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Abstract 
In this paper, the heat, resolvent and wave kernels associated to the Schrödinger operator with 
multi-inverse square potential on the Euclidian space n  are given in explicit forms. 
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1. Introduction 
This article is devoted to the explicit formulas for the Schwartz integral kernels of the heat, resolvent and wave  

operators et ν∆ , ( ) 12
ν λ

−
∆ +  and cos t ν−∆  attached to the Schrödinger operator with Multiple-inverse  

square potential on the Euclidian space n
 : 

22

2 2
1 1

1 4n n
j

j jj jx xν

ν

= =

−∂
∆ = +

∂∑ ∑                              (1.1) 

where ( )1 2, , , n
nν ν ν ν= ∈  . 

Note that the Schrödinger operator with bi-inverse square potential in the Euclidian plane is considered in 
Boyer [1] and Ould Moustapha [2]. 
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For future use we recall the following formulas for the modified Bessel function of the first kind Iν  and the  
Hankel function of the first kind ( )1Hν .  

( ) ( )
( )

( )1 1 22
0

2 e
e 1 d

π 1 2

z
ztz

I z t t t
ν

ν
ν ν

−−= −  Γ + ∫                          (1.2) 

(see Temme [3], p. 237). 

( ) ( )
( )

2
0 1, 2,

1
x

I x x
ν

ν ν
ν

→ ≠ − −
Γ +

                          (1.3) 

(see Temme [3], p. 234).  

( ) ( ) 1 2e 2πxI x x xν
− → ∞                              (1.4) 

(see Temme [3], p. 240).  

( ) ( )
( )

( ) ( ) 1 21 2
1

2 2 e 1 d
π 1 2

iztH z z t t
i

νν
ν ν

− −∞−= −
Γ − ∫                       (1.5) 

(see Erdély et al. [4], p. 83). 

( ) ( ) ( )
2

2 21 2 π 2 2 1
0

e e d
π

zi t
tiiH z t t
α

νν ν
ν α α

 
 +
 ∞− − − −

= ∫                         (1.6) 

0mz >  and 2 0m zα >  (see Magnus et al. [5], p. 84). Recall also that the n  variables Lauricella  

hypergeometric function ( ) ( ), , ,n
AF zα β γ  is given by (see Appell et al. [6], p. 114)  

( ) ( )
( ) ( )
( )0

, , ,
!

m mn m
A

m m

F z z
m

α β
α β γ

γ
= ∑                             (1.7) 

where ( )1 2, , , n
nm m m m= ∈  ,  1 2 nm m m m= + + +

,  α ∈ ;  ( )1 2, , , nβ β β β= 
,  ( )1 2, , , nγ γ γ γ= 

  
and ( )1 2, , , nz z z z= 

 are in nR . In the sekel we use the integral representation (see Appell et al. [6], p. 115)  

( ) ( ) ( ) 11 1 1 1

0 0 0
11

, , , 1 1 dj j j
j n j n

n
A j j j j j

jj
F z c u u u z u

α
γ β βα β γ

−= =− − −

==

 
= − − 

 
∑∏∫ ∫ ∫               (1.8) 

where  

( )
( ) ( )

1

1

.
n

jj
n

j j jj

c
γ

β γ β
=

=

Γ
=

Γ Γ −

∏
∏

                               (1.9) 

For 2n =  we have  
( ) ( ) ( )2

2 1 2 1 2 1 2, , , , , , , , ,AF z F z zα β γ α β β γ γ=                         (1.10) 

where 2F  is the Apple hyprgeometric function of two variables. 
Recall also the following formulas for the heat kernel associated to the Schrödinger operator with inverse  

square potential 
2 2

2 2

1 4L
x xν

ν∂ −
= +
∂

. 

(see Calin et al. [7], p. 68). 

( ) ( )2 21 2

4e e
2 2

x x
tL t

xx xxI
t t

ν
ν

′− +
′ ′ =  

 
                            (1.11) 

where Iν  is the modified Bessel function of the first kind. 
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Proposition 1.1. The Schwartz integral kernel of the heat operator with multiple-inverse square potential  
et ν∆  can be written for ( )1 2, , , np x x x= 

, ( )1 2, , , n
np x x x +′ ′ ′ ′= ∈   and t +∈  as  

( )
( ) ( ) ( )

2 2
1 2

4

1
, , e 2

2
j j

j

n x x tj j
j j

j

x x
H t p p I x x t

tν ν

′− +

=

′
′ ′=∏                     (1.12) 

where 
j

Iν  is the modified Bessel function of the first kind and of order jν . 
Proof. The Formula (1.12) is a direct consequence of the Formula (1.11) and the properties of the operator 

(1.1).  

