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Abstract 
Let G be a locally compact group, H a closed amenable subgroup and u an element of the Herz 
Figà-Talamanca algebra of H with compact support, we prove the existence of an extension of u to 
G, with a good control of the norm and of the support of the extension. 
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1. Introduction 
Let G be a locally compact group and H a closed subgroup, this paper is concerned with the problem of 
extending coefficients of the regular representation of H to G. Suppose H normal in G. In 1973 [1] C. Herz 
proved that for ( )pu A H∈  with compact support, for every 0ε >  and for every U neighborhood of suppu  
in G there is ( )pv A G∈  with ResH v u= , v u ε< +  and suppv U⊂ . In this work we want to treat the 
case of non normal subgroups. We succeed assuming that the subgroup H is amenable (Theorem 5). C. Fiorillo 
obtained [2] already this result assuming however the unimodularity of G and of H. But the AN part of the 
Iwasawa decomposition of ( )2SL   was out of reach. Even for G amenable our result is new: the case of the 
non-normal copy of   in the ax b+ -group was also out of reach. 

Without control of norm and support of the extension, the theorem has been obtained in 1972 by McMullen 
[3]. With control of the norm, but not considering the supports, the statement is due Herz [1] (see also [4]). 

2. A Property of Amenable Subgroups 
We denote by ( )00C G  the set of all complex valued continuous functions on G with compact support. We 
choose a positive continuous function q on G such that ( ) ( ) ( ) ( )1

H Gq xh q x h h−= ∆ ∆ , left invariant measures 
on G and H and a measure qd x  on G H  as in Chapter 8 of [5]. The following Lemma will be used in the 
proof of our main result. See below the steps )31  and )41  of the proof of Lemma 2. 

http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2014.519279
http://dx.doi.org/10.4236/am.2014.519279
http://www.scirp.org/
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Lemma 1 Let G  be a locally compact group, H  a closed amenable subgroup, K  a compact subset of 
G , U  a neighborhood of e  in G  and 0ε > . Then there is ( )00f C G+∈  such that ( )1 1N f = , 
supp f U⊂  and  

( ) ( ) ( )1 d d dGK H H
f hx h h f xh h x ε−∆ − <∫ ∫ ∫  

Proof. Let 0U  be a compact neighborhood of e  in G  with 0U U⊂ , ( )1 1
1 0 0K U K K U H− −= ∪ ∩  and 

( )1

1maxh K G hδ −
∈= ∆  By the Proposition 2.1 of [6] (p. 463), there is ( )00f C G+∈  such that ( )1 1N f = , 

0supp f U⊂  and such that ( )( ) ( )1 12h G h HN f h f m Kε δ∆ − <  for every 1h K∈ . For every x K∈  we have  

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1d d 1 d
HG K GH H H

f hx h h f xh h h f hx h f xh h− −∆ − ≤ ∆ −∫ ∫ ∫  

where ( )1 1supp supp HK fK K f H− −= ∪ ∩  Consequently  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

1 1

1

d d d 1 1 d d

                                                               1 d d .

H

H

G K K GK H H G H

K GH G

f hx h h f xh h x x h f hx h f xh h x

h f hx h f xh x h

− −

−

∆ − ≤ ∆ −

≤ ∆ −

∫ ∫ ∫ ∫ ∫

∫ ∫ □
  

3. Approximation Theorem for Convolution Operators Supported by Subgroups 
We refer to [7] for ( ) ( ) ( ),  ,  p p pA G CV G PM G  and the canonical map i  of ( )pCV H  into ( )pCV G  
(Section 7.1 p. 101). We denote by ( )( )pL G  the Banach space of all bounded operators of ( )pL G . 

We define a family of linear maps ,
q
k lΛ  of ( )( )pL G  into ( )( )pL H  where H  is an arbitrary closed  

subgroup of G . We precise that pτ  is the involution of ( )pL G  ( )( ) ( ) ( )11 1 p

p Gf x f x xτ − −= ∆  and that for 

( )00k C G∈ , ( )00C Hϕ ∈  and x G∈  we have ( )( ) ( ) ( )1 dH H
k x k xh h hϕ ϕ −∗ = ∫ .  

Definition 1. Let G  be a locally compact group, H  an arbitrary closed subgroup, 1 p< < ∞  and 
( )00,  k l C G∈ . For ( )( )pT L G∈  we set for ( )00,  C Hϕ ψ ∈   

( )[ ] [ ] ( )( ) ( )( )1 1
, , ,q p p

k l p H p p H pT T q k q kϕ ψ τ τ ϕ τ τ ψ′
′ ′

  Λ = ∗ ∗    
. 

