stable.
Consider function

f (X, y,z):(y2 +X2,-xy—2%,-X* +yz),
||f (XY, z)||2 = (y2 + xz)2 +(xy+ 22)2 +(—x2 + yz)z.
By taking the right-hand side, we obtain
(y2+xz)2 =(yy+xz)2 s(yz+x2)(y2+22)s(x2+y2+22)(x2+y2+22):(x2+y2+22)2.

By argument similarly as the above inequality

(xy+zz)2 s(x2+y2+22)2,

(—x2 + yz)2 < (x2 +yi+ 22)2 :

which implies
| ( xyz)" 3(x*+y +z),
Sl o] Bl ey ),

f(x,y,2)
@%§413(x2+y2+22).

Therefore

X,y,z—0
by using theorem 4, which implies the trivial solution of system (10) is exponentially stable.
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