2. Resolvent Kernel with Multiple-Inverse Square Potential on the Euclidian  
Space n   

Theorem 2.1. The Schwartz integral kernel for the resolvent operator ( ) 12
ν λ

−
∆ +  is given by the formula. 
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∑ ∏



          (2.1) 

where ( )1Hν  is the Hankel function of the first kind and 
( )

( ) ( )
1 π 21

1 2 2 2
1

2 e
π 1 2

i n

nn n
jj

c
i

νν

ν ν

− +−

+ − −
=

=
Γ +∏

. 

Proof. We use the well known formula connecting the resolvent and the heat kernels: 

( ) ( )2 2
0

, , e , ; d ; 0.tG p p H t p p t eλ
ν νλ λ

∞
′ ′= <∫                        (2.2) 

We combine the Formulas (2.2), (1.12) and (1.2) then use the Formulas (1.3) and (1.4) to appley the Fubini 
theorem and in view of the Formula (1.6) we get the Formula (2.1) and the proof of the Theorem 2.1 is finished. 

Theorem 2.2. The Schwartz integral kernel of the resolvent operator ( ) 12
ν λ

−
∆ +  can be written as  

( ) ( ) ( ) ( ) ( )1 2 22
2
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, , e , , 2 , dj
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′ ′ ′= − −∏ ∫          (2.3) 

with 1 2 ,nα ν= − +  1 2j jβ ν= + , 22

4
1, ,j j

j

x x
z j n

s p p
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= =

′− −
  and 
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− ++ −
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=

 Γ +
 =
 Γ +Γ − −  

∏                        (2.4) 

where ( ) ( ), , 2 ,n
AF zα β β  is the n-variables Lauricella hypergeometric function given in (1.7). 

Proof. We use the Formulas (2.1) and (1.5) as well as the Fubini theorem to arrive at the announced Formula 
(2.3). 

3. Wave Kernel with Multiple-Inverse Square Potential on the Euclidian Space 
It is known that the energy and information can only be transmitted with finite speed, smaller or equal to the 
speed of light. The mathematical framework, which allows an analysis and proof of this phenomenon, is the 
theory the wave equation. The result, which may be obtained, runs under the name finite propagation speed (see 
Cheeger et al. [8]). The following theorem illustrates the principle of the finite propagation speed in the case of 
the Schrödinger operator with multiple-inverse square potential. 
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Theorem 3.1. (Finite propagation speed) Let ( ), ,W t p pν ′  be the Schwartz integral kernel of the wave oper- 

ator 
sin t ν

ν

−∆

−∆
, then we have  

( ), , 0 whenever .W t p p p p tν ′ ′= − >                         (3.1) 

Proof. The proof of this result use an argument of analytic continuation from the identity 

sin 1 e e .
2

it itt
i

ν ν
ν

ν ν ν

−∆ − −∆ −∆
 = −
 −∆ −∆ −∆ 

                          (3.2) 

We recall the formula [9], p. 50 

2 21 2 4
0

e 1 e e d .
π

t
ut uu u

t

λ
λ

−
∞ − − −= ∫                            (3.3) 

By setting t ν= −∆  and sλ =  in (3.3) we can write 

2 4 1 2
0

1e e e d
π

s us uu uν ν
∞− −∆ ∆− −= ∫                           (3.4) 

and let ( ), ,P s p pν ′  be the integral kernel of e s ν− −∆  then we can write 

( ) ( )2 4 1 2
0

1, , e , , d
π

s zP s p p z H z p p zν ν
∞ − −′ ′= ∫                      (3.5) 

where ( ), ,H z p pν ′  is the heat kernel with the multiple-inverse square potential given by (1.12).  
Consider the integral  

( ) ( ) ( )2 4 1 2
0

1, , e , , d
π

zJ P p p z H z p p zτ
ν ντ τ

∞ − −′ ′= = ∫                  (3.6) 

using (1.12) we have 

( )
( ) ( ) ( )( )