Then ( ) ( )( ),
q p
k l T L HΛ ∈  and ( ) ( ) ( ),

q
k l p H p HT T N T k N T l′Λ ≤  where ( ) ( )dH H

T k x k xh h= ∫ . If 

( )pT CV G∈  then ( ) ( ),
q
k l pT CV HΛ ∈  and ( ),supp q

k l TΛ  is contained in ( ) ( )1supp supp suppk T l−  [8]. 
Lemma 2. Let G  be a locally compact group, H  a closed amenable subgroup, 1p > , 

( )1 1 00, , ,  , ,m m C Hϕ ϕ ψ ψ ∈  , 0ε >  and U  an open neighborhood of e  in G . Then there is 
( )00,  k l C G+∈  with suppk U⊂ , suppl U⊂ , ( ) ( ) 1p H p HN T k N T l ε′ < +  and such that  

( )( ), , ,q
k l j j j ji S S Sϕ ψ ϕ ψ ε       Λ − ≤         

for every 1 j m≤ ≤  and every ( )pS CV H∈ . 

Proof. Let 0 1η< <  with ( ) ( )( ) 112 4 p j p jN Nη ε ϕ ψ
−−

′< + +  for every 1 j m≤ ≤ . There is 0U  a compact  

symmetric neighborhood of e  in G  with 0U U⊂  and such that ( ) ( ) 11H h η −∆ > +  for every 2
0h U H∈ ∩ . 

There is V  open neighborhood of e  in H  such that ( ) ( )( )1
1

p j j Hh
N hϕ ϕ −

−− ∆  and  

( ) ( )( )1
1

p j j Hh
N hψ ψ −

−
′ − ∆  are both smaller than 2η  for every 1 j m≤ ≤  and for every h V∈ . We can 

choose ( )00k C G+′∈  with 0suppk U′ ⊂ , ( )d 1
H
k h h′ =∫  ( )d 1

H
k xh h′ ≤∫  ( ) ( )1 d 1HH

k hx h h−′ ∆ ≤∫  for every 

x G∈  and such that suppk H V′∩ ⊂ . 
Let 1U  be a symmetric compact neighborhood of e  in G  contained in 0U  with  

( ) ( )11 1G xη η−+ < ∆ < +   
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for every 1x U∈  and such that  

( ) ( )( )
( ) ( )( )

,

,

Res 2,

Res 2

p H j H j H x H

p H j H j H x H

N k k

N k k

ϕ ϕ η

ψ ψ η′

′ ′∗ − ∗ <

′ ′∗ − ∗ <
 

for every 1 j m≤ ≤  and for every 1x U∈  (for :f G →   and x G∈  we denote by ,x Hf  the function 
defined on H  by ( )h f xh ). 

We put 
1
supp suppm

j jj
K ϕ ψ

=
= ∪


, ( ) ( )( )1

1max p
x U H pA T q k xτ ω−
∈ ′=  and  

( ) ( )( )1

1max p
x U H pB T q k xτ ω′−

′∈ ′=  where ω  is the canonical map of G  onto G H . 

By the preceding Lemma there is ( )00f C G+∈  with 1supp f U⊂  ( )1 1N f =  and such that  

( ) ( ) ( ) ( )1
0

1 d d dGKU H H
f hx h h f xh h x−

−∆ −∫ ∫ ∫  

is smaller than  

( ) ( ) ( ) ( )( )0 1

12 1 max 1 max

p

pp pp
j H x KU G p j x Uk x N q x B

η

ϕ ψ ′
′∈ ∈∞

′+ ∗ ∆ +
 

and also smaller than  

( ) ( )( ) ( ) ( )
0 1

2 1 1 max max

p

p p p p p pp p
j H p j x KU G x Uk N x q x A

η

ψ ϕ

′

′ ′ ′ ′′ ′
∈ ∈∞

′+ ∗ + ∆
 

for every 1 j m≤ ≤ . We finally put ( )HF T f ω=   ( )1
HL T q f ω−= 



, 1 1p p
pk q F kτ−′′ ′=  and 

1 1p p
pl q F kτ′ ′−
′′′ ′= . 

1) For every ( )pS CV H∈  and every 1 j m≤ ≤  we have  

( )( ) ( ) ( ) ( )1 1 1 1
, , ,q p p p p

k l j j j H j Hi S i S L q k L q k Sϕ ψ ϕ ψ η′ ′
′′ ′′    ′ ′   Λ − ∗ ∗ ≤        . 

