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Abstract

Let G be a locally compact group, H a closed amenable subgroup and u an element of the Herz
Figa-Talamanca algebra of H with compact support, we prove the existence of an extension of u to
G, with a good control of the norm and of the support of the extension.
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1. Introduction

Let G be a locally compact group and H a closed subgroup, this paper is concerned with the problem of
extending coefficients of the regular representation of H to G. Suppose H normal in G. In 1973 [1] C. Herz
proved that for ue A (H) with compact support, for every & >0 and for every U neighborhood of suppu
in G there is ve A (G) with Res,v=u, |v|<|u|+& and suppvcU . In this work we want to treat the
case of non normal subgroups. We succeed assuming that the subgroup H is amenable (Theorem 5). C. Fiorillo
obtained [2] already this result assuming however the unimodularity of G and of H. But the AN part of the
Iwasawa decomposition of SL,(R) was out of reach. Even for G amenable our result is new: the case of the
non-normal copy of R inthe ax-+b-group was also out of reach.

Without control of norm and support of the extension, the theorem has been obtained in 1972 by McMullen
[3]. With control of the norm, but not considering the supports, the statement is due Herz [1] (see also [4]).

2. A Property of Amenable Subgroups

We denote by C,,(G) the set of all complex valued continuous functions on G with compact support. We
choose a positive continuous function g on G such that q(xh)=q(x)A, (h)Ag (h‘l), left invariant measures
on G and H and a measure d,x on G/H as in Chapter 8 of [5]. The following Lemma will be used in the
proof of our main result. See below the steps 1)3 and 1)4 of the proof of Lemma 2.

How to cite this paper: Derighetti, A. (2014) Amenability and the Extension Property. Applied Mathematics, 5, 2945-2951.
http://dx.doi.org/10.4236/am.2014.519279



http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2014.519279
http://dx.doi.org/10.4236/am.2014.519279
http://www.scirp.org/
mailto:antoine.derighetti@epfl.ch
http://creativecommons.org/licenses/by/4.0/

A. Derighetti

Lemma 1 Let G be a locally compact group, H a closed amenable subgroup, K a compact subset of
G, U a neighborhood of e in G and &>0. Then there is f eCy(G) such that N,(f)=1,
suppf cU and

1L F () AG () dh— [ (xh)dh]dx <

Proof. Let U, be a compact neighborhood of e in G with U, cU, K1:<UOK’1UK’1UO)mH and
& =max, AG(h’l) By the Proposition 2.1 of [6] (p. 463), there is f eCy(G) such that N (f)=1,
suppf <U, andsuchthat N,(f,Ag(h)—, f)<e/26m, (K,) forevery heK,.Forevery xecK we have

[, f (x)ag (h)dh— [, f (xh)dh|< [ 1, ()| (1) Ag (h7) =  (xh)[dh
where K, :(suppr’luK’lsuppf)mH Consequently
Jil B T (M)A () an = [ (xh)dh]dx < [ 1, (x)( [ L, ()] F (M)A (1)~ £ (xh)|dn ) x

< Juke, ([,

3. Approximation Theorem for Convolution Operators Supported by Subgroups

We refer to [7] for A (G), CV,(G), PM (G) and the canonical map i of CV, (H) into CV (G)
(Section 7.1 p. 101). We denote by L Lp( ) the Banach space of all bounded operators of LP (G)
We define a family of linear maps A}, of £(Lp( )) into ﬁ(Lp( )) where H is an arbitrary closed

, is the involution of L*(G) 7,(f)(x)= f(x’l)AG(x’l)yp and that for
keCy(G), peCy(H) and xeG wehave (k*, ¢)(x)=] k(xh)p(h™)dh.

Definition 1. Let G be a locally compact group, H an arbitrary closed subgroup, 1< p<ow and
k, 1eCy(G) . For TeL‘(Lp(G)) we set for ¢, w eCy (H)

(AL, ()] [v]) - <T [ (0" (ke Tpgo))],[fp, (a7 (=, W))D .
Then Af,(T)e£(L"(H)) and |Af, (T)|<[TIN, (T k)N, (T fI]) where Tk(x)= [ k(xh)dh . If

T eCV,(G) then A{,(T)eCV,(H) and suppA{, (T) iscontained in (suppk)"suppT (suppl) [8].

Lemma 2. Let G be a locally compact group, H a closed amenable subgroup, p=>1,
P On Wi Wn €Ch(H) . >0 and U an open neighborhood of e in G . Then there is
k, 1€Cy(G) with suppk cU, supplcU, N, (T, k)N, (T, 1)<1l+e andsuch that

(a8, (1) oy 1wy ) ~(S[e 1. [w, )| < Il

forevery 1< j<m andevery SeCV, (H).

