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Abstract
In this paper, we apply the Weyl’s limit relation to calculate the limit

||m—ZF(yq( )7 (N+1),7,(n+2))= j_” (x,y,2)d,d,d,g(x,y,z),

N—>oo

where y,(n) is the van der Corput sequence in base (, g(x,y,z) is the asymptotic distribution
function of (yq (n).7,(n+1),7,(n+ 2)) , and F(x,y,z)=max(x,y,z), min(x,y,z) and Xxyz, re-
spectively.
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1. Introduction

In this paper we apply the Weyl’s limit relation [1] (p. 1-61)

lim %if (%)= (X)dlg () (L)

N—w

to the sequence X, = (7q (n),;/q (n +1),---,7/q (n+s—1)) , where y, (n) is the van der Corput sequence in base
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g and g(x) is the asymptotic distribution function (abbreviated a.d.f.) of x, and s=3. The van der Corput

sequence in base q is defined as follows: Let n=nq“+---+n, be the qg-adic expression of a positive
integer n. Then
n n Ny
Vq(N)=—+—++—75,n=01---. (1.2)
()= et

It is well-known that this sequence is uniformly distributed (abbreviated u.d.), see [1] (2.11, p. 2-102), [2]
(Theorem 3.5, p. 127), [3] (p. 41).
For s=2 amotivation for the study of the distribution function (abbreviated d.f.) g(x,y) of

(;/q (n),;/q (n +1)) , n=0,1,--- isaresult of Pillichshammer and Steinerberger in [4] which states that
N-1 2(g-1
M, (1.3)

Nﬁw%nzovq(n)—}’q (n+l)|: ;

while in J. Fialova and O. Strauch [5] the relation (1.3) was proved applying (1.1) as

[oJalx=y|dg (x,y)= 2(221)-

Moreover, in the Unsolved Problems [6] (1.12), the following problem is stated: Find the d.f.
9(%,%,--,x) of the sequence (7,(n), -7, (n+s-1)), n=012--, in [0,1]". Ch. Aistleitner and M.
Hofer [7] gave the following theoretical solution:

Theorem 1 Let T denote the von Neuman-Kakutani transformation described in Figure 1. Define the s-

dimensional curve {y(t);t € [0,1)} , where (t) = (t,T (t),T2(t),-, T (t)) . Then the searched a.d.f. is

g(xi,x2,~--,xs):|{te[O,l];;/(t)e[O,xl]x[o,xz]x~~-><[0,xs]}|,

where |X| is the Lebesgue measure of aset X .
The paper consists of the following parts: After definitions (Part 2) we derive the a.d.f. of (7q (n),)/q (n +1))
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Figure 1. Line segments containing (;/q(n),yq(n +1))
n=12,-- The graph of the von Neumann-Kakutani trans-

formation T
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Haoshangban (Part 3), the a.d.f. of (;/q (n),7, (n+2)) (Part 4), intervals containing
(7q(n),7q(n +1),7, (n+2)) in diagonals (Part 5) and an explicit form of a.d.f. g(x,y,z) (Part 6). As an
application (Part 7) we compute the limit

|im%:IZ:F((yq( ). 7q(n+1),7,(n+2) )) ”j (x,y,2)d,d,d,g(xy,2) (1.4)

N -

for F(x,y,z)=max(x,y,z), min(x,y,z) and xyz, respectively, see (0.39), (0.41) and (0.46).

2. Definitions and Notations

Let x,, n=12,--- beasequence in the unit interval [0,1) . Denote

. ()= #{ng N;I>\<In e[O,x)}

the step distribution function (step d.f.) of the finite sequence x,,---,x, in [0,1), while F(1)=1.
e Afunction g:[0,1]—[0,1] isadistribution function (d.f.) if
(i) g(x) isnondecreasing;
(i) g(0)=0 and g(1)=
e Adf g(x) isadf of the sequence x,, n=0,1,2,-- if an increasing sequence of positive integers

N,,N,,--- exists such that |imk%FNk(x):g(x) ae.on [01].

1
e Adf g(x) isanasymptotic d.f. (a.d.f) of the sequence x,, n=12- if limn .Fy (X)= a(x) ae.
on [0,1].

e Thesequence x, isuniformly distributed (abbreviating u.d.) ifitsa.d.f.is g(x)=x.

o Similar definitions take place for s=2,3 and s-dimensional sequence X,, n=0,12,---,in [0,1)s , cf
[1] (1.11, pp. 1-60).

e In the sequel the 3-dimensional interval | we denote by | =1, xI, xI,, where I,,1,,l, are pro-
jectionson X,Y,Z axes, respectively.

3. a.d.f. of (;/q(n),yq(n+1)),n=1,2,...

Let g>2 beaninteger.

Lemma 1 Every point (7q(n),yq(n+1)), n=0,12,---, lies on the diagonals of intervals
{0,1_1}{1,1} (L5)
q q
{1—i1—i1}{ili} =12, (16)
q q g q

Proof. Express an integer n inthe base ¢
n=ngq"+n_,q " +---+ng+n,,
where n, <q and n, >0.We consider the following two cases:
1° ny<q-1,
2°. n,=q-1.

