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Abstract
The review presents a topological description and interpretation (analysis) of some events in metazoan development and evolution through the use of well-known mathematical concepts and
theorems (using topological approach). It is the topological language that can provide strict and
adequate description of various phenomena in developmental and evolutionary transformations.
Topological singularities inevitably arising and transforming during early development destroy
the preexisting pattern of symmetry. The symmetry breaking of preexisting spatial pattern plays a
critical role in biological morphogenesis in development and evolution. Some events of early development are interpreted in terms of symmetry breakdown and related to well-known mathematical theorems. A topological inevitability of some developmental events through the use of
classical topological concepts is discussed. The topological approach makes it possible to consider
the succession of spherical surgeries, which change the topological genus of an animal body surface. We model the biological shape as a set of smooth, closed, oriented surfaces—membrane or
epithelial layers. Membrane and epithelial surfaces are boundary layers, interfaces between a living structure and its environment, ensuring metabolism. Toroid forms as well as fractal structures
in metazoans can be considered as functionally optimized biological design and attractors in biological morphogenesis. The epithelial surface is an interface between the internal medium of an
organism and the outside environmental medium; topological and fractal transformations during
metazoan evolution and development increase this interface, ensuring better adaptation of organism to the environment. Fractal structures as well as toroid forms can be considered as a functionally optimized design in Metazoa. Topological methodology reveals a certain set of topological
rules constraining and directing biological morphogenesis during evolution and development.
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1. Introduction
The living organisms inhabit and develop in the real physical space and are organized according to the properties of this space. There are general principles in physics, geometry and topology certainly is applied to many
situations in biology [1]. Spatial organization of living systems has a dynamical character and includes such
discontinuities as topological surgeries and symmetry breaking. Topological language and models can provide
strict and adequate description and modeling of biological objects and events since topology operates with the
most general properties of spaces as mathematical subjects. Topological modifications of metazoan body patterns in development and evolution are discrete, qualitative steps in biological morphogenesis. Discrete character of biological morphogenesis involves qualitative topological discontinuities, topological catastrophes [2]-[4].
Topological analysis of DNA structure and functions showed the power of the topological methodology see [5]
[6]. Following R. Thom [2]-[4] we applied topological concepts and some theorems to describe and interpret
developmental and evolutionary form dynamics. In our publications we introduce the topological language into
descriptions of biological development at different levels of organization [7]-[15].
The topological approach to description of biological forms and morphogenetic processes has become a more
common practice covering the fields of evolutionary and developmental biology, animal behavior and self-organization, neurology, metagenomic biology and biomedicine [9] [10] [14]-[19]. Topological studies by molecular biologists became the field of biochemical topology e.g. [5] [6]. Accordingly, the topological analysis of
metazoan transformation can be called topological biology or biological topology [14] [15].
The topological methodology makes it possible to consider as a whole the succession of shape transformations during metazoan development and evolution. Topological approach reveals also a certain set of topological
rules constraining and directing biological morphogenesis during evolution and development.