£ (hx) A ( )—f(xh)‘dx)dh O

subgroup of G . We precise that

Proof. Let 0<n <1 with 77<2‘1g(4+ N, (#;)+N, (y/j))fl for every 1< j<m. Thereis U, a compact

symmetric neighborhood of € in G with U, cU andsuchthat A, (h)>(1+7)" forevery heUZnH .
Thereis V open neighborhood of e in H such that Np(¢j—(¢j)hfl AH(h’l)) and

N, (y/j —(y/j)rr1 Ay (h’l)) are both smaller than 7/2 for every 1< j<m and for every heV . We can

choose k'eCy(G) with suppk’cU,, [ k'(h)dh=1 [K'(xh)dh<1 [ K'(hx)A,(h™)dh<1 for every

x e G and such that suppk’'nH cV .
Let U, beasymmetric compact neighborhood of e in G contained in U, with

(1+ 77)_1 <Ag(Xx)<1l+7n
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for every xeU, and such that
N, (ResH (¢ 4 k')~ () *4 k,)x,H ) <n/2,

Np,(ResH (v 0 K)=(v; = k,)x,H)<n/2
for every 1< j<m and for every xeU, (for f:G—->C and xeG we denote by f, , the function
definedon H by h f(xh)).
Weput K ={J7 suppe; Usuppy;, A=max,., (TH q’]/"rpk’)(a)(x)) and
B =max, (THq’V"'rp,k’)(a)(x)) where @ is the canonical map of G onto G/H .
By the preceding Lemmathereis f e Cy,(G) with suppf cU, N,(f)=1 and such that

Jicony 2 B T (R%) 8 () [, F (xn) dnfax

is smaller than

2° (1+||goj %, k,"w)p MaX, .y, Ac (x)(l+ N, (v, ) max,., a(x)"" B)

and also smaller than

oF (1+||l//j *, k’"m)p/ (1+ N, ((”j ))p MaX, g, Ac (X)p’/p maXXEUlq(X)pf/p AP

for every 1<j<m . We finally put F=(T,f)-w L:(THq’lf)oa), k”:q‘]”’F]/prpk’ and
I"=q¥"F¥Pr k.
1) For every SeCVp(H) andevery 1< j<m we have

KAE"’,"(i(S))[(p]—],[y/jJ>—<i(S)[Ll/pq1/p (% K) [P0 (%, k’)m <73
1), We show at first that
(A (1SN [y D)= ()00 (0w k)L [0 (v ) )
<[SIN, (9 K)(F*" =77 )Ny (F (1 ')
HISING (07 L% (0 4 k)N (17 5 k) (FH> L)),
From
£ (04 730,)) =, %4 (F1)= 2,5, K)
we obtain indeed
(s (1N ] D =S F (050 k)L [F (v 5 6) ).
1), Forevery 1< j<m we have
Np,(lf’“’ (v * k’))s Ny (v ) max,, q(x)"* B.
We have
Ny (FY% (17, %, k'))P = JouTu f (x)(fH‘rp,(y/j %, k')(xh)‘p q(xh)‘ldh)dqx
But for every xeG
‘rp, (l//j *, k')(xh)‘p’

a0 = (rp,(qfl/P’k') %, z-p,t//j)(xh)‘p'
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and therefore

Ty (¥ *y k") (xh g 1oy
IH‘ (W Q(Xh))( )‘ dh=N, ((TP' (q "k ))x,H *Tp'l//j)

consequently

=Ny ()] L9000 (T (@ k) () o
1), Forevery 1< j<m we have
N, (%4 )P -7 <o . ] 060,36 1)

o

1L E (A (h ’l)dh—J'Hf(xh)dh‘dx)yp.

As above
N, (25 %0 K)(FYP = %0%))" < [ [(y %0 k) ()] |F (%)~ a(x) L (%)] e

taking in account that q(x)L(x)=ij (hx‘l)AG (h‘l)dh we obtain
N, (235 K)(FY =L)< [ [y 50 k) ()| s ()

1), Proof of 1) Using 1), and 1), one obtains an estimate for Np(quL]/”(gpj *, k’)). We finish then
the proof of 1) using 1),.
2) Forevery SeCV,(H) andevery 1< j<m we have

‘<i(3)[|_1/pql/p(¢_ * k')][Ll/p’ql/p’ (V/J %, k')]> I f( dx<S[(pJ] [1// ]>‘
<;7||S||I f dx(1+N (¢j)+ Np,(z//j)).
By the Corollary 6 of section 7.2 p.112 of [7]

(i($)[L70 (o kL[ (v, K )
= LT F)@00)B0)a00(S (0% k), L[, 0),,, )

Jl,f () A ()], £ (xh)dhax.

Consequently
‘<i(S)[L]/"q]/"((pj - k’)][LWqW (V/i %, k')]> I f( <S [(pJ] [t//J ]>‘
<[ (P @00 B0 (X1 (1) (8 (7 ) ][ ) (Lo ) )
But by definition of U, forevery xeU,H we have
KS [(% H k')XvH ][(Wi " k,)x,H:|>_<S [("J][%D

3) End of the proof of Lemma 2. We are now able to define the functions k and | of the Lemma
k=(_[va(x)dx)_1/p k” and Iz(jGF(x)dx)_j/p I”. Using 1) and 2) we get

(a8, (()e ] [vi )~ (sLos L D < (L F x) “mlish+nls(2e N, ()« Ny (1)
< (L+n)n[s+(2+N, (0;)+ Ny (v ))Isllm
<n[S(3+ N, (¢,)+ Ny (v,)) < [S]|