Let
1°. n,<q-1 Then

n=ng“+---+n,,
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n+1=nq"+---+n,+1 and by (0.2)
;/q(n+1)—;/q(n)=1. In this case
q

7/q(n)=n_0+...+ rl':lgq__2+q_21+...=q__1.
q q q q q
Thus such (7q (n), 7 (n +1)) lies on the line-segment
YoX+i X e{o,l—i} (L.7)
q q
Let
2°. n,=q-1 Then

i+l

n=ng +-+n,.q"+(q-1)q' +(q-1)g" +--+(q-1) and n_, <q-1,where i=0,1,2,--. Then
n+1=nq“+-+(n,+1)g" +0-q'+0-q"" +---+0. Thus

-1 -1 N, n,
yq(n)qu+"'+(}T+¢—é+"'+qk—kw

n.,+1

n,
Vq(n+1)= —H_= ...+ =%, and we have
q

Yo(n+1)=y,(n)= i1+2 —q—_1[1+£+---+iij:.i—1+.i and
q q

q q q i+2 i+1
1 -1 -1
i+1 qT+" +(;i+l S7/u|(n) and
7q(n)sq;1+---+qi_+ll+qi:22+qi:31+-~-=1— 1 Thus such ( (n ),yq(n+1)) lies on the segment
q q q

Y=X- 1+q|+1 o |: |+1’ ?:|, i=012,--- (18)

Thus, for 1°, terms of the sequence (yq ;/q n+1) lie on the diagonal of the interval

Loxl, ::{0,1—1}{1,1} (1.9)
al |a

and for 2°, after reduction (i+1)—>i, terms of the sequence ()/q (n). 7 (n +1)) lie on the diagonals of the

intervals
1010 {1_%,1_%}{%,#} i—12, (L.10)
q q qa - q

These intervals are maximal with respect to inclusion.
Adding the maps (1.7) and (1.8) we found the so-called von Neumann-Kakutani transformation

T:[0,1] >[0,1], see Figure 1. Because y,(n) is u.d., the sequence ()/q (n). 7 (n +1)) has a.d.f. g(x,y) of
the form*

9(x ) =|Project, (([0,x]x[0, y]) ngraph T

=min(|[0.x]~ 1| [[0.y] 1, |)+§l:min(‘[0, 1] lo.v]nn?)),

(1.11)

tg(x,y) isacopula.

)
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where Project, is the projection of a two dimensional set to the X -axis.

The sum (1.11) implies

0
1-(1-y)-(1-x)=x+y-1
1
gLxy)=9Yy——
(u9)={y-2
1
x—l+F
i=12,---
From (1.12) it follows
0, ier{O,E]
q
g(x,x)= x—i, ifXG[l,l—l},
q q q
. 1
2x-1, |er{l——,l},
q

and for =2, the mean equality misses.

4. a.d.f. of (yq (n),;/q (n+2)),n=1,2,...

Let g>3 be an integer.

Lemma 2 All terms of the sequence (7q (n),7, (n+2)), n=012,---

intervals

Proof. Express an integer n inthe base ¢
n=n.gq"+n_g" +---+nqg+n,,
where n, <q and n, >0.We consider three following cases:
1° n,<q-2,
2°. n,=q-2,
3 n,=q-1.
Let
1°. n,<q-2 Then
n=ngqg*+---+ngy,

n+2=nq“+---+n,+2 and

)eC., (1.12)

(1.13)

, lie in the diagonals of the following

(1.14)

(1.15)

(1.16)

(1.17)
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Ye(n+1)=7,(n) =§. In this case

<q—3+Q‘21+._.:q_2, and thus such (, (n),7,(n+1)) lies on the

0<7(M)= ot ity

q q q q
line-segment
Z=X+2, Xe{o,l—zj. (1.18)
q q
Let
2°. ny=q-2.Then
n=ng“+-+n,q"+(q-1)q' +(q-1)g " +--+(q-2) and n_, <q-1, then
n+2=nq“++(n,+1)g"+0g +0g " +--+0. Thus
q-2 Q-1 n, n
Vq(“):T+"'+qi+1 +qi$+“'+qk—kﬂ’
;/q(n+2)=n‘*il+;r1+---+%,andwe have
q q
1 1 g-1 1 1 1 1 1
Yo(N+2)=y,(n)=— +———(1+—+---+—J= —+t——1+—.
R
Furthermore
_ ?:rl_l:q__2+...+q;llqu(n) and
q q q q
-2 -1 g-2 -1 1 1
7q(n)sq +'"+qi+1 +qi+2 +qi+3 toe =l T
q q q q q q

Thus in this case (7, (n),7,(n+2)) lies on the line-segment

Z=X+l+ i1+1+ iz—l,

4 4= 9 (1.19)
xe@_i_gﬁi_i_ﬁ;},i:QLm

g q g q

Let 3° n,=q-1.
Then

n=ng“+-+n.0"+(q-1)q' +(q-1)g"" +---+(q-1) and n_, <q-1, then
n+2=n0“++(n, +1)g" +0g +0.g" +---+1. Thus

i+1

-1 Nisy

i+l qi+2 K+l ?

-1
)= ke 8

n,+1 n
i~ ...4+—*_ and we have

qi-¢-2 qk+1 !

1
;/q(n+2)=a+

1 1 g-1f, 1 1) 1 1 1
Vq(”+2)—7q(”)=a+ i+2_T[l+a+”'+aj: m =g

q a q

Furthermore
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1 gqg-1 -
——g=——++—7<7,(n) and
q 1 q q 1 q( )
r(medte L2 80, 00,
q q q q
1
= _qi+2
This gives
Z=X+l+ i1+1+ i1+2—1,
a a9 (1.20)
xe{l—%,l—%) i=0,1,.