2. Topological Singularities and Symmetry Transformations in Early Development
Because an animal body is formed from the spherical egg cell, symmetry breakdown is one of the fundamental
processes of development. Symmetry breaking and symmetry propagation are fundamental processes in biological morphogenesis, in metazoan evolution and development [1] [20].
In most metazoans, the animal-vegetal (anterior-posterior) axis of the egg and future embryo is established
during oogenesis and usually depends on the position of oocyte with respect to its cellular and non-cellular surrounding. The first symmetry breakdown is associated with the emergence of morphological and functional gradients along animal-vegetal axis of an oocyte. It was shown that spatial anisotropy in distribution of gene products in ooplasm determines the polarity of egg and embryo specifying polar axes of future organism [21]. Cytoskeleton rearrangements break cell symmetry [22]. Actin and tubulin were shown to polymerize forming cytoskeletal actin filaments and microtubules that define the shape of a cell, its polarity and migration, intracellular
transport, and the mitotic spindle forming during division. Both the actin and microtubule cytoskeletal elements
work together to convert this initial asymmetry into a global cell polarity, for example, in polarization of Drosophila oocytes [20] [22]. A polarized cellular architecture is fundamental to formation of embryonic axes [20].
Egg cytoskeleton functions as a global morphogenetic determinant, which directs and maintains the anisotropy
of molecular information in the ooplasm so determining axis polarity of an egg and a future organism [14]. Different organisms use different mechanisms to establish polarity but all rely mainly on the actin and microtubule
cytoskeletons. Radially symmetrical arrays of microtubules in animal cells are often called asters, and the presence of such aster breaks the cell symmetry [22]. In egg cells, the aster as visualized topological singularity localizes near animal egg pole.
The axial polarity of an egg is manifested in transcellular ion flows, which generates the extracellular electric
field as signals and effectors of the egg polarity [23] (Figure 1(a)).
Egg cell polarization as the emergence of the topological singularity (or singularities) of the vector field on a
sphere is inevitable according to the Poincaré-Hopf theorem: “For any smooth vector field given on two-dimen-
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sional sphere S2, a singular point of the field exists” [9]-[12]. The vector field on the sphere has at least one singularity, i.e. the point where the value of the field becomes zero (Figure 2(a)). This singular point may be either
animal or vegetal pole, or both setting the animal-vegetal differences. This singularity breaks the spherical
symmetry of the egg, polarizing the egg sphere [9] [10] [12] [14].
In some animals, at least in chordates, the second symmetry breaking takes place following gamete contact
and fusion; this symmetry breaking process involves the asymmetrical flow of cortical actin networks [22].
Sperm penetration in an egg triggers the whole cascade of phenomena, resulting in the wave of calcium release,
the electric current of egg activation (Figure 1(b)) and a rearrangement of cortical structure [24] [25]. In chordates, besides preexisting animal egg pole, a new singularity emerges following penetration of a spermium and
its spermaster that determines dorso-ventral axis of the egg and future animal see [15] [22] [26]. So the local order of sperm penetration is connected to the integral order of the egg, zygote and developing organism. This
symmetry breaking process involves the ooplasmic segregation as a flow of cortical actin networks and displacement of cortical egg components [14] [26]. Ooplasmic segregation creates the spatial-temporal vector field
of the cortical displacement, and a singularity of this field is the fixed point of ooplasmic segregation. We consider ooplasmic segregation as a mapping a ball into itself [9] [10] [12]. According to Brouwer’s theorem on
fixed point, any continuous mapping of the ball into itself has a fixed point. During ooplasmic segregation, subcellular components of an egg are moving with respect to a fixed, stationary point in the course of continuous
deformation. The local order of ooplasmic segregation is connected to integral order of the zygote and developing organism [9] [12]. Egg symmetry transformations provide the most important developmental information
determining axial pattern of future animal.
In a cleaving zygote, the spatial organization of blastomeres is a genetically determined feature of taxonomic
value. The cleavage results in a pattern of cellular contacts on the surface of an embryo that is a discrete cell

(a)

(b)

Figure 1. Electric currents in eggs of the frog Xenopus laevis: (a) The electric field in an oocyte (after [23], modified); (b) The wave of the activation current following sperm penetration
(after [27] modified).

(a)

(b)

(c)