)11  We show at first that  

( )( ) ( ) ( ) ( )
( )( )( ) ( )( )

( )( ) ( )( )( )

1 1 1 1
,

1 1 1 1

1 1 1 1 1

, ,

   

      .

q p p p p
k l j j j H j H

p p p p
p j H p j H

p p p p p
p j H p j H

i S i S L q k L q k

S N k F L q N F k

S N q L k N k F L q

ϕ ψ ϕ ψ

ϕ ψ

ϕ ψ

′ ′
′′ ′′

′
′

′ ′ ′ ′
′

   ′ ′   Λ − ∗ ∗       

′ ′≤ ∗ − ∗

′ ′+ ∗ ∗ −

 

 

 

From  

( )( ) ( ) ( )1 1 1p p p
p H p j j H j Hq k F k F kτ τ ϕ ϕ ϕ′′ ′ ′∗ = ∗ = ∗

 

 

we obtain indeed  

( )( ) ( ) ( ) ( )1 1
, , ,q p p

k l j j j H j Hi S i S F k F kϕ ψ ϕ ψ′
′′ ′′    ′ ′   Λ = ∗ ∗       

 

. 

)21  For every 1 j m≤ ≤  we have  

( )( ) ( ) ( )
1

11 max pp
p j H p j x UN F k N q x Bψ ψ ′′
′ ′ ∈′∗ ≤


. 

We have  

( )( ) ( ) ( )( ) ( )( )11 d d
p pp

p j H H p j H qG H H
N F k T f x k xh q xh h xψ τ ψ

′ −′
′ ′′ ′∗ = ∗∫ ∫


  . 

But for every x G∈   

( )( )
( ) ( )( )( )1

p
pp j H p

p H p j

k xh
q k xh

q xh

τ ψ
τ τ ψ

′
′′ ′−

′ ′

′∗
′= ∗  
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and therefore  

( )( )
( ) ( )( )( )1

,
d

p
pp j H p

p p p jH x H

k xh
h N q k

q xh

τ ψ
τ τ ψ

′
′′ ′−

′ ′ ′

′∗
′= ∗∫

  

consequently  

( )( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )( )

1 1
1 ,

1

d

                                    d .

pp pp p
p j H p j H p qG H x H

pp p
p j H pG

N F k N T f x N q k x

N q x f x T q k x x

ψ ψ τ

ψ τ ω

′′ ′′ ′−
′ ′ ′

′′ ′−
′ ′

′ ′∗ ≤

′=

∫

∫





 

 

)31  For every 1 j m≤ ≤  we have  

( )( )( ) ( )

( ) ( ) ( ) ( )( )
0

1
0

11 1 1

1
1

max

                                                    d d d .

pp p p
p j H j H x KU G

p

GKU H H

N k F L q k x

f hx h h f xh h x

ϕ ϕ

−

∈∞

−

′ ′∗ − ≤ ∗ ∆

× ∆ −∫ ∫ ∫



 

As above  

( )( )( ) ( )( ) ( ) ( ) ( )1 1 1 d
p pp p p

p j H j HG
N k F L q k x F x q x L x xϕ ϕ′ ′∗ − ≤ ∗ −∫

 

 

taking in account that ( ) ( ) ( ) ( )1 1 dGH
q x L x f hx h h− −= ∆∫  we obtain  

( )( )( ) ( )( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 d d d
p pp p p

p j H j H G GG H H
N k F L q k x x f hx h h f xh h xϕ ϕ − − −′ ′∗ − ≤ ∗ ∆ ∆ −∫ ∫ ∫



. 

)41  Proof of )1
⋅
 Using )31  and )21  one obtains an estimate for ( )( )1 1p p

p j HN q L kϕ ′∗ . We finish then 
the proof of 1) using )11 . 

2) For every ( )pS CV H∈  and every 1 j m≤ ≤  we have  

( ) ( ) ( ) ( )

( ) ( ) ( )( )

1 1 1 1, d ,

    d 1 .

p p p p
j H j H j jG

p j p jG

i S L q k L q k f x x S

S f x x N N

ϕ ψ ϕ ψ

η ϕ ψ

′ ′

′

   ′ ′    ∗ ∗ −       

≤ + +

∫

∫





 

By the Corollary 6 of section 7.2 p.112 of [7]  

( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

1 1 1 1

, , ,

,

, d .

p p p p
j H j H

H q j H j HG x H x H

i S L q k L q k

T f x x q x S k k x

ϕ ψ

ω β ϕ ψ

′ ′   ′ ′∗ ∗   

   ′ ′= ∗ ∗
   ∫



 