Summary, if the n satisfies 1°, then (7, ()7, (n+1)) is contained in the diagonal of

Iy x1, = {O,l—g}{g,l} (1.14)
q

for 2° in the diagonal of

105100 ;{14,%%HE+ i1+1,£+ii},i=1,2,---, (1.15)
q q g g qg g
and for 3° in the diagonal of
1<) = {1—3—%,1—3—%}{ klﬂyﬂykﬂ,l-w (1.16).
g q qa g q q
Proof. Express an integer n in the base q
n=ng“+n_q" +---+ng+n,, (1.17)

where n, <q and n, >0.We consider three following cases:
1’ n<q-2, 2% n=q-2, 3% n,=q-1.
Let

2 .
1°. ny,<q-2 Then n=ng“+--+n,, n+2=nqg“+---+n,+2 and ;/q(n+1)—;/q(n):a. In this case

Os;/q(n)=%+---+%<q;3+qq_21+---=q;2, and thus such (;/q(n),;/q(n+1)) lies on the line-

segment

Z-x+2 Xe{o,l—gj. (1.18)
q q
Let ‘ ‘ ‘
2°. ny=q-2. Then n=ng"++n,.q" +(q-1)q' +(q-1)g" +-+(q—2) and n,, <q-1, then
n+2=nq"+-+(n, +1)q"™ +0.9 +0.9" +---+0. Thus 7q(n)=q—_2+---+q_1+n‘“+--- i’
q

i+l i+2 k+1 ?

aq

ni+l +1

n
e (N+2)=—2—Z+...4+ — and we have
q q

7q(n+2)—yq(n):%+%—q—_l(1+l+m+i]: LN
a

q q qi+2 q qi+j|. )
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Furthermore

1 1 g-2 g-1
qi+1_a=T+"'+qi+1 S7(1(”) and 7q(n)§

Thus in this case (yq(n),yq(n+l)) lies on the line-segment

q_

Z=X+1+ i1+1+ iz -1, Xe{l—l— i1+1,1—1— izj i=01---. (1.19)
qga q q g q q q
Let

3% ny=q-1.then n=ng“+--+n,q" +(q-1)q' +(q-1)g"* +---+(q-1) and n,

i+1

<q-1, then
n+2=nq"+-+(n,+1)q"™+0-9' +0-g"* +---+1. Thus
q_l q_l N N,
V4 n :—+...+T+T+...+_+,
(=S S
1 n,+1

n
Yo(n+2)==+—"2_"+4...4+— and we have
N L

Ye(N+2)=7, (n):%+%—q—_l(l+ ! +---+ij Lttt
q

Furthermore

i+1

q q
This gives

_ 4 =q—_1+-~-+q;11$7q(n) and 7q(n)$q;1+---+q,
q q

Z=x+i+ 41 xe{l—%,l—%} i=01,- (1.20)
g 97 g q

Summary, if the n satisfies 1°, then (yq(n),yq(n+1)) is contained in the diagonal of

I x1, :{0,1—3}{3,1} (1.14),
q q
for 2° in the diagonal of
1010 :{1-%,1— H{L i1+1,1+ii]i:1,2,---, (1.15)
q q g g -9 ¢
and for 3° in the diagonal of
g ::[1_1_%,1_1_%}[%%}*:1,2,..., (116).
qa q qa q g q

Composition of the maps (0.18), (0.19) and (0.20) of Z(X) forms the second iteration T2 of the von

Neumann-Kakutani transformation T (X) . The diagonals of (1.14), (1.16) and (1.15) yield the following graph
of T? inFigure 2.

Here the interval {1—3,1—£J on X -axis is decomposed in {1—1—i 1—1—%
q q

= 1-= } k=12,---, and
qa q g q

. 1 . . 1 1 . . . 1) .
the interval {1——,1} is decomposed in {1——“1——}, i=12,---. On Z -axis the interval [0,—} is
q q q q

i+1

decomposed in { k+1’ik:|’ k=12, and the interval {lgj is decomposed in {1+ M,l+ii},
q qa g q

qq
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i=12,---. Note that for q=2, the interval {0,1—3}{3,1} has a zero length and is missing.
q q

Exchange for a moment the axis Z by Y. Similarly as in (1.11), we have that the a.d.f. g(x,y) of the

sequence (7, (n).7, (n+2)) is

g (xy)=min([[0.x] 1, [,[[0,y]~ 1y [)+ Xmin([[0,x]~ 1)
i=1
+ymin(|[0,x]~ 3], [0, ] 3.
k=1
Decompose [0,1]2 as the following figure shows:
Then by Figure 3 we have
Z
2
q
1
q
0 1—2 11 1 X
q q
Figure 2. Straight lines containing
(;/q(n),yq(n+2)) , N=012,.
DO BO
Co
2
q
D” C{l B//
Eo -
A cl
oo
D, AR
A’ (o)
0 1-2 1-1 1
q q

Figure 3. Decomposition of the Vunit square to parts
with fixed expression of g(x,y).

oy

)

(1.21)
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X if (x,y)e Dy,
y—% if (x,y)eC,,
0 if (x,y)eA,
y+x-1 if (x,y)e By,
X—1+= if (x,y)eE,,
y if (x,y)eR,
0 if (x,y)eA,
x+y—1+E if (x,y)eB,
q
9(xy)= 11
x-1+=+— if(x,y)eD/,
g q
1 ,
y-—— if (x,y)eC;
q
1
= if (x,y)e A",
q ()
x+y-1 if (x,y)eB”,
x—1+l+—i if (x,y)e Dy,
q q
1
y — X,y CH
S i)

Let q=2.

In this case we find a.d.f g(x,y) from (1.22) omitting |D, |_|C |_|A3| |B,| = 0.

