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Abstract

The aim of this present paper is to establish some new integrodifferential inequalities of Gronwall
type involving functions of one independent variable which provide explicit bounds on unknown
functions. The inequalities given here can be used in the analysis of a class of differential equa-
tions as handy tools.
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1. Introduction

The differential and integral inequalities occupy a very privileged position in the theory of differential and
integral equations. In recent years, these inequalities have been greatly enriched by the recognition of their po-
tential and intrinsic worth in many applications of the applied sciences. The integrodifferential inequalities re-
cently established by Gronwall and others [1]-[12] have attracted considerable attention in the theory of diffe-
rential and integral equations. This fact encourages us to find the explicit bounds on some fundamental integro-
differential inequalities which can be applied fairly well to achieve a diversity of desired goals. In [3], Pachpatte
(1977) gave the following useful integrodifferential inequality:
Let u(t), u(t) and b(t) be nonnegative continuous functions definedon R, and a>o0 is constant. If

u(t)ga+iu(s)u(s)(u(s)+u(s))ds (L1
for teR, and E(t) isdefined by
E(t):l—[a+u(0)]£e“b(a)da
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then
u(t)gaexp[[a+u(0)];[esb(s)(E(s))_ldsj
for te[0,) where

p=sup{teR, :E(t)>0}.

Our goal in this paper is to establish new explicit bounds on some basic integrodifferential inequalities of one
independent variable which will be equally important in handling the inequality (1.1). Given application in this
paper also illustrates the usefulness of our result.

2. Main Results

Theorem 2.1: Let u(t), u(t) and k(t) be nonnegative continuous functions defined on 1=[0,c0) for
which the inequality

u(t)Sc+jk(s)u(s)(u”(s)+u2(s))ds, tel (2.1)
holds, where ¢ is positive constant and p021.|f
1-p?(2p-1)| ¢ +u(0)+u” (O)sz_lj[k(s)e(zp’l)sds >0, tel 2.2)
and O
1-[e” +u? (0)] )T (v ( 2|o)exp(2ij1 dr]ds>0 tel (23)
then 0
Q(t)< cexpﬁk(s)Ri(s)ds} , 2.4)
vtel,and 0
[cP+u? (O)]exp(z ijl(s)dsJp
Ri(t)= : T (25)
{l—[c“u (0 )]"I(p k(s)- 2p)exp(2pin(r)erds:|p
also
Q(t)= [Cp +uzp(0)+u(0)}€t - (2.6)
{1— p* (2p-1)[ "+ Tp 1Jk oy } i
Proof: Define a function m(t) by the right-hand side of (2.1). Then
m(t) =+ () (s)(3° (5)-+u? () s @7)
where O
m(0)=c (2.8)
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Then from (2.1) and (2.7), we have
u(t)<m(t)

Integrating both sides of (2.9) from 0O to t, we observe that
t)<u(0)+ [m(s)ds
0
Differentiating both sides of (2.7) with respectto t and using (2.9) and (2.10), we get
m(t) < k(t)m(t)[mp (t)+{u(0)+jm(s)ds}z}
0
Define a function n(t) by the right-hand side of (2.11), then
n(t)=m {u(o +.t[m T
0

where

It is clear that

By using (2.12) in (2.11), we have
m(t)<k(t)m(t)n(t)
Differentiating both sides of (2.12) with respectto t, we get
t
A(t)= pm** (t)m(t)+2{u (0)+Jm(s)ds}m(t)
0

By using (2.14) and (2.15) in the above equation, we observe that

n(t)<nP*(t)[ pk (t)—2]+2n(t){np (t)+u(0)+j[n(s)ds}

0

Let
2(t)=n° (1) +u(0)+ n(s)ds
where 0
2(0)=n* (0)+u(0)=[c* +u7 (0)] +u(0)
and

Using (2.17) in (2.16), we get
n(t)<n®?(t)[ pk(t)—2]+2n(t)z(t)
Differentiating both sides of (2.17) with respect to t, we get

2(t)=pn"(t)n(t)+n(t)

Inequality (2.21) by using (2.19) and (2.20), and since z°"*(t)<z*"(t) if p>1 takes the form

