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Abstract

In this paper we consider operators with endpoint singularities generated by linear fractional
Carleman shift in weighted Hélder spaces. Such operators play an important role in the study of
algebras generated by the operators of singular integration and multiplication by function. For the
considered operators, we obtained more precise relations between norms of integral operators
with local singularities in weighted Lebesgue spaces and norms in weighted Holder spaces, mak-
ing use of previously obtained general results. We prove the boundedness of operators with linear
fractional singularities.
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1. Introduction

The solvability theory of singular integral operators has developed independently in Hélder and Lebesgue spac-
es [1]-[7], as norms in these spaces differ widely in their structure.

The norm in weighted Holder spaces is defined in the following way. A function go(x) that satisfies the fol-
lowing condition on contour J ={0,1],
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lo(x)-0(%)|<Clx %[, %ed, x,ed, 0<u<l

is called Holder function with exponent 4 and constant C on contour J.
Let J be a power function which has zeros at the endpoints x=0, x=1:

h(x)=(x=0)° (1-X)", u<pty <l4p, pu<p<l+pu.

The functions that become Hoélder functions and turn into zero at the endpoints, after being multiplied by
h(X) , form a Banach space of Hélder functions with weight h:

HY(J, h), J=[01].
The norminspace H{(J, h) is defined by

" f "Hg(a, h) ~ "hf "H”(J)

where
[0t ],y =Inf e =nfl,
and
[t = max|n(x) f (x),
Intl, = sup (o f(x)],.
specifying that

|h(X1) f (Xl)_h(XZ) f (X2)| _
% = %["

h() (), =

We denote by Q(X) the set of all bounded linear operators mapping the Banach space X into X.

The norm of an operator Ae Q will be denoted by ||A||Q(V) .

We denote a class of continuous functions on the segment [0,1] by C( 0,1]) , also denote a class of diffe-
rentiable functions on interval (0,1) by C* ((01)) and we denote by C®((0,1), h) a class of functions

{¢|h¢eC1((0,l)), limh(t)e(t)=0, j=0,1}

Let us introduce the following notation:
d

(DV)(x) = X(1-X)S-v(x),

D° is the identity operator |, D'=D, D"=D"'D; x,(t) is the characteristic function of segment
[0,x], xe(01).
Let p be apower function which has zeros at the endpoints x =0, x = 1:

p=(x=0)(1-x)°, -l<r<l-p, -l<s<p-1 p>1

Let L, (J,p) denote the space of functions on J which are integrable in the p-th power after multiplication
by the weight-function p .
The norminspace L, (J,p) is defined by

1
p

[l = [I10F 08

J
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As we can see, the norms in spaces HE (J, h) and L, (J,p) are different in their character, and the pres-
ence of a direct connection should not be expected. However, in this work, we describe a class of operators with
local singularities for which we were able to find inequalities that connect the norms in weighted Lebesgue
spaces with the norms in weighted Holder spaces. Operators with fixed singularities perform an essential role in
the study of singular integral operators with shift [8]-[10], in particular in the construction of regularizations.

By way of representatives of such types of operators we may consider the following operators with local sin-
gularities:

- 0,1),
-[t+x 2tx’ Xe( )

—j t+kx k>0, xe(0,2)

Such operators can be used in the study of boundedness, of belonging of some operators to Banach algebras
and of the solvability of operators in weighted Hoélder spaces, on the basis of known results for operators in
weighted Lebesgue spaces.

2. Inequality Which Connects the Norms in Lebesque and Holder Weighted Spaces

It is useful to avoid two variables in the second term of the definition of the norm in Holder spaces, for which
we make use of

Lemma 1.

Let

h(x) f (x)ec([0.1)nC’((0.1)),

h f h Df
o, msc{sup' CLC W LOLIC))

o<x<1 X (1— X)# o<x<l XM (1— X)ﬂ

then

where C, is a constant which does not depend on  f (x).
On the basis of Lemma 1 the following theorem can be proved [11].
Theorem 1.
Let the following conditions hold for some operator B :
1) Operators D"B; n=0;1;2 are bounded in spaces

L, (3,p5),  L<gy<+e0,  pi(x)=x"(1-x)", -l<r<g -1 -1<s;<q-1 j=12;
2) For any fixed xe(0;1) and for any function ¢ fromspace H?(J, h),
h(x) =x*"(1-x)""; 0<wu<l 0<r<l O<s<l1
the following properties are fulfilled:
(D"Bx,0)(t) C™((0,2).h), "
(D"B(1-z,)¢)(t)eC*((0,1),h), n=0.L

Moreover, inequalities

1+, 1+ 1+s, 1+s5,
<r< <§<

, @)
q2 ql ql q2

are correct.
It follows that operator B is bounded in space Hz (J, h) and for its norm the following estimation is ful-
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filled

+||D”

2
[Blug0) €235 07

| Lg, (9, m))’ @)
where C, is a certain positive constant.