In Part 7. Applications we need to find g(x,x) from g(x,y) in(1.22

For =2
0 ifxe
2x—E ifxe
2
9(x %)=
- ifxe
2x-1 ifxe
For q=3
0 ifxe
1 . [
g(x,x)=4x-= ifxe
3
2x-1 ifxe
For q>4

1

o
FNGE
| |

T

) 1
N -
| |

1

r

Alw Nk, N
N w
| |

| 1
L

o
Wl

w| N

| I—

wWIN Wl
i
|

(1.22)

(1.23)

(1.24)
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0 ifxe O,E},
L 9
g(x x)= x—E ifxe g,l—g}, (1.25)
q Lq q
2x-1 ierFl—E,l]
L d

Note that for q=4 theterm x-2/q is omitted.

5.a.df.of (7,(n),7,(n+1),7,(n+2)),n=1,2,-

Let g>3 beaninteger.

Lemma 3 Every point (7, (n).7, (n+1),7,(n+ 2)) is contained in diagonals of the intervals
| :{0,1_3}{1,1_1}{3,1} (1.26)
q q q q
|<‘)={1-%,1-%}{ il,ii}x{l+%,l+ii]i:1,2,‘--, (1.27)
q q a q a 9d° 9 ¢
nfi-d 2ot L Le DAL L)
a q a q q q qa q
k=12, (1.28)
where |I|:O if q=2. These intervals are maximal with respect to inclusion.
Proof. Every maximal 3-dimensional interval | containing points (;/q(n),y/q(n+1),;/q(n+2)) will be
written as | =1, xI,xI,, where 1,,1,,1, are projections of | to the X,Y,Z, axes, respectively.

Moreover if y. (n)el, then y,(n+1)el, and y (n+2)el,.Fromud.of y, (n) follows that the lengths
MBI Izj . Combining intervals (1.5), (1.14), (1.15), (1.16), (1.6) of equal lengths by following Figure 3.
We find (1.26), (1.27), and (1.28).
Now, let T be the union of diagonals of (1.27), (1.28) and (1.26). Again, as in (1.11), the a.d.f. g(x,y,z)
has? the form
9(x, y,2) =|Project, ([0, ][0, y]x[0,2] " T)| (1.29)
and it can be rewritten as

g(xy,2)= min(|[0,x]m IX|,|[0, y]n IY|,|[O,z]m IZ|)
+gmin(‘[0, ] 1Y ‘[0 y]r 1

+ Smin([0.x]~ 3] [0.y] 28| . 2] ).
k=1

To calculate minimums in (1.30) we can use the following Figure 4 (here q=3):
As an example of application of (1.30) and Figure 4, we compute g(x,x,x) for q>3 without using the
knowledge of g(x,y,z).°

‘[O z]m 1

) (1.30)

0 ifxe O,E},
L dq
g(X,x x)= x—E ifxe 2,1—1] (1.31)
q q q
N D
3x-2 ifxe l——,1}.
L 4
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Proof.
_ 1}
l. Let xe|0,=|.
L 4
Then |[O x]n1, |=0, ‘[O,X]ﬂ Wl=o, ‘[o,x]mli =0, consequently g(x,x,x)=0.
2. Let xe ; (ﬂ Then |[0x N |— , ‘0x]m|§k)‘:o, ‘[O,X]m@‘:o,consequently g(x,x,x)=0.
3. Let xe él—a} Then ‘[0 x| 1Y ‘ ‘[O x]ml(")‘ 0, consequently

specify xe 1%, xe . Then ‘[0 x]n I(X")‘ =0, ‘[0 x]mJS‘)‘ =0 for k >k, . Thus (1.30) implies

2, 11,2 () () (i)
g(x x,x)=min( ] 1 Ry )Jerln(‘[O,x]mlX H[O,y]mlY H[O,z]mlZ ‘)
+Zmin(‘[0,x] | [l0.21~38))
k=1
2 1 1 1 (1 1 1
=X——+ ——— [+ X1+ —+ —_ [+ X-1+—
q ;(ql q|+1] qk1 kz;(qk qk+1] qk1
=3x-2
For q=2 we have
0 ifxe 0,1},
| 2
g(x, % x)= x—% ifx e %ﬂ (1.32)
3x-2 ifxe El}
L 4

6. Explicit Form of g(Xx,y,z)

Let >3 be an integer.
Motivated by the Figure 4 we decompose the unit interval [0,1] on X, Y and Z axes in the Figure 5

X |
0 1
Y |
0 1
2 i
0 1
Figure 4. Projections of intervals 1,17,J% onaxes X.,Y,Z .
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X, i i |
Yl | | |
[ | [ [
q
ZI | | |
[ | \ [
q q

Figure 5. Divisions of the unit intervals.

intervals (here q=4): ,

In this decomposition, for (x,y,z)€[0,1]", we have 27 possibilities. We shall order choices of (x,y,z)
from the left to the right. Detailed proofs are included only in non-trivial cases.

1. Let

Xe {O,l—g}, ye {0,1}, Ze [0,1}. Then
q q q

Proof. We have ‘[0 x| 1Y)

g(x,y,z)=0.
=0, i,k=12,---. Then, by (1.30),

=0, [0,x]n 3

g(x y,z)=min(|[[0,x] 1, |.[[0.y] 1, ],[0,2] 1, ])-
Similarly, in_the follgwing cases 2-9.

2. Let xe 0,1—E Yy e 0,1 ,Z€ 0,E . Then

q aq aq

g(x,y,z)=0.