Figure 2. Vector field on sphere and torus: (a) A Singularity of the field on a sphere; (b) The
same field on a sphere with a blind incurvation; (c) Torus, the field without singularities.
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field [9] [10] [12] [14]. Each cell of the field has a number of its edges corresponding to the number of neighboring cells. There are only five homogenous discrete fields on the sphere corresponding to five regular polyhedrons, Platonic bodies. During synchronous cleavage divisions, only the first four blastomeres can create a homogeneous field on the embryo surface (a cleaving embryo is considered as topological polyhedron, not geometrical one [9] [10]. After third division (8 blastomeres) the field pattern of cellular contacts on the embryo surface becomes topologically inhomogeneous inevitably that means the symmetry breaking of the discrete cell
field. In hexagonal cell network, presence of cells with another number of sides (for example, with 5 or 7 sides)
can be considered as a topological dislocation of homogeneous graph cells [28] (Figure 3(a), Figure 3(b)). This
means that the symmetry of the field is breaking, and this symmetry breaking is a consequence of Euler’s theorem on polyhedra [10] [12]. The number of adjacent cells for any cell of the discrete cell field is the local order
of the field, and the general number of vertices, edges and faces of the given graph is the integral order of the
field. So a discrete field on the spherical surface of a cleaving embryo inevitably has topological singularities,
and the local singularities determine the integral pattern of a developing organism. Gauss-Bonnet theorem defines a discrete cell curvature, Gauss curvature (see [9] [10]). If the sum of adjacent faces is more than 6, the
curvature of the face becomes negative. It was proposed a causal relation between cell negative curvature, which
leads to incurvation (invagination) and following morphogenetic cell movement during gastrulation [9] [11] [12]
[16]. According to the Gauss-Bonnet theorem, an increase of curvature at some location has to be counterbalanced by a corresponding decrease of curvature at another location [16]. At least in some animals, the localization of invagination (or immigration, ingression) during gastrulation coincides with the singularity of negative
curvature i.e., with the highest value of the cell field on vegetal hemisphere of embryos, whereas cells of positive curvature are present near animal pole [9] [10] [12]. Figure 3(c), Figure 3(d) demonstrates topological inhomogeneities of discrete fields of cell contacts on the surface of animal and vegetal hemispheres of a cleaving
crustacean embryo. Other examples of negative curvature singularities on vegetal surface of cleaving embryos in
various animals were shown earlier [9] [11]. The appearance of non-hexagonal faces is inevitable since a sphere
cannot be covered by hexagons alone. Cells with a negative and positive curvature inevitably emerge on the
surface of an embryo, and the negative curvature determines the localization of invagination or immigration
during gastrulation. The localization of the singularities of negative curvature on vegetal surface of these embryos coincides with the site of cell ingression during the following gastrulation process, whereas cells of positive curvature are present on the animal pole surface. Thus, gastrulation may be related to an inevitable emergence of discrete curvature that directs development in three-dimensional space.
Gastrulation is the first spherical surgery in development, a topological catastrophe. The completion of gastrulation is topological transition from the sphere with singularity (singularities) to the torus, which is a topologically stable object with homogeneous discrete field, without singularities [9] [10] [12] (Figure 2). So a
postgastrulation embryo or larva with through intestine tube is a topologically stable object. According to L.
Wolpert, “the most important time in your life is not birth, marriage, or death, but gastrulation” (cited after [16]
[27] [29]). Gastrulation is a way of topological stabilization in embryogenesis; consequently, gastrulation is indeed a very important event in our life.
Gastrulation is an extensive rearrangement of cells in an embryo. In embryos, cell migration pathways during
gastrulation and other morphogenetic processes [27] visualize the morphogenetic vector fields with singular
points. Thus, the breaking of spatial symmetry of preexisting pattern is inevitable and plays a critical role in
early development.

(a)

(b)

(c)

(d)

Figure 3. Topological inhomogeneities of cell discrete fields fields: (a) The cell of positive curvature among hexagonal cells; (b) The cell of negative curvature; (c) Two cells
of positive curvature on animal hemisphere of a crustacean embryo; (d) The cell of negative curvature on vegetal hemisphere of the same embryo (after [10], modified).
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3. Topological Surgeries in Metazoan Evolution and Development