These results can be used in the study of operators in weighted Hélder spaces, on the basis of known results
for operators in weighted Lebesgue spaces. In particular, operators with local endpoint singularities can be used
in the construction of the left and the right regularizers in the study of Fredholmness of operators in weighted
Holder spaces.

| Lq (. Pl)

3. Operators with Linear Fractional Endpoint Singularities

We formulate a useful assertion which follows directly from Theorem 1.
Corollary 1. Let properties (1) and (2) be correct for the operator B = D,R, and furthermore

[POR,, o S CoIPMR, 1222 ®
Here M is an operator that may be not linear; C, is a positive constant; the operators D, M and R

are bounded in spaces L, (J,pj), j=12.
Then

2
IR s, < C4§||D1||qu(a,pj) IRl 0.0

where

C, =3C,C, max("M"Lq,.(prj)’l)

j=1,2

We consider the operators

and

:_It+kx k>0

We note that for operators Q,S, and V, conditions (1), (2), (4) of corollary 1 are fulfilled.
Moreover, the following estimations hold

I[—(l_x)(l_zzt)(l—zx)”1—{2-)(2 (1% “‘f‘)z}n—n}a(t)dt
©)

1
i

‘(D Q,S J(ﬂ)(t)‘

(x+t—2tx) (x+t—2tx)

<C;- j{u} £-|Q.S, lel; n=12

X+t —2tx

where
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_ _ 2 _ 2 _ 2
¢, = maxsup[“A=XA=2) g5t [ XA=XA=2) ) g
12 ypes|  X+t—2tX (X +t—2tx)
and
1% —kx(1-x) o kzxz(l—x)2 |(p |dt
D" t)=|—|| ———*(1-2x) "+ 2.————|(n-1 t)dt| < Cq
s L LR R R L SR
n=12,
where
kx(1- o |<2 2(1-
C, = max sup X( X)(1—2x) Y42 ( X) (n-1).
n=12 ytey| t+kx (t+k)()
Theorem 2. Let an operator R, be bounded in the space
L, (3.p), 1<daj<o; p(x)=x"(1-x)"; -1<r, s;<q;-L j=12,
and inequalities (2) be true.
If
r+y>1Jrrl and s+y>1+—sz, (6)
G 0,

then the operators Q,S,R, and V,R, are bounded in space H® (J h).
Proof. Let a function ¢(t) belongto H?(J, p).
We introduce functions

2. (t)= 7, (o(t), xe
and
2, (1) =0(t)-a(1).
From the fact that
(R )by (3.p5). =12

It follows that the function

(R (1)
A(t):—ll‘i ‘1
t 27 (1-t) 2"

is summable on segment J if

1+,

—+1——/1 <1

a; 2
and

1+s;

+l—lyj <1l j=12.
q 2

Condition (6) of the theorem makes it possible to choose constants 4, and y; from interval (0,2) so that
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1+rj 1 l+sj 1
oA <T+p;, ——=<_y;<s+u.
9 2 9 2

Now, we carry out an estimation of the expression ‘p(D”QJ S, Ri(p)‘ :
In doing so, we will use inequalities (5),

i R1(P 2 91 R, )(7)|dz ‘
‘p(D Q;S, R1‘p)‘£ an '[‘ z'+Jt 2’[‘2' ZEJ. L ‘(1 J)ll-J- 1
=1 j=1 Ot (1—t)§lj T 2% .(1_2_)1—5./1]
where
C, =C, -sup (t+r)(t+r—2)
r,tel (t +7— ZtT)
T#t
Here we have taken into account that
1 C,
5.(t+T—2tT) : Ly Lya 1 1,
t2' . 2" ~(1—t)§%j -(1—1')172j

Since

1

1
p(t).tiiﬁj '(l_t)_%.ij :trﬂki-lj ~(l—t)s+”_%h 50

when t—0; and since function A(t) is summable, it follows that conditions (1) of Theorem 1 are fulfilled
for the operator R=Q;S;R,.
From properties (5), condition (4) follows:

[oQsiR], (=S50S, MR, (3,0,)

where (Mg)(X)=|p(x)|, and as the operator Q,S, is bounded in L, (J,p;) it follows that all conditions

of Corollary 1 are fulfilled and we can apply it. Therefore operator Q,S,R, is bounded in H° (J, p).
Since operator V, is bounded in LJ_(J pJ) the boundness of operator V,R, in H (J, p) may be
proved analogously.
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