3. Let xe|0,1-—|,ye|0,~|,z€ E,l . Then

g(x,y,z)=0.

4. Let xe O,ZI.—E Y e 1,1—3},26{0,1}.%%
q 1 g q q

9(x,y,z)=0.

5. Let xe 0,1—g Yy e i,l—i},ZG{l,g]Then
q L4 q aq

g(x,y,z)=0.

6. Let xe {0,1—3}, ye {ll—l} Ze {31} Then
q q q q

g(x,y,2) = min(x, y_l,z_é)_
a q
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7.Let xe|0,1——=

8.Let xe|0,1-—

9. Let xe {0,1—3}, ye {l—i,l}, Ze {3,1} .
q q q
. 2
g(x,y,2)= mln[x, z—aj .

Proof. We use z—gsl—— .
q

10. Let x e{

Proof. We use ‘[0 x| 1y

11. Let xe

12. Let xe

1_311__
q

2
q

7ye

Vye

1
q

1211
L q

2
q

B

Proof. We use ‘[0 x|

13. Let xe|1-

14. Let xe

15. Let Xe{

2
q

1_311__

q

17

Z1-=

q

1
q

lye

)

(i
X

Y €

1
iye

~1-=
q q

by
q q

0,E ,Z€e E,l}
q

=0, [0,y]n 3y

N .]Y(k)

12

La 9

q

,Z€|:0

g

a(x, y,z):min[

16. Let xe {1—2,1—1}, ye {1—1,1}, Ze {0,
q q q

specify xe ), yedl z7e3%) Then

aq

g(x,y,2)=0.

-0, |[0,z]m IZ|: 0. Similarly,

} . Then

g(x,y,z)=0.

. Then

g(x,y,2)=0.

-0, |[0,y]mJY|=0.

L

} . Then
q

d
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0
min| X—=1+=+——,y 1+ik,
q3
. 1 1 1
min x—1+a+ ool _qk3+1
q
_J . 1 1
g(x,y,z)— min| y-1+— ,Z—Wj
z+x—l+1
q
n{xr
z+min| x-1+—,y-1
q
z+y-1

if min (k;, k, ) < ks,

ifk; =k =k,
ifk; =k <k,,
ifky =k, <k,
ifk, <k <k,,

ifk, <k =k,

ifk, <k, <k,.

Proof. First observe that |[0,z]m|z|:0,and ‘[O,x]mlg)‘:O.Thus

min([0,x] 1] J[0.y]~ Iy |.[0.2]~ 1, [) =0 and Z‘;min(‘[o, x]N IS)‘,‘[O, y]n IY(”‘,‘[O, z] |§‘>\) =0.

Further, for k=1,2,---, we have

0

[0.x] 3

1 1
q_k_ k+1
0
[0.¥]n 3| =
1 1
q_k_ k+1
0
1
‘[O,Z]ﬁ\]gk)‘z Z—W
1 1
e

Thus, using (1.30), we find
g (X’ y,z)= k=kg

17 Let x{l_z,l_z}ye{l_i,l},z{1,2]
q q q qq

Specify xeJ(, ye i) Then

itk >k,

. x_[l_z_ikj =k,
qa g+

ifk <k;

itk >k,,

x—@—%?]ﬁk:@,
q

itk <ky;

itk >K,,
ifk =k,

ifk <k,

s min|[0,x]~ 3] [0, y] 38| [0.2]~ %)
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min(x—l+%,y—1+%) ifk =k,,
2 .
g(xy,z)= x—l+a if k, <k,,
1 .
y-1+= ifk >Kk,.
q
(i) (k) _ 1 1
Proof. We have ‘[o,x]mlx . [0.2]~ 1] ‘[O,Z]ﬁ\]z ‘_—k— —, then
g q

0(%%.2)= 3o M0 [[0.510 9] [0, ¥1 98

18. Let X€|:l—z,1—l:|, ye{l—i,l},z e{z,l} .
q q q q

Specify X e Jg(kl) , Ye J$k2) . Then

min[x—l+3y—1+lj+z—E itk =k,,
q q q

g(xy,z)=1x+z-1 ifk, <k,,
y+z—1—1 ifk, >k,.
q
Proof. We have
(xy.2)=min[1-21-2 7 2], % min(|[0,x] 347 [0.y] 9% [0.2] 989
g(xy.z)= q’ q’ q k<min(ky,kz ) ! x (LYY Yy (LY z )

19. Let xe [1—1,1}, ye [O,l} z €|:O,l:| . Then
q q q

g(x,y,z)=0.
20. Let x{l—l,l},ye{O,l},zEF,E}-
q q aq

Specify X e Igl), ye IﬁiZ), Ze I§i3) . Then we have

0 if i, <max(i,,i;),
min x—l+qiil,y—qi11+l,z—%—q§+lJ ifi, =i, =1,
. 1 e
min y,z——j+x—1 ifi, =i, <i,
q
g(x,y,2)={min x—1+qiil,y—qT1ﬂj ifi, <i, =1,
min x—l+%,z—£—%} ifi, <i; =i,
a q
1 el
X+z-1-— ifi, <iy <iy,
!
X+y-1 ifiy <i, <ij.
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Proof. We have ‘[0 y]mJS‘)‘, |[0,Z]m|z|=0 and