In metazoan evolution, appearance of the epithelial tissue was one of the most significant innovations [30] [31].
During metazoan development, epithelia determine the increasing complexity of the body changing their local
curvature [16]. Such epithelial morphogenetic movements as the folding, spreading, budding, cavitation, and
delamination produce reorganization of whole body plan [30]. Epithelial cells form cohesive cell sheets; the
structural and functional connectivity of an epithelial layer during epithelial morphogenesis is ensured by the
system of specialized intercellular contacts that integrate cells into a united morphological and functional entity
[30] [31].
To translate traditional morphological descriptions of a metazoan morphogenesis into topological language
the external shape of an organism is modeled as a set of smooth, closed, orientable surfaces formed by epithelial
layers neglecting the thickness of the cellular layers [7] [8] [12] [13] [15] [16]. The establishment of apical-basal
polarity of epithelial cells generates two surfaces of an epithelium with different components and functions [32]
[33]. Thus, epithelial cell layers are characterized by connectivity, closeness of an intact surface and apical-basal polarity, anisotropy.
Metazoan morphogenesis may be represented as topological modification(s) of epithelial surfaces of spherical
or toroidal shape. According to the theorem of elementary topology, any closed surface in three-dimensional
space is homeomorphic (topologically equivalent) to the sphere with a certain number (p) of handles [8] [9]
[11]-[14]. The sphere with p handles sets a class of homeomorphic surfaces of the genus p. If there are no topological surgeries, such as breaking (cutting) and gluing of epithelial sheets, the genus of the surface (p) is a topological invariant, and any geometrical deformations such as surface curvature, linear and angle values are not
essential. The closed surfaces of the genus p = 0 (sphere), p = 1 (torus), p = 2 (double torus, “pretzel”) and so on
give a topological classification. The differences between these surfaces have a topological, qualitative nature
[3].
Topological handles in biological objects are usually realized as channels (or canals, holes), for example, the
digestive tube. We consider only epithelized through channels as topological handles. Repeated addition of
“handles” or creation of “holes”, “tunnels” has led to formation of double, triple, and higher order toroids [16].
An adult metazoan organism topologically is a sphere with a set of handles. Metazoan morphogenesis may be
represented as topological modification(s) of closed epithelial surfaces.
Topological transitions in metazoan development occur due to topological surgeries realized by “cutting” and
“gluing” of epithelial sheets [7] [8], as “self-wounding and healing” [16]. Local topological surgeries in epithelial morphogenesis involve complex processes at the cellular level: sheet disintegration followed by cell adhesion and cytoskeletal cooperation giving rise to a newly formed cell sheet (or sheets).
We can see two kinds of topological surgeries of epithelial surfaces in biological morphogenesis. Spherical
surgeries change the genus of the surface. Another kind of topological surgeries changes the connectivity of epithelial layers by the separation of additional closed epithelial surfaces from preexisting ones or by the fusion of
preexisting layers. The developmental modifications of connectivity do not change the topological pattern of the
outer surface of animal body, so only the spherical surgeries changing the genus of the surface are considered
here.
Topological patterns in metazoan evolution, from sponges to chordates, were analyzed using the genus of the
surface as a topological invariant. We considered here (Figure 4) only basic topological archetypes of spatial
organization for each taxon, neglecting variations and modifications inside the taxon. We used the interpretation
of metazoan phylogeny, which consider three major clades of Bilateria: Deuterostomia, Lophotrochozoa, and
Ecdysozoa (see, e.g., [34]).
In evolution of Metazoa we can find several topological transitions [12] [13]. In solitary cnidarians and such
lower Bilateria as Acoelomorpha with a blind gut the kind of the surface is p = 0. The first important topological
surgery in evolution of Bilateria (Triploblastica) is the appearance of a through intestinal tube instead of a blind
gut. Among Bilateria, animals of many phyla have the stable topological pattern with the through digestive tube
without any other through channels, and their external surface is topologically homeomorphic to the torus, p = 1
(Figure 4, Figure 5(a)). The appearance of a through gut is a topological innovation of great evolutionary importance resulting in the differentiation of digestive system and better utilization of nutrients from the external
medium. Topologically the digestive tube is outer surface of an organism as well as ectodermal surface of the
organism; both ecto- and entodermal epithelia form united continuous surface, the outer surface of an organism.
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Figure 4. The scheme of main topological body patterns in Metazoa using genus of surface (p).