2 2
2

1 2
41 4 1 2

0
1

e e 2 d .
π2 j

n
np p sj jj s n

j jn
j

x x
J s I x x s sτ

ντ
′− +∞= − − −

=

′
′=

∏
∏∫             (3.7) 

From (3.2) we have 

( ) ( ) ( )( ) ( ) ( )( )1 1, , , , , , .
2 2

W t x x P p p it P p p it J it J it
i iν ν ν′ ′ ′= − − = − −              (3.8) 

Now set 

( ) ( ) ( )1 2J J Jτ τ τ= +                                 (3.9) 

where 

( )
( ) ( ) ( )( )

2 2
2

1 2
411 4 1 2

1 0
1

e e 2 d
π2 j

n
np p sj jj s n

j jn
j

x x
J s I x x s sτ

ντ
′− += − − −

=

′
′=

∏
∏∫            (3.10) 

( )
( ) ( ) ( )( )

2 2
2

1 2
41 4 1 2

2 1
1

e e 2 d .
π2 j

n
np p sj jj s n

j jn
j

x x
J s I x x s sτ

ντ
′− +∞= − − −

=

′
′=

∏
∏∫             (3.11) 

Using the Formula (1.3) we see that the last integral ( )2J τ  converge absolutely and is analytic in τ  for  

1 2 0n ν− + > . 
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For the first integral ( )1J τ  we obtain 

( )
( ) ( ) ( )( )

2 2
2

1 2
41 4 3 2

1 1
1

e e 2 d
π2 j

n
np p yj jj y n

j jn
j

x x
J y I x x y yτ

ντ
′− +∞= − − +

=

′
′=

∏
∏∫           (3.12) 

and from the Formula (1.4) we see that 

( )
( ) ( )( )2 2

1 2
4 41 3 2

1 1
e d

π2

n
y p pj jj n

n

x x
J y y

τ ντ
′− − +∞= − + +

′
=
∏

∫                   (3.13) 

is analytic in τ  and converge if 22 0e p pτ ′+ − >  , hence the integral ( )J it±  is absolutely convergent  

if ( ) 22 0it p p′± + − >  (i.e.) p p t′− >  and in view of (3.8) we have ( ), , 0W t p pν ′ =  for p p t′− >  and  
the proof of the Theorem 3.1 is finished. 

Theorem 3.2. The Schwartz integral kernel for the wave operator cos t ν−∆  with multiple-inverse square  
potential on the Euclidian space can be written on the two following forms  

( )
( ) ( )

1 2
0 2 21 2 1 2

2 22
1

, , exp d
22 2π j

n
nj jj j j n

n
j

x x x xuw t p p p p t I u u u
t ti tν ν

+= −

−∞
=

′ ′  ′ ′= − + −      

∏
∏∫        (3.14) 

and 

( )
( ) ( )

1 2

2 21 2 1 2
2 22 0

1
, , 2 exp d

22π j

n
nj jj j j n

n
j

x x x xuw t p p p p t I u u u
t ttν ν

∞= −

=

′ ′−  ′ ′= − + −      

∏
∏∫         (3.15) 

where 
j

Iν  is the first kind modified Bessel functions of order ν . 
Proof. We start by recalling the formula (see Magnus et al. [5], p. 73). 

( )1 2cos π 2z z J z−=                                  (3.16) 

where ( ).Jν  is the Bessel function of first kind and of order ν  defined by (see Magnus et al. [5], p. 83). 

( ) ( )( )20 2 1e d
2 π

t z tzJ z t t
i

ν
α ν

ν α
+ − − −

−∞
= ∫                            (3.17) 

provided that 0eα >  and argz ≤ π . Here we should note that the integral in (3.17) can be extended over a  
contour starting at ∞ , going clockwise around 0, and returning back to ∞  without cutting the real negative 
semi-axis. 

For 1 2ν = −  the Equation (3.17) can be combined with Equation (3.16) to derive the following formula. 