Consequently  

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1

, 1 , ,

, d ,

  1 , , d .

p p p p
j H j H j jG

H q U H j H j H j jG x H x H

i S L q k L q k f x x S

T f x x q x x S k k S x

ϕ ψ ϕ ψ

ω β ϕ ψ ϕ ψ

′ ′   ′ ′    ∗ ∗ −       

   ′ ′    ≤ ∗ ∗ −       

∫

∫





 

But by definition of 1U  for every 1x U H∈  we have  

( ) ( ) ( ) ( )( ), ,
, , 1 .j H j H j j p j p jx H x H

S k k S S N Nϕ ψ ϕ ψ η ϕ ψ′
   ′ ′    ∗ ∗ − ≤ + +      

 

3) End of the proof of Lemma 2. We are now able to define the functions k  and l  of the Lemma 

( )( ) 1
d

p

G
k f x x k

−
′′= ∫



 and ( )( ) 1
d

p

G
l f x x l

′−
′′= ∫



. Using 1)  and 2)  we get  

( )( ) ( )( ) ( ) ( )( )
( ) ( ) ( )( )

1

, , , d 1

                                                                   1 1

                                                  

q
k l j j j j p j p jG

p j p j

i S S f x x S S N N

S N N S

ϕ ψ ϕ ψ η η ϕ ψ

η η ϕ ψ η

−

′

′

       Λ − ≤ + + +       

≤ + + + +

∫


( ) ( )( )                 3 .p j p jS N N Sη ϕ ψ ε′≤ + + ≤
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Clearly suppk U⊂  and suppl U⊂ . It remains to show that ( ) ( ) 1p H p HN T k N T l ε′ < + . We have  

( ) ( ) ( ) ( ) ( ) ( )( )1

11 1 11 d d .
ppp

p H U G HG H
N T k f x x x k hx h h x

′− − −′′ ′= ∆ ∆∫ ∫  

But for 1x U∈  

( ) ( ) ( )
1 11 1 d 1

p p
HH

k hx h h η
′− −′ ∆ ≤ +∫  

hence ( ) ( )31 p
p HN T k η< +  and similarly ( ) ( )31 p

p HN T l η ′
′ < + , we finally get ( ) ( ) 1p H p HN T k N T l ε′ < + .   

Theorem 3 Let G  be a locally compact group, H  a closed amenable subgroup, 1p > , ( )nr  a sequence 
of ( )p H , ( )ns  a sequence of ( )p H′ , 0ε >  and U  an open neighborhood of e  in G . Suppose that  
the series ( ) ( )p n p nN r N s′∑  converges. Then there is ( )00,  k l C G+∈  with suppk U⊂ , suppl U⊂ ,  

( ) ( ) 1p H p HN T k N T l′ <  and such that  

( )( )[ ] [ ] [ ] [ ],
=1

, ,q
k l n n n n

n
i S r s S r s Sε

∞

Λ − ≤∑  

for every ( )pS CV H∈   
Proof. We choose 0 1η< <  with ( ) ( )( ) 1

1 .p n p nN r N sη ε
−

′< +∑   
1) There is ( )00,  k l C G+′ ′∈  with suppk U′ ⊂  suppl U′ ⊂ , ( ) ( ) 1p H p HN T k N T l η′′ ′ < +  and such that  

( )( )[ ] [ ] [ ] [ ],
=1

, ,q
k l n n n n

n
i S r s S r s Sη

∞

′ ′Λ − ≤∑  

for every ( )pS CV H∈ .  
There are ( )nϕ  and ( )nψ  sequences of ( )00C H  with  

( )
( )( )2 13 2 1p n n n

p n

N r
N s

ηϕ
+

′

− <
+

 

and  

( )
( )( )2 13 2 1p n n n

p n

N s
N r

ηψ′ +
− <

+
 

for every n∈ . From the convergence of ( ) ( )p n p nN Nϕ ψ′∑  follows the existence of N ∈  such that  

( ) ( )
1

9.p n p n
n N

N Nϕ ψ η
∞

′
= +

<∑  

By Lemma 2 there is ( )00,  k l C G+′ ′∈  with suppk U′ ⊂ , suppl U′ ⊂ ,  

( ) ( ) 1
3p H p HN T k N T l

N
η

′′ ′ < +  

and such that  

( )( ), , ,
3

q
k l j j j j

S
i S S

N
η

ϕ ψ ϕ ψ′ ′        Λ − ≤         

for every 1 n N≤ ≤  and every ( )pS CV H∈ . Consequently  

( )( )[ ] [ ] [ ] [ ] ( )( ), ,
=1 =1

, , , ,
3

2
                                                                .

