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Abstract

In this paper, the roughness of the model function to the basis functions and its properties have
been considered. We also consider some conditions to take the limit of the roughness when the
observations are i.i.d. An explicit formula to calculate the power of change-point test for the two
phases regression through the roughness was obtained.
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1. Introduction

Many authors have used the likelihood ratio to study the change-point problem (see [1] [2]). Worsley, K.J. [3]
gave exact approximate bounds for the null distributions of likelihood ratio statistics in two case of known and
unknown variance. Simulation study results indicated that the approximation of his upper bound is very good for
the small sample size, but the study does not support the case of large one. Koul and H.L, Qian. L. [4] studied
the change-point by the maximum likelihood and random design. In the case of known variance, Jaruskova, D.
[5] derived an asymptotic distribution of log-likelihood type ratio to detect a change-point from a known (or
unknown) constant state to a trend state. Aue A., Horvath, L., Huskova, M. and Kokoszka, P. [1] studied the lim-
it distribution of the trimmed version of the likelihood ratio, from which they received the test statistic to detect
a change-point for the polynomial regressions. Researchers have used to take simulation studies on the various
scenarios of the parameters of alternative hypothesis to find the power of a test. They have found that it depends
on the sample size, variance of error and the behavior of the model function under alternative. For two phases’
regression, Lehmann, E.L. and Romano, J.P. [6] gave a formula to calculate the power of change-point through
the noncentral F-distribution.

In this paper, the behavior of the model function under alternative is quantified by the roughness that is used
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to calculate the power of tests. The present paper is organized in the following way. In Section 2, we give a defi-
nition of the roughness of the model function and show some its properties; it is possible to take the limit of the
roughness when the sequence of designs converges weakly to a limit design as well as designs are random. In
Section 3, we present an explicit formula to calculate the noncentrality parameter of F-test in [6] through the
roughness, and then the power of change-point test and some of its limits are considered.

2. The Roughness of the Model Function

In what follows, we will denote the unit matrix of size nby 1, the matrix having elements a; in the i-th row
and j-th column by (aij ) the transpose of a matrix A by A, the Euclidean norm of a vector and the maxi-
mum norm of a matrix by |.||. For a distribution function F(x) whose support belongs to I, we will denote the

Lebesgue-Stieltjes measure associated with F(x) by (dF), and choose (h,g)= J'h(x)g(x)dF(x) as the inner
|

productin L, (F).

To approximate the function f(x) by a given system of functions {zl(x),~--,zp(x)} at the given points
X, €l,i=1---,n, we consider the model

f(x)=az (X)++a,z,(X)+7, i=1--n. €))
Zl(x) Z,(Xl) f(x1) o N
Let z(x)=| : [, Z(x)=|  |\Y=| { | a=|i | y=|:
ZP(X) Z’(Xﬂ) f(Xn) ap }/n

In matrix notation, (1) is written as
Y=Za+y. 2

We always assume that Rank(Z): p, then the estimate for « that minimizes the mean square error

13 (f(xi)—z’(xi)oz)2 is

niza
a=(zz)"zvy ©)
and the estimate for the error of the model (1) is
13 2 1 -1
$2 =13 ((x)-2(x :—HI ~z(zz)'z')y
SX(f(0)-2(x)a) =21, -2(22)*2)
We call this value the roughness of the function f (x) to the system of functions {z,(x),--, z, (x)} based on
the design {x,,---,x,} and denote it by Sz(f,z,{xi}n). In the case of a linear trend where p=2, z,(x)=1,
z,(x)=x, S? shows the nonlinearity of the curve y = f(x) based on observationsat x,---,X, .
To study limits cases as well as other purposes, we call a distribution function F (x) whose support belongs
to | a(generalized) designon 1 .Adesign F (x) is called to be adapted to a system of functions

2

(4)

{zl(x),..~,zp(x), Xe I} if its support belongs to | so that the matrix (z,z')F :(<zi,zj>F) is invertible. In

this paper, the used designs are assumed to be adapted to the system {zl ()2, (x),x e I}.

To continue, we will establish some assumptions:

(A1) The model function f(x), xe | is measurable and bounded,

(A2) Trend functions 7, (x),---,z,(x), xe | are linearly independent and continuous.

Now suppose that (A1) and (A2) hold, we approximate the function f(x) to {zl(x),m,zp (x)} in the eg-
uation:

f(X)=az (X)+-+a,z, (X)+7(x). (5)

!

The estimate for the parameter vector a:(a1,~--,ap) that minimizes the weighted mean square error

[[(f(0)-2(x)a)dF(x) is
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!

~

a:(al’”.’ap)

=((z.2).) (2. 1), (6)

where (z,f)_ = ((zl, f) ,--~,<zp, f>F )'. Hence, the estimate for the error of the model (5) is

s?=](f(x)-2(x)a) dF (x). )

We also call this value the roughness of the function f(x) to the system of trend functions
{zl(x),~--,zp(x)} based on the design F(x) and denote it by S*(f,z,F). It is easily seen that each dis-
crete design is a generalized design, thus (3), (4) is a special case of (6), (7), respectively.