(a)

(b)

(c)

(d)

Figure 5. Topological patterns in some hemichordates and lower chordates: (a) A simple digective
tube with oral and anal openinhs in most invertebrates; (b) The digestive canal with two additional
lateral openings (Pterobranchia, Appendicularia); (c) The digestive tube with several lateral slit
openings (Enteropneusta and chordate archetype; (d) The digestive tube with numerous pharyngeal
openings (Urochordata) after [13].

Subsequent evolution has led to the formation of the through channels of the coelomic and respiratory systems. The surface of an organism having another additional through channel besides the digestive tube is a surface of genus 2, which is topologically equivalent to a sphere with two handles, double torus or “pretzel”. For
example, echinoderms exhibit the second through channel, namely the ambulacral system. The spatial organization of the circular ambulacral system connected with the external medium by a canal is topologically equivalent
to a through channel [12] [13]. So an archetype of the topological design of an adult echinoderm body can be
represented by the double torus. In the molluscan archetype, the second through channel of the coelomic system
was the result of fusion of paired coeloms via coelomoducts. Acquisition of the surface of the genus p = 2 may
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be considered as a side branch in the evolution of both Deuterostomia (in Echinodermata) and Protostomia (in
some Lophotrochzoa).
The next evolutionary level of topological design in animals was attained through the development of the respiratory system. The system of paired tracheal tubules with lateral connections (of ectodermal origin) in Tracheata (higher terrestrial arthropods) or paired gill slits (of entodermal origin) in a chordate archetype evolved
(Figure 5(c)). Accordingly, a parallelism of topological and functional innovations in the evolution of deuterostomes and of some protostomes (among Ecdysozoa) is obvious as a transition to the surface of the genus p = 1 +
2n, by adding an even number of channels (handles) of the respiratory system. The creation of through respiratory system is the topological modification of the surface, which results in better utilization of oxygen from outside medium flowing through the organism and more intensive metabolism. Through channels of the respiratory
system are filled with external medium and may be considered as an outer surface of the animal body.
There are various evolutionary modifications of the archetypical body plan in many phyla due to additional
topological surgeries. Colonial cnidarians are “multi-oral” organisms, i.e., multiple tori. In Spongia and in some
Cnidaria, an increase of genus p up to very high values and the shaping of topologically complicated fractal systems are evident. In some scyphomedusae and creeping ctenophores branching and anastomosing canals of gastro-vascular system result in the increasing of genus p up to indefinite high values. In some flat worms (Platyhelminthes) complicated topological and fractal patterns have arisen on the base of the branched gut and excretory system [13] [14].
Hemichordata have a through gut and several pairs of gill slits (p = 1 + 2n) similar to chordate archetype; in
some Appendicularia, the digestive canal has two additional lateral openings (Figure 5(b), Figure 5(c)). Adult
mammals and some other vertebrates (Chordata, Vertebrata) also exhibit a triple-torus pattern because their nostrils are connected to the gastrointestinal tract [16]; gill slits in vertebrates are transient structures disappearing
during embryogenesis. In birds, the genus of the body surface attains very high values because of numerous inner anastomoses in their bronchial system, which forms the bronchiolar network [13]. In ascidians (Chordata:
Urochordata), the body surface is a high-order torus due to the presence of numerous gill openings (Figure 5(d)).
Thus, topological transformations of the body surface during metazoan evolution resulted in better distribution of flows to and from the external medium, used as the source of nutrients and oxygen and the sink of excreta, so ensuring greater metabolic intensity and better adaptation of organism to the environment.
An analysis of topological organization of the closed epithelial layer that covers the outer body surface as a
continuous envelope is applicable to the topological organization of the body surface in metazoan development
[12]-[14] [16]. During embryonic development, the surface of most metazoan animals undergoes sequential
spherical surgeries, which change the topological genus of the surface, and developmental morphogenesis may
be represented by series of topological surgeries of the closed body surface. Local topological surgeries inevitably lead to global topological modifications of biological forms, as the genus of the surface is a global property.
No modification is observed in topology of the body surface during embryonic development of those animals
which in adult state have the zero genus of the surface as some solitary cnidarians and Acoelomorpha [12] [13]
[16].
The surfaces of an egg, blastula as well as early gastrula in metazoan animals are surfaces of the genus 0, homeomorphic to a sphere (Figure 6(a)). In most Metazoa, the development of an organism beginning from the
surface of the genus 0 leads to an adult animal which genus of the surface differs from zero. A transition from
blind archenteron to through digestive tube is realized during gastrulation by the formation of another opening
besides the blastopore (a primary mouth); the last becomes the definitive oral opening in Protostomia, or anal
opening in Deuterostomia. The epithelial surface of an embryo after gastrulation or a larva possessing a through
intestine tube (having both oral and anal openings) is a surface of genus 1, topologically equivalent to a sphere
with one handle or to a torus Figure 6(b)). In animals having in the adult state the genus of the body surface p =
1 (for instance, in round and annelid worms), only the transition p = 0 → p = 1 occurs during development.
The surface of an organism having another additional through channel besides the digestive tube is the surface
of genus 2, topologically equivalent to a sphere with two handles, double torus or “pretzel”. For example, sea
urchins and other echinoderms exhibit a second through channel, formed by the ambulacral system (Figure
6(c)). In sea urchins, the spatial organization of the circular ambulacral system connected with the external medium by a canal is topologically equivalent to a through channel (see [12] [13]). There are two topological transformations: p = 0 → p = 1 → p = 2 in development of sea urchins and other echinoderms (as well as in molluscan development).
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p=0