( )( )20 2 1 21cos e d .
2 2π

u z u
z u u

i
α

α
+ − −

−∞
= ∫                          (3.18) 

Putting 1α =  and replacing the variable z  by the symbol t ν−∆  in (3.18) we obtain 

( )( )22 20 1 21cos e d .
2 2π

u t u
t u u

i
ν

ν

+ ∆+ −

−∞
−∆ = ∫                        (3.19) 

Finally making use of (1.12) in (3.19), we get the Formula (3.14). 
To see the Formula (3.15) set 

( )0 2 2 2 1 2
2 2

1
exp d

2 j

n
j j n

j

x xuJ p p t I u u u
t tν

+ −

−∞
=

′  ′= − + −      
∏∫                  (3.20) 

and 

( )2 2 2 1 2
2 20

1
exp d

2 j

n
j j n

j

x xuI p p t I u u u
t tν

∞ −

=

′  ′= − + −      
∏∫                 (3.21) 
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we have  

1 2 3J J J J= + +                                    (3.22) 

( )
1

2 2 2 1 2
1 2 2

1
exp d

2 j

n
j j n

j

x xuJ p p t I u u u
t tνγ

−

=

′  ′= − + −      
∏∫              (3.23) 

( )
2

2 2 2 1 2
2 2 2

1
exp d

2 j

n
j j n

j

x xuJ p p t I u u u
t tνγ

−

=

′  ′= − + −      
∏∫               (3.24) 

and 

( )
3

2 2 2 1 2
3 2 2

1
exp d

2 j

n
j j n

j

x xuJ p p t I u u u
t tνγ

−

=

′  ′= − + −      
∏∫               (3.25) 

where the paths 1γ , 2γ  and 3γ  are given by 

( )π
1 : e ; above the cutiz r rγ = ≤ < ∞  

( )π
2 : e ; below the cutiz r rγ −= ∞ > ≥   

( )3 : e ; π π rund the small circleiz θγ θ= − < <  

as 0→ , we have ( )1 2
1 e n iJ I+ π→ , ( )1 2

2 e n iJ I− + π→  and 3 0J → . 
Adding the integrals establishes the required results ( )2 sin 1 2J i n I= + π . 

Theorem 3.3. The integral kernel for the wave operator cos t ν−∆  with multiple-inverse square potential  
on the Euclidian plane can be written as 

( ) ( ) ( ) ( ) ( )1 2 22
3

1
, , , , 2 ,j

n
n

j j A
j

w t p p c x x t t p p F z
αν

ν α β β
−+

+=

′ ′ ′= − −∏              (3.26) 

where ( ) ( ), , ,n
AF zα β γ  is the n-variables Lauricella hypergeometric function ( )n

AF  given in (1.7),  

1 2nα ν= + + , ( )1 2, , , nβ β β β=  , 1 2j jβ ν= +  and ( )224 1j j jz x x t p p j n′ ′= − − ≤ ≤  and the con- 

stant jc  is given by 

( ) ( )
( )

( )
( )

1 2

3 1 2
1

1 21 2 1 2
.

2 1π

n n j

n
j j

n
c

ν ν νν

ν

+ +

+
=

Γ +− Γ + +
=

Γ +
∏                      (3.27) 

Proof. We use essetially the Formula (3.15) of Theorem 3.2, the Formulas (1.2), the Fubini theorem and the 
Formula (1.8). 

4. Applications and Further Studies 
We give an application of the Theorem 3.3. 

Corollary 4.1. The integral kernel of the heat operator et ν∆  can be written in the form 

( ) ( ) ( ) ( ) ( )21 2 24 24

1
, , e , , 2 , dj

n
nu t

j j Ap p
j

cH t p p x x u u p p F z u
t

αν

ν α β β
−+ ∞ −

′−
=

′ ′ ′= − −∏ ∫  

with 1 2nα ν= + + , 1 2j jβ ν= +  and ( )224j j jz x x u p p′ ′= − − , 1 j n≤ ≤  and  

( ) ( ) ( )
( )

1 2

4 2 1
1

1 21 2 1 2
.

π 2 1

n n j
n

j j

n
c

ν ν νν

ν

+ +

+
=

Γ +− Γ + +
=

Γ +
∏  

Proof. We use the transmutation formula (see Greiner et al. [10], p. 362)  
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2 4
0

1e e cos d .
π

t u t u u
t

ν
ν

∞∆ −= −∆∫  

We suggest here a certain number of open related problems connected to this paper. For example the semi- 
linear wave and heat equations associated to the multiple-inverse square potential and its global solution and a 
possible blow up of the solution in finite times. 

We can also to look for the dispersive and Strichartz estimates for the Schrödinger and the wave equations 
with multiple-inverse square potential, for the case of inverse square potential (Burg et al. [11] and Planchon et 
al. [12]). 
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