0(%Y:2) = X e pmin([[0.X]A 1] [0, y] A 1| [0.2] 1)),

i=max(ip i3

21. Let xe [1—3,1}, ye [O,E} z E{E,l} .
q q q

Specify Xe |§1>, ye I$i2).Then

0 ifi, <i,,
. 1 1 ..
g(xy,z)= mm(x—1+q—h,y—wj ifi, =i,,
x+y-1 ifi, <i,.
Proof. [[0,y]n1,|=0, ‘[o,y]mJY(k)‘ZO, ‘[o,z]mg) =_i_qi1+1,
g(x’y’z):Zizgisilmin(‘[o’x]mIS)‘:‘[OIY]mwi)‘)-
22.Let xe 1—1-1 Y€ 1,1—1]@{0,1}.%%
L a L4 q q
g(x,y,z)=0.
23.Let xe|1-11ye 1,1_3}2{1,3}_
L 9 | Ld q qaq
Specify Xe I(Xil), Ze Ig“ . Then
0 if i, <i,,
. 1 1 1 e .
g(x,y,z): mln(x—1+q—il,z—a—F] ifi, =i,,
y+z-1-= ifi, <i,.

-0, [0 y]“'ﬁ”%%-ﬁ’

Proof. |[0,Z]m|z|=0, ‘[o,y]ﬁ\]w
g(xy.2)= %, min([[o.x] 1] [o.y] 1| 0.2 1)),

24, Let x e{l—l,l},y € [E,l—l},z € {gl} . Then
q q q q

g(xy.2)= mi”(y—l.l—gj+x—l+l.
q q q

=0. Specify Xe IQl). Then

Proof. We have ‘[o y]n 3
g(x,y,z)=min(|[0.x] 1, |.[0.y] 1| [0.2] A1, )
+Zig1min(‘[0, X)L fo.y]n 1| [0.2]~ |§‘>D.

The first term is min[y—l,z—gj and the second is x—1+£.
q q

q
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25. Let xe {1—l,1}, ye {1—l,1}, Ze {O,
q q

Specify yeﬁm,ZEJ&XTMn

1'

q

0

g(xy.2)= mm(y—

y+z-1

Proof.

ifk, <k,,
1+—%uz——%7j ifk =k,,

qt g
ifk, <k,.

9(x¥.2) = X, e min([0.6] 7 3] [0.¥]A 28] [0.2]~ 21

26. Let Xe{l—l,l},ye{l—i,l}le{ ,
q q

Specify Xe&”,yeJﬁ)am Zeﬁm.TMn

y—1+1
q

1 .

g(xy.z)= y—l+a+nun

X+y+2-2

Proof. We have HQZLWQ|=O,M0J]mJQWZ

Moreover

ifi, <ij,
[x—l+£}¢—}~—iEJ ifi, =i,,
h q q‘l
ifi, <i.
W o213t =), [0yl 1] =[]
0 ifi >,
x-1+— ifi=i,
o1 ic,
q q
0 ifi<i,,
-1 irisi,
9 q
o1 s,
q q
0 ifk >k,
1
y—l+ar ifk =k,
Lol ifk<k,
¢ q
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which gives
o1 Jo.2]1g)
,‘[o, 7]~ Jg@\)

9(xy,z)=0+ Zizgiglmin (‘[O x]A1 M
* Zomin [0:X]0 3| oy 9

= in <i<i (il_ fl:rlj+x_1+il+z_l_%
Zuaa| g ¢ g g
11 1
+Zk<k1(q_k_Wj+y_l+q_k1:X+y+z_2

The final equation holds if i, —i, >1 and k >1. It can be seen that it holds also for i, =i,+1 and k, =1.
For i, =i, and i <i, we need to compute this sum separately.

27. Let xe |:1—l,1:|, ye [1—1,1:|, Ze {g,l:| . Then
q q q

g(x,y,z)=x+y+z-2.
Proof. First observe

|[0,x]m|x|:1—§, |[O,y]mIY|:1—§, |[0,z]m|z|:1—§.Thus

min(|[0,x]mIx|,|[0,y]mIY|,|[0,z]mIZ|):z—§.

New specify X e Ig(il) and ye Jﬁkl) . Then we have

0 ifi> i,
‘O (,) _ 1 s
[ ,x]mlx‘_ x—1+$ ifi=i,
o1 ia,
qa g
0 ifk >k,
[0.y]n 3= Y1+ ifk=k,
q
qik_q':}*l ifk <k,

and ‘[O,Z]mlg)‘:i— L ‘[O,z]m‘]g‘)‘:qik—qkl+1 , ‘[0 y]mli‘)‘zé—qil . Then for the sums in (1.30)

> min (‘[0 ] 1Y )
+3 min([[0.x] 3% | [0, ]~ 3] o, 2]~ 3

1 1 1 1 1 1
=——— X1ttty -1+—
a 9 a* 9 q* q*

which gives g(x,y,z)=x+y+z-2.
The above computation of g(x,y,z) holdsfor q>3.

)

,‘[0, y]n |$‘>H[o, 2] 1Y

)
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Let q:2
We have |I|=0 and

9(xy,z)= gmin(‘[O, x| 1O

+imin(‘[0, x|~ 3%
k=1

‘[0 y]n 1

Jov]n 3

[fo.2]~ 9%

Jlo.218)

(1.33)

)

Thus g(x,y,z) for g=2 directly follows from g(x,y,z) for q=>3 if we use only such itemsin 1-27
for which xel,, yel,, zel,.Theseare 10,11,16,17,19, 20, 25,26 , i.e., 2x2x2=8.
The non-zero values of ¢ (x, Y, z) #0 can also be seen in the following table.

X y .