p=1

(a)

(b)

p=2

(c)

Figure 6. Topological patterns in sea urchin development: (a) An egg; (b) A larva (pluteus);
(c) Adult animal.

During embryonic development of the Tracheata (among Arthropoda) and some representatives of Hemichordata, the following transformations of the genus of the body surface take place: p = 0 → p = 1 → p = 1 + 2n
[12] [13].
The detailed analysis of topological form dynamics in ontogenesis may provide additional possibilities for
metazoan description and classification. For example, we have considered the different dynamics of numerical
characteristics of four types of channels (gut, ambulacral system, hydropore, and pores through the madrepore
plate) during embryogenesis, metamorphosis and in adult animals in different classes of Echinodermata [12].
Topological surgeries of another kind modify connectivity of germ layers and result in the separation of a set
of additional closed epithelial surfaces from preexisting ones, for example, enterocoelic formation of mesoderm
in Deuterostomia, neurulation and eye cap formation in Chordata and so on [7] [8]. The topological surgeries of
connectivity do not change the genus of the outer surface. The spatial organization of evolutionarily advanced
animals may be represented topologically as an outer epithelial envelope of a certain genus p embracing a number of inner closed epithelial surfaces embedded inside the outer envelope.
At cell level, topological approach was used to describe cell membrane system and membrane dynamics [12]
[14] [16] [35]. Cell membrane systems as well as epithelia can be described as closed and orientable surfaces.
Cell membrane systems undergo topological surgeries of the connectivity with perpetual separations of additional closed membrane surfaces from pre-existing ones and, inversely, fusions of membrane surfaces. These
topological surgeries modifying the spatial organization of cell membrane system are the dynamic expression of
cell functions.
The spatial organization of a eukaryotic cell may be represented topologically as a number of inner closed
membrane surfaces of cell organelles embedded inside the outer cell membrane. Following Y. Tashiro [32] we
introduce the enclosing (embedding) number to numerically evaluate membrane surfaces sequentially enclosed
one into another (as Russian dolls). The enclosing number for outer cell membrane (embedded inside an external
space) is 1, the enclosing number for most intracellular membranes (outer mitochondrial membranes, membranes of Golgi systems, nuclear envelope) is 2; the enclosing number of inner mitochondrial membranes is 3
(Figure 7). The nuclear envelope in eukaryotic cells is an embedded intracellular membrane system with multiple pores, or a multiple toroid. Plastids in most plants have the outer membrane of the enclosing number 2, the
enclosing number of the inner membrane is 3, and thylacoid membranes have the enclosing number 4. In some
unicellular organisms, plastids have more membranes [36]; these membranes are sequentially embedded one into another, so the enclosing number of thylacoid membranes becomes 5 or 6.