2948

< 77||S||(l+ N, (¢i )+ Ny (‘//J‘ ))
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Clearly suppk cU and suppl cU . It remains to show that N (T, k)N (T,l) <1+¢. We have

L (Tak)P = [ £ (%) (x-l)(ij'(hx-l)AH(h-l)”"'dh)pdx.
Butfor xeU,

[ () Ay (h) dh<(1en)”

hence N, (T k)< (1+77)/p and similarly Np,(THI)<(1+77)3/p',Wefinallyget N, (Tuk)N, (Ty)<l+e. O
Theorem 3 Let G be a locally compact group, H a closed amenable subgroup, p>1, (rn) a sequence
of L°(H), (s,) asequenceof L (H), >0 and U anopen neighborhood of e in G . Suppose that

the series Y N (r )N, (s,) converges. Then there is k, 1€Cy(G) with suppk cU, supplcU,
N, (T k)N, (T,1)<1 and such that

SHAL (1)1 s, ])~(STr ] [s.])

n=1

<z
forevery SeCV,(H)

Proof. We choose O<7 <1 with n<e(l+ YN, ()N, (s,))
1) Thereis k', 1'eCy (G) with suppk’cU suppl'cU N, (Tuk")N_ (T,1")<1+7 and such that

Y EERUCVIANEYRCAREY)

-1

<3|

forevery SeCV, (H).
Thereare (¢,) and (y,) sequencesof Cy(H) with

n
N (r —
) N )
and
n
N (s, —
) S )

for every neN.From the convergence of »'N_(¢,)N, (v,) follows the existence of N e N such that

i Np(gon)Np’(l//n)<77/9'

n=N+1
By Lemma 2 there is k', I'e C3,(G) with suppk’cU, suppl’'cU,
n
N, (TyK )N, 1+—
TN, (1) <1 L

and such that

(AL (i(8) oy 1 [ws )~ (s[e 1 [w ) < @

forevery 1<n<N andevery SeCV, (H).Consequently

- _ S| = _
nZ:;<Aﬂw(I(S))[rn]'[sn]>—<s[rn],[sn]> SM+Z‘ (AL (1(9) [ ][ ) - <S|:(pj:|,|:y/j:|>‘
ISl 2als|
3 3
2) End of the proof of Theorem 3. It suffices to put k=k'(1+77)'yp and I=I’(1+77)']/p' to obtain
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N, (T k)N, (Ty1)<1 and

Sl(ad ()R] [s.])~(r ) [s.])] =5

n=

U

L1+ 3N, ()N, (5) <l O

4. The Main Result

Definition 2 Let G be a locally compact group, H an arbitrary closed subgroup, 1< p<o and
k, 1€Cy(G) For ueA (H) weput

0l ()= 3" (k5 0) 5 (07 ()

n=1
where (¢,) and (y,) are sequences of Cy(H) such that >N (¢, )N, (w,) converges and such that
u= Z(Dn *l/7n :
Then @}, isalinear mapof A (H) into A (G),for ueA (H) and TePM (G) one has
<u,AE’I (T)>:<CI)§1, (u),T>, A{,(T)ePM,(H) and supp®{, (u)c suppk suppu(suppl) " [8].

Corollary 4 Let G be a locally compact group, H a closed amenable subgroup, p>1,
ueA (H)NCy(H), >0 and Q aneighborhood of suppu in G.Thenthereare k, | eCq(G) with

||d>3y,(u)||s||u||, supp®;, (u)=Q and || Res, @y (u)—u||<g.

Proof. There are sequences (r,), (s,) of Cy(H) such that »'N_(r, )N (s,) converges and such that
u= Zrn *§ . Let U be an open neighborhood of e in G suchthat U suppuU " < Q. By Theorem 3 there
is k, 1€Cy(G) with suppk U, suppl U, N, (Tyk)N, (T4l)<1 and such that

IO ERA Y B CES RN B E

forevery SeCV, (H).
Consider an arbitrary S ePM_(H) with |S|<1.From

<u,s>:§‘l<s[rprn],[fp,sn]>

n=

and

(s, (1)) =S8 () [rs.])

we get ﬂu—RechDk'I (u),S>|£g/2 and therefore [u-Res, @, (u)|<e. O
The following theorem is the main result of the paper.
Theorem 5 Let G be a locally compact group, H a closed amenable subgroup, p>1,
ueA (H)NCy(H), £¢>0 and Q aneighborhood of suppu in G. Thenthereis ve A (G)NCy(G)
with Res,v=u ||v||<||u||+g and suppvc Q
Proof. ThIS proof is identical with the one of Proposition 1 ii) p. 115 of [1]. Let Q' be an open
neighborhood of suppu in G such that the closure of Q' in G is compact and contained in Q. Using
the Corollary 4 we show by induction the existence of a sequence (u,) of A (H)NCy(H) and of a
sequence (v,) of A (G)nCy(G) suchthat u, =u, suppu, =Q', suppy, cQ, Al < Jun]|
Ju, —Res, v, <2"Ye and u,,, =u, ~Res,v, Thefunction YV, satisfies all the requirements. [J
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