{0,1_3} F 1‘1} 21

q 77 q o
T

q q" ]

[1_7_7 1= %1} F 1_1} 2,
q 9 q a7, o 21

g(xy.2)

min| x,y-=,z-=
a q
. [ QJ
min| x,z-=
q
. [ 1 2]
min| y-=,z-=
a 9

x+z—1+1

X—1+—
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Continued

F,l} X+z-1
q

X y z 9(x,y,2)
1 1 1 1 1 11 1 . 1 1 1 1
1-—1-—3 = S min| x—1+—,y———,2-=———
q 8 [ a-q a 99 q q q aq
[E+%,1} min(x—1+ik,y— %1]
a q q q
{11} {1 111} [ 1 11)
T —t—a Tt min X_1+7k'z_7_ [
g q g 99 q q q q
il {re-3)
—t+ = min| y,z—= [+x-1
qa aqq q
F,l} X+y-1
q
{1 1} {1 111} [ 1 11)
=1-= —t =t min| X-1+—,z-~———
qa q g 99 q q q q
F+%,E} x+z—1—E
qa q q q
F,l} min[y,z—£j+x—1
q q
[1—%,1—%} [ ,11%} min[y—1+il,z—%]
q - g q q q
{i,l} y+z-1
aq
LL]
aq q
1 11 1 1 1 1 1
{f PR 7} mm[x—1+—k,z—f—?] y-1+=
g 99 q q
E %,1} X+y+2-2

In all other cases g(x,y,z)=0.
7. Applications

The knowledge of the a.d.f. g(x,y,z) of the sequence (yq (n),7,(n+1),7, (n+2)) n=12,--- allows us to
compute the following limit by the Weyl limit relation (1.1) in dimension s=3.

fim 35 2 (74 (0). 7, (n+2).7,(n+2)

= [LLF (6 .2)d,0,0,0(xy.2)

(1.34)
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where F(x,y,z) is an arbitrary continuous function defined in [0,1]3. For computing (1.34) we use the
following two methods.

7.1. Method 1

In the first method in the Riemann-Stieltjes integral (1.34) we apply integration by parts.
Lemma 4 Assume that F(x y,z) isacontinuousin [0, 1] and g(x,y,z) isad.f. Then

[LLJF(xy.2)ddd,g(xy.2)=F(111)-[g(112)d,F(L1z)
[ y.)d,F(Ly.1)
~[lo(xL1)d,F(x12)+ [ [g(Ly.2)d,d,F(1y.2) (1.35)
+I;j;9(X,1,Z d,d,F(x1,2) Hg (x,y,1)d,d F(x,y,1)

[ fia (% y.2)d,d,0,F (x,y,2).
Here
d,d,F(x y)=F(x+dx y+dy)+F(xy)
—F(x+dx,y)-F(x,y+dy),
dxdysz(X; y,Z)Z F(X+dX, y+dy,Z+dZ)
~F(xy,z)+F(x+dxy,2) (1.36)
+F (% y+dy,z)+F(xy,z+dz)
—F(x+dx,y+dy,z)-F(x,y+dy,z+dz)
(

—F(x+dx,y,z+dz).
Note that

d,d,F(xy)=" (y)

3
F
dd,d,F(xy,2)= dedydz,
oxoyoz

if the partial derivatives exist.
Exercise 1 Put F(x,y,z)=max(x,y,z). We have

dF(x11)=d,F(Ly1)=d,F(1,1,2)=0,
d,d,F(xy1)=dd,F(x1,z2)=dd,F(1,y,z)=0
The differential d.d d F

,d,d,F(x,y,2) isnon-zeroifand only if x=y=2z and in this case
dd,d,F(xy,z)=dx.

Proof: For every interval J = [xl(l), xéﬂx[x{z), xgﬂx-- x[ X, x§ Jc [0,] and every continuous
F (X, %, %) the differential A(F,J) is defined as
2 2

AF3) =32 (D) R (e ). (1.37)

=1 &=l

Putting F (X, X, X ) = Max (X, Xy, -+, X ) » Xl(i)zx, XU = x+dx we have

)
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A(FL3) = (15 e 3 3 ()3 (s )

g=1 gg=1
2 2 g+ +& 1+1+-+1
=3 ()T (x+dx) (1) dx
g=1 gg=1
= (-1)"dx.

Then by (1.35)

L[ (3.2)d.d,d9 (x.v.2)

(1.38)
1plpl 1
=1-[ [ [a(xy,2)d,d,d,F (xy,2)=1-[ g(x xx)dx.
For g>3 and by (1.31) we have
1
1 -5 2 1 1 2 3
g(x,x,x)dx = q[x——]dx+ X—2)dX==——+—.
.[o ( ) .[% q J.l—%( ) 2 q q2
For q=2 and by (1.32) we have
3o 3
J'Olg(x,x,x)dx=I££X—Ejdx+_|é(3x—2)dx:ﬁ.
Therefore for >3, by (1.34) and by (1.38) we have
lim iNz_lmax(yx (n),7,(n+1),7 (n+2))=£+g—i. (1.39)
Now N &2 q "/q /g 2 q qz

Note that the same result follows from (1.44).