3 3

q q
k l n n n n k l j j j j

n n

S
i S r s S r s i S S

S S

η
ϕ ψ ϕ ψ

η η

∞ ∞

′ ′ ′ ′        Λ − ≤ + Λ −       

≤ +

∑ ∑
 

2) End of the proof of Theorem 3. It suffices to put ( ) 11 pk k η −′= +  and ( ) 11 pl l η ′−′= +  to obtain 
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( ) ( ) 1p H p HN T k N T l′ <  and  

( )( )[ ] [ ] [ ] [ ] ( ) ( ),
=1 =1

, , 1 .
1

q
k l n n n n p n p n

n n
i S r s S r s S N r N s Sη ε

η

∞ ∞

′
 Λ − ≤ + ≤ +  

∑ ∑    

4. The Main Result 
Definition 2 Let G  be a locally compact group, H  an arbitrary closed subgroup, 1 p< < ∞  and 

( )00,  k l C G∈  For ( )pu A H∈  we put  

( ) ( )( ) ( )( )1 1
,

1

q p p
k l H n G H n

n
u q k q lϕ ψ

∞ ∨′

=

Φ = ∗ ∗ ∗∑  

where ( )nϕ  and ( )nψ  are sequences of ( )00C H  such that ( ) ( )p n p nN Nϕ ψ′∑  converges and such that  

n nu ϕ ψ= ∗∑  . 
Then ,

q
k lΦ  is a linear map of ( )pA H  into ( )pA G , for ( )pu A H∈  and ( )pT PM G∈  one has  

( ) ( ), ,, ,q q
k l k lu T u TΛ = Φ , ( ) ( ),

q
k l pT PM HΛ ∈  and ( ) ( ) 1

,supp supp  supp suppq
k l u k u l −Φ ⊂  [8].  

Corollary 4 Let G  be a locally compact group, H  a closed amenable subgroup, 1p > , 
( ) ( )00pu A H C H∈ ∩ , 0ε >  and Ω  a neighborhood of usupp  in G . Then there are ( )00,  k l C G+∈  with  

( ),
q
k l u uΦ ≤ , ( ),supp q

k l uΦ ⊂ Ω  and ( ),Res q
H k l u u εΦ − < .  

Proof. There are sequences ( ) ( ),  n nr s  of ( )00C H  such that ( ) ( )p n p nN r N s′∑  converges and such that  

n nu r s= ∗∑  . Let U  be an open neighborhood of e  in G  such that 1 suppU uU − ⊂ Ω . By Theorem 3 there  
is ( )00,  k l C G+∈  with suppk U⊂ , suppl U⊂ , ( ) ( ) 1p H p HN T k N T l′ <  and such that  

( )( ),
1

, ,
2

q
k l p n p n p p nn

n
i S r s S r s Sετ τ τ τ

∞

′ ′
=

       Λ − ≤       ∑  

for every ( )pS CV H∈ . 
Consider an arbitrary ( )pS PM H∈  with 1S ≤ . From  

1
, ,p n p n

n
u S S r sτ τ

∞

′
=

   =    ∑  

and  

( )( ) ( )( ), ,
1

, ,q q
k l k l p n p n

n
u i S i S r sτ τ

∞

′
=

   Λ = Λ    ∑  

we get ( ),Res , 2H k lu u S ε− Φ ≤  and therefore ( ),Res .H k lu u ε− Φ <    
The following theorem is the main result of the paper.  
Theorem 5 Let G  be a locally compact group, H  a closed amenable subgroup, 1p > ,  

( ) ( )00pu A H C H∈ ∩ , 0ε >  and Ω  a neighborhood of usupp  in G . Then there is ( ) ( )00pv A G C G∈ ∩  
with ResH v u=  v u ε< +  and suppv ⊂ Ω   

Proof. This proof is identical with the one of Proposition 1  ii) p. 115 of [1]. Let ′Ω  be an open 
neighborhood of suppu  in G  such that the closure of ′Ω  in G  is compact and contained in Ω . Using 
the Corollary 4 we show by induction the existence of a sequence ( )nu  of ( ) ( )00pA H C H∩  and of a 
sequence ( )nv  of ( ) ( )00pA G C G∩  such that 1u u= , supp nu ′⊂ Ω , supp nv ′⊂ Ω , n nv u≤ ,  

( )1Res 2 n
n H nu v ε− +− <  and 1 Resn n H nu u v+ = −  The function nv∑  satisfies all the requirements.   
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