According to [2], to evaluate the roughness of the model function based on polynomial trend functions

{1,x,~~,x”}, by using the linear transformation of independent variables, instead of observing on the arbitrary

interval [a,b], one can observe on the standard interval [0, 1]. Then, from now on, the model functions defined
on [0, 1] are considered only.

The following theorem in [7] shows the conditions for occurring the convergence of the estimated parameters
and the roughness.

Theorem 1. Assume that conditions (A1), (A2) are satisfied where | = [0, 1]. Let F (x),n=12,---,F(x) be
designs, and @,,S°(f,z,F,), @S°(f,z,F) be the estimates of the coefficients and the roughness of the

model function defined by (6) and (7), respectively. Assume that F,(x) converges weakly to F(x) having

Lebesgue-Stieltjes (dF ) -measure. If D is the set of discontinuities of f (x), such that (dF)(Df)zo then:
1) limeg, =a,
2) limS?(f,z,F,)=S*(f,z,F).

Now, we consider the model (1) where the observations X,, X,,--- are i.i.d. with the distribution function
F(x) having supporton 1. The roughness of f(x) is calculated by (4), in which x; isreplaced by X:
2 _1” _ ’ -1

si(f.z(X)=— (1.-2.(z;2.) Z;) 1,

2

, (®)

where
Z(Xi):(Zl(xi)""'zp(xi))v i=1-p,

Z,=(2(%) 2 () s £ = (100 1 (X,))

Theorem 2. Suppose that (A1) and (A2) hold for 1 ={0,1] and

1) Xo=X,X;,X,,- are independent random variables with the common distribution function F(x)
having supporton |,

2) Rank(Z;Zn)zRank(E(zi(X)zj(X)))= p, n=12,-(as),

3) The roughness SZ(f,z,(X;)) is defined by (8).
Then

Iime(f,z,(Xi))zsz(f,z,F(x))(a.s).
Proof. We note that S’ ( f.z,(X; )) is the sample variance of the model
f(Xi):alzl(Xi)+-~-+apr(Xi)+;/i, i=1---,n.
Let @, be the least-square estimate of & baseson n observations, we get
~ ~ ~ 1\ , -1, 1 ’ - 1 ’
@, = (.8 ) =(2)2,) ann=(HZnZn) (Hznf”j’
13 ~ ~ 2
=, (f(Xi)—(anlzl(xi)+-~-+anpzp(Xi))).

i=1



T.V.Ban, N. T. Quyen

Because {zi (X)z;(X,),t=01, 2} is a sequence of i.i.d. variables which have finite variance then by the
strong law of large numbers,

lim = Z Z_ . =lim

ni <n,
n—-wo N j n—oo

232, (X)2 (%)= E(2,(X)2, (X)) (as).

t=1

Then, according to the assumption 2),

lim det(%Zn'Zn j =det((z,2'), ) =0 (as),

n—o0

. (1 - . .
which follows that elements of the matrix (— Z;an converge (a.s) to corresponding elements of the matrix
n

(E(z(X)z,(X))) -
Similar arguments yield

’

lim = Zf_(QAMfM»WEQJMfU»)(m)

n—-w N

Consequently, we obtain the limit

-1
lima, = |im(lz;znj (Ez; fn)
n—oo n-wo\ N n

EE)T0)) (& ©

E(z,(X) (X)) @

Note that a is not random and the roughness can be expressed by

sf(f,z,(xi))=%i§:l;(f(xi)—(o}mzl(x)+ a7, (X i)))

:3||—\
M-
—~
>
+
o
\_/

where
A =T(X)=(azn (X)++a,z,(X)),
B =(@ —dy )2, X))+ (&, — ) 2, (X,).

Because {A} arei.i.d. and bounded then according to the central limit theorem,

= (10)

Inasmuch as d:(o?l,~~~,o?p)' satisfies (9), it can be calculated by (6). Hence, the right side of (10) is
Sz(f,z,F(x)).
Again, according to the central limit theorem and (9),

3

S 8| < max |3 a|>< (|zl Nz, (X)) >0 (n>w) (as).

Combining the above with the fact that (A +B) < Z(AZ +B’ ) we obtain

!msf(f,z,(Xi)):Sz(f,z,F(x)) (as).
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This completes the proof of the theorem. O

3. Applications to the Change-Point Test
Suppose that the model function is defined as:
()= Bty (X)+-+ B2, (x) if a<x<x,
By (X)+--+ B,,2,(x) if X <x<b,

where z(x) are known functions, S, are unknown parameters. Observations {X,, X+, %, } belong to the
closed interval | =[a,b], without the loss of generality, we can assume X, <X, <---<X,, some X can be
identical. Suppose that a change-point happened at a some time k”, the model is written:

(11)

y Bty (%) ++ Bz, (%) +& i_f _i:1,*~-~,k , 12)
B2y (X )+ + Bz, (%) +& ifi=kK +1--,n,
where {gi} is a sequence of i.i.d. variables N(O,az) with the unknown common variance o.
Let
2 (x) (%) xa)] W) [Yea
z(x)=| |, Z,=| i | Z,= ,z:(zlJ,Yl_ Y=
2(x) 2/(x.) 2'(x,) i Y Yo
E « 2
Y, Z,B, 6:1 k-ﬂ & ﬂ-ll .
Y=Y 'f:Zﬂ v &= &= | &= Bi= | 1=12.
2 2P &
gk* gn ﬁip
Using matrix notations, the Equation (12) is written as
Z B +eé
Y, =ZB +¢&,i=12 or Y:( i, 1]. (13)
Z,p,+¢&,

We are interested in testing the hypothesis of structural stability against the alternative of a regime switch at a
sometime Kk, thatis

Ho B=B=8 against Hi:p = B, (14)
Let k™ be known as it was studied in Bischoff and Miller [8]. In addition, we assume that the matrices
Z,,Z,,Z have full rank: Rank(Z,)=Rank(Z,)=Rank(Z)=p thence n>2p. From that, vector f be-

longs to a 2p -dimensional linear subspace II,, and the null hypothesis H, to test that f liesina p-
dimensional subspace IT, of II,.

The least-squares estimate of B wunder H, and 4,5, under H, are ﬁ:(ZZ)'le ,
,BAlz(Zl’Zl)f1 ZY, and ,32 :(ZZ’ZZ)’1 Z,Y,, respectively. Let Y,Y are the orthogonal projections of Y

Zlﬁl 2 _ n
Zzﬂzj and Y =Z8.

We already know that (see Lehmann, E.L. and Romano, J.P. [6]): Under H,, the statistics

Fo U‘Y -k _Yﬂ/ i (15)
I =V[ /in-2p)

will be distributed F(p,n—2p). Thus, the test rejects the null hypothesis at level « if
F>f, (pn-2p), (16)

2998

onto TI, and IT, then \f:(
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where f,(p,n-2p) is the « -critical value for F(p,n-2p), a F -distributed random variable with p
~ 112 ~
and n-2p degrees of freedom. According to [6], by denoting g(X):HX —X“ —“x _x“zl where X, X

are orthogonal projections of X onto IT, and IT , respectively, then under H,, the statistic F defined
by (15) will be noncentral F -distribution with p,n—2p degrees of freedom and noncentrality parameter

1
=—9(f).
o R 2
We notethat f = f and f=Z(Z'Z)'1Z'f = Za, which implies that

J iz nst(fnix),)
- 2 - 2 '
o o

Sz(f,z,{xi}n) o stz(f,z,F(x))

2 2
o o

the design F(x) and {x} , respectively.
Theorem 3. If assumptions (A2), (A3) hold then the power of test (16) is defined by

Pow=P{F(p,n-2p,nR,)> f,(p,n-2p)}. A7)

Remark. Theorem 3 shows an explicit formula of the power of change-point test. In the case of p=2 and
z,(x)=1,2,(x) = x, if the model function f (x) is continuous segment, the shift of the slope between the first
segment and the last one is h, by Theorem 1 in [7], the maximum roughness is obtained if the change-point
X" is the midpoint of the observations. With the given common variance o of the model, the maximum signal-
to-noise R is obtained at this change-point, thence from Theorem 3, the power is maximum. This fits results of
simulation studies in [1].

To increase signal-to-noise ratio, we can decrease the noise or increase the roughness of the model function.
When the variance o is small, we can assert that if the model function has a change-point then this test will
find it surely. On the other hand, if the variance is large, the test is poorly.

With the sample size n and design {xi }n if the variance o decreases to 0 then R increasesto oo and
if o increases to oo, then R decreases to 0. We have the following corollaries that show the relationship
between power and the common variance and the roughness.

Corollary 1. If the assumptions in Theorem 3 are satisfied then the following limits hold:

1) Ii_r)r(lJ Pow =1,

Now, we call R, = the signal-to-noise of the model (11) based on

2) lim Pow =a.

Limits of the powers are obtained by the following corollary.
Corollary 2. 1) With the same conditions as in Theorem 3, assume that R, >R, forevery n>N, eN and

some R, >0 then limPow, =1.

n—o0

2) Furthermore, if the model function f(x) and a sequence of designs F, (x) satisfies the conditions of

Theorem 1, then lim Pow, =1 aslongas S*(f,z,F(x))>0.

n—o

Proof. First of all, it is easy to see that

Pow, = P{F(p,n-2p,nR,)> f,(p,n-2p)}

P{Y r:/r.)?_p f,(p,n- 2p)}

where Xn:XZ(p,an), Y, X2 —2p) are independent.

= (as).

n—o n—oo
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Moreover, lim . Y”zp =1(as) and limf, (p,n—-2p) =%X§ (p), then the last probability converges to 1
that yields 1).
Now, according to Theorem 1,
S*(f,z,F (x)) S*(f,z,F(x
limR, = lim ( ”()): ( ()):R>O,

n—o0 n—o0 0-2 0-2

then 2) is implied straight from 1). O
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