4. Conclusions
Topological singularities inevitably emerging and transforming in biological morphogenesis disrupt preexisting
symmetry pattern. The symmetry of a metazoan body, including the scale symmetry of fractal structures, the
translational symmetry of metamerism and other variants of morphofunctional iterations is an efficient means of
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Figure 7. Topological model of membrane systems of a eukaryotic cell; membrane enclosing
numbers are indicated.

modular morphogenesis. Evolutionary developmental biology includes the concept of modularity, according to
which ontogenesis consists of relatively independent processes, dissociable modules; structural elements of the
developing organism may also be presented as discrete dissociable units. Dissociation of developmental modules and their recombination leads to evolutionary transformations with duplications and subsequent divergence,
insertions, deletions and substitutions (see [37] [38]). This kind of evolutionary transformations was called
“evolutionary cut and paste” [37]. Evolutionary cutting and pasting are the same as topological breaking (cutting)
and gluing. Essentially, “cut and paste” approach is topological one.
The architecture of gene regulatory networks is modular (see [38] [39]). In evolution, duplications of genes,
gene clusters, modules of gene networks and whole genomes were revealed. The co-linearity phenomenon as a
mapping of the linear arrangement of Hox-genes in their cluster (or clusters) in the chromosome (chromosomes)
into the spatial and temporal sequence of gene expression along a body axis also can be interpreted in terms of
topology as genotype-phenotype mapping [15]. Hox-genes are known as genes-architects determining the body
plan in Bilateria [27]. The deletion of a Hox-gene or a disturbance of the gene order in the Hox-cluster can cause
large-scale macro-evolutionary transformation in body morphology (see, e.g., [40] [41]). Thus, topological rearrangement by cutting (breaking) and pasting (glueing) can be found at all levels of biological organization.
Symmetry breaking during oogenesis and early development is a fundamental event establishing the main
axial coordinates of a future organism, while in later development the scale of symmetry breaking is decreasing.
Topological rehandlings are regular processes in ontogeny and in phylogeny and involve the emergence of discontinuities [1]. Topological singularities inevitably emerge and transform in biological morphogenesis. The
inevitability of egg cell polarization as the emergence of the topological singularity of the vector field on spheres
follows from the Poincaré-Hopf theorem. The presence of a fixed point on the cortical sphere of an egg cell is
inevitable for ooplasmic segregation according to Brouwer’s theorem. Zygote division creates pattern of contacts on the surface of an embryo, i.e., a discrete morphogenetic field with inevitable topological singularities.
According to the Gauss-Bonnet theorem, cells with a negative or positive curvature inevitably emerge on the
surface of an embryo, and the negative curvature can determine the location of invagination during gastrulation.
Gastrulation is a topological transition from the sphere with heterogeneity and singularity of the field to the torus
with a homogeneous field.
Subsequent metazoan morphogenesis may be represented as a succession of spherical surgeries of closed
orientable epithelial surfaces. The local topological surgery leads to the global topological modification of biological forms. The epithelial surface is an interface between the internal medium of an organism and the outside
environmental medium; topological and fractal transformations during metazoan evolution and development increases this interface, ensuring metabolic efficiency and better adaptation of organism to the environment.
The course and outcome of biological evolution is strongly influenced by constraints; evolution and development result in discontinuities and directionality of morphological transformations [42]. The inevitable topological dependence and constraints are integrated, fitted into genetically determined processes of biological mor-

2672

V. V. Isaeva et al.

phogenesis, which cannot be independent of physical and topological organization of our space [14] [15]. Topological methodology reveals a certain set of topological rules that constrain and direct biological morphogenesis [9] [14].
It was supposed that some biological forms, such as branching structures, are the most functional design;
these forms “are topological attractors that evolution cannot avoid” [43]. Just as branching structures, toroid forms
can be considered as functionally optimized biological design and topological attractors in biological morphogenesis.
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