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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27%P(t)2(t) -z 2P (t) < pPk(t) (2.22)
Let
r(t)=z7%""(t) (2.23)
where
((0)= 2% (0)=[[e* +u2(0)] +u(0)rp+l (2.24)
Differentiating both sides of (2.23) with respect to t, we get
r(t) :(—2p+1)z’2p (t)z(t) (2.25)
Inequality (2.22) by using (2.23) and (2.25), takes the form
F(t)+(2p-1)r(t)=-p*(2p-1)k(t) (2.26)

Multiplying both sides of (2.26) by et and integrating the resulting inequality from 0 to t, and using
(2.24), we have

~(2p-1) t
r(t)z[cpz+u2p(0)+u(0)} S ~p?(2p-1)e “_fk s)e**
0

By using (2.23) in the above inequality, it can be seen that

z2(t)< Hcpz +u’? (0)+u(0)](2p71) e(ZPl)t}

ot
2p-1

><|:l— p?(2p-1)e ** [c"2 +u2p(0)+u(0)THjk(s)e(zp‘l)ds}_zpl.
which can be rewritten as
¢” +u2” (0)+u(0) |
z(t)< [ (O)u )} —=Q(Y) (2.27)
{1— p* (201 ¢ +u?* (0)+u(0) | j‘(s)e(z“)sds}zpl
Using (2.27) in (2.20), we observe that
n P ()A(t) - 2Q, () (1) <[ pk(t)-2] (2.28)
Let
h(t)=n""(t) (2.29)
where
h(0)=n"(0)=[c”+u?(0)]" (2.30)
Differentiating both sides of (2.29) with respectto t, we get
h(t)=-pn**(t)h(t) (2.31)
Inequality (2.28) by using (2.29) and (2.31), takes the form
h(t)+2pQ, (t)h(t) =~ p’k(t)-2p] (2.32)
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Multiplying both sides of (2.32) by exp(z pJ'Q ] and integrating the resulting inequality from O to t,
and using (2.29) and (2.30), we have

nP(t)=[cP +u*(0)] exp( 2ij1 dsj—exp[ j s)diji( 2p)exp{2ij1 da]dt

0

which can be rewritten as

fc® +u2(0)]exp(2ij(s)dst

n(t)< - —=R(1) (2.33)
{1—[c”+u Jp.[[ ZpJexp(Zp.[Q da)dt}

From (2.15) and (2.33), we get

<k(t)R,(t)
Integrating both sides of the above inequality from 0 to t, and from (2.8), we observe that
m(t) < cexp{j'k(s)Rl(s)ds} (2.34)
0
From (2.9) and (2.34), we have
u(t) < cexpﬁk(s) R, (s)ds}
0

Application: As an application we obtain the bound on the solution of the differential equation of the formu-
lation of the form

%(t)=x(t) f (t.%x°,x*) (2.35)
with the given initial conditions

x(0)=a, x(0)=c (2.36)
where f:1xRxR— R is a continuous function and a,c are real constants. | =[t),«), t, >0. Here we as-
sume that the solution x(t) of (2.35) and (2.36) exists on R, Assume that the function in (2.35) satisfies the
condition

| (622 x)| <k O[]+ ], vte (2.37)
where k(t) is a real valued nonnegative continuous function defined on | . If
1- p2(2p—1)[apz+c+c2 Tp_ Ik )e®*ds >0, tel

and

t
1—[ap +02T.|'(p2k( s)- 2p)exp(2ijl dr)ds >0, tel
0
then the bounds on the solution (2.35) takes the form

|X(t)|§aexp(ik(s)R(s)ds] (2.38)

vtel,where, p>1,and
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[a° +c2]exp[2 pj;Ql(s)dsjp
(p’k 2p)exp( ij (r)erdSF

0

lﬁ
l_|
SD
+
O
I_I
©
ot—

Also

2
[ap +c?P +c}e‘

Q(t)= -
{1— |02(2p—1)[apz +C2p+CJ fk ey } o1

Proof: Integrating both sides of (2.35) from 0 to t, and using (2.36), we observe that

a+[ s) f(s,X"(s),X* (s))ds

Taking absolute values of both sides of the above equation and using (2.37), we get

%(t) < a+J:k(s)|X(s)|[|>'<p ()% () ]ds (2.39)

The remaining proof is the same as Theorem 2.1 by following the same steps from (2.7)-(2.35) in (2.39) with
suitable modifications, we get the required bound of (2.35).

We note that many generalizations, extensions, variants and applications of the inequality given in this paper
are possible and we hope that the result given here will assure greater importance in near future.
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