Exercise 2 Put F(x,y,z)=min(x,y,z). Since

dxF(x,l,l):dx,dyF(l,y,1):dy,dZF(1,1,z):dz, dxdyF(x,y,l):dx if x=y, dd,F(x1,z)=dx if
x=z, dd,F(l,y,z)=dy if y=z,and d,d d,F(xy,z)=dx if x=y=z and 0 otherwise,

applying (1.34) and (1.35) we have

lim iNiF (74 ()74 (n+1),7 (n+2)) :1—3x%+2-ﬁg (x,x,l)dx+j§g(x,1,x)dx—ﬂg(x,x,x)dx. (1.40)

N—w N n=0

Here we have g(x,x,1)=g(Lx x)=g(xx) in(1.13)for g>2.For g(x,1,x) weuse g(xx) in(1.23)
if g=2,(1.24)if q=3 and (1.25)if >4 andfor g(x,x,x) weuse (1.31)if =3 and (1.32)if q=2.
Thus we have:

a) 2f;g(x,x,1)dx:1—2(3—2_1) for q>2;

L2009 . 1 2 4
b) [g(x1x)dx=[, ¢| x—<|d 2x-1)dx==-2+2 for q>4;
) jog(x x)dx _[g [x q] x+J.17§( X ) X 5 q+qz or q

q

1 2 1 1 5
c) _[og(x,l,x)dx:J'f(x—g)dx+.[§(2x—l)dx=ﬁ for q=3;

O i1 3
d) j;g(x,l,x)dx:If[Zx—Ejdx+I£‘de+E(2x—1)dx:g for q=2.

1 1 2 3
X X)dX==——+— f >3;
e) jog(xxx) X=2 q+q2 or g

1 3
X, X)dx=— for q=2.
f) jog(xxx) =16 q
Putting a)-f) into (1.40) yields
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1 2 3 .
E_a+q_2 |fq24,

1 1 .
h|‘imWZmln(;/q(n),;/q(n+1),;/q(n+2))= s ifq=3, (1.41)
—w© =0

3 .
— fq=2.
16 "

7.2. Method I1

In the second method we compute the differential d,d d,g (x,y,z) directly. Itis nonzero only for
(x,y,2)el u(uﬁll(i))u(uleJ(k)). Forsuch (x,y,z) thea.d.f. g(x,y,z) hasthe form

min(x,y—l,z—zJ if (x,y,2)el,
q q
. 1 1 1 1 . i
g(xy,z)=ymin| x=1+—,y———, 72—~ ”] if (x,y,2 el (1.42)
(o) ={minf -0 dy-boa-o b))
min(x—1+l+ik,y—1+i,z—%j if (x,y,2)ed".
q q q q

Thus d,d,d,g(x,y,z)#0 and moreover d.d,d,g(x y,z)=dx=dy=dz only on the following straight

. Xy
lines
1 2
X=y—-—=2-——,
q
q q q
x—1+—+ik=y—1+ik_z— k1+1.
q q

Considering three possible cases, calculate

. 1 2
(i) x,y=x+=,z=x+—, xel,, and
q q

12,
LF(x, y,z)d.d,d,g(x, y,z):LXF(x,x+a,x+ajdx,

and

xell)

z=x-1+=+—7, 3

(i) x,y = x—1+ii+

i+1’

[oF (x.y.2)d,d,d,9(xy.2)
(1.43)

=J'(i)F[x,x—1+ii+%,x—l+l+ii+ ilﬂjdx;
'x g q g q

iii x,y:x+l,z:x_1+l+i+i' xeJ® and
q k k+1 X
q
J-J(k)F(X’y’z)dxdydzg(xvyvz)

X

- J'J(k)F(x,x+%,x—l+—+—k+Wde.
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Summary

12 1 2
j_” (x,y,2)d,d Zg(x,y,z):_[0 aF x,x+a,x+— dx

q

>

x 1= i 1 1 1 1 1
+ R Xox =1+ —+—— x-1+=+—+—|d (1.44)
ZL 5 ( 7 q” a g q 1]

0 1li
+> [ ‘jMF(x,x+l,x—l+l+ik+ klﬂjdx
N q a g q

Exercise 3 Put F(x,y,z)=xyz. By Method I, we have ddd,F (x,y,z) = dxdydz, similarly
d,d F(x,y,1)=dxdy, etc., and by (1.35) we have

Ilm—ZF(J/q( )’7q(”+1)*7q(“+2))

N~>oc

:1—3x§+2~joﬂg(x, y,1)dxdy (1.45)

It 1101
+ Io.[og (X’l’ Z)dXdZ - -[O.[O.[og (X, Y, Z)dXdde.
Since a computation of (1.45) is complicated we use Method 11, by (1.44) we have

2 2
jqu(x+1j[x+gjdx =£(1—gj ,
0 q q 4 q

) 1—.i
ZI " x—1+L 4 L | %= 1+1+1+ L ax
i)y ql q|+1 i+1

q g q

109’ +79*+79° -39 -3
120° +12q" +24q° +129° +12q*
w 111
I gmx[x+lj[x T —+ SHde
1 q q g q

_60°-49°-79' —q*-6q° +3q+3
129° +12q" +24q° +129° +12q*

Inserting these formulas into (1.44) we have

1 N-1
hIlim WZM (n),}/q (n+1)'7q (n+2)
—>®© n=0

~q*-3q°+3¢° +2q+2
4q* +4q° + 49°

(1.46)

for q>3.

8. Conclusion

The problems solved in this paper is significantly more complicated in higher dimensions s> 3. For example,
in dimension s =4, to compute the d.f. g(x,y,z,u) of the sequence (;/q( ), 74 (n+1), ;/q(n+2) Yq (n+3))

it is necessary to investigate 4* cases analogous to 3° cases for the explicit form g(x,y,z) in the part 0.6.
Also Figure 3 would have to be converted to the dimension 4. Finally, we would need the third iteration of von
Neumann-Kakutani transformation.
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