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Abstract

We study a semilinear parabolic problem with a semilinear dynamical boundary condition in an
irregular domain with fractal boundary. Local existence, uniqueness and regularity results for the
mild solution, are established via a semigroup approach. A sufficient condition on the initial da-
tum for global existence is given.
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1. Introduction

In this paper we study a semilinear problem in a fractal domain with semilinear dynamical boundary conditions.
The model problem, we consider can be formally stated as follows:

U, (t,P)—Au(t,P)=J(u(t,P)) in [0,T]xQ,
(P) ut(t,P)—coAFu(t,P)+b(P)u(t,P):—whl(u(t,P)) on [0,T]xF,
u(0,P)=¢ in Q,

where Q is the (open) snowflake domain and F =0Q is the union of three Koch curves (see Section 2). J
is a non linear function from a subset of L*(Q,m) into L?(©,m); m is the sum of the 2-dimensional
Lebesgue measure and of the Hausdorff measure of F (see Section 2.1). A denotes the Laplace operator
defined on F (see (3.4) in Section 3), c, is a positive constant, b is a strictly positive continuous function
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in Q, Z—U is the normal derivative across F, intended in a suitable sense.
n

More precisely, we assume that J(u) is a non linear mapping from L*"(Q,m) to L*(Q,m) for any
fixed p>1, locally Lipschitz i.e. Lipschitz on bounded sets in L*"(Q,m) with Lipschitz constant 1(r)
restricted to B(0,r)c L*"(Q,m), satisfying a suitable growth condition (see condition (g)) in Section 4).
Examples of this type of non linearity include e.g. J(u)= u|u|p’1, p >1 which occurrs in combustion theory
(see [1]) and in the Navier Stokes system (see [2]).

Problem (P) presents a non linear dynamical boundary condition (known also as Venttsel’ boundary
condition [3]). Problem (5 models a fluid diffusion within a semipermeable membrane and heat flow subject
to non linear cooling on the boundary (see [4] [5]). The literature on boundary value problems with dynamical
conditions is huge, we refer to [6] for a derivation of such boundary conditions and to [7] and the references
listed in. All these papers deal with smooth domains. The case of irregular domains is studied in [8]-[12].

In the present case we consider the case in which the non linearity appears both in bulk and on the boundary.
We study the problem by a semigroup approach. More precisely we consider the corresponding abstract Cauchy
problem:

du (t)
(P) dt
u(0)=¢
where A:D(A)c L*(Q,m)— L*(Q,m) is the generator associated to the energy form E introduced in
(3.8), T is a fixed positive real number, ¢ is a given function in L (Q,m). We assume that J is a

mapping from L* (Q,m)— L*(©,m), p>1 locally Lipschitz i.e. Lipschitz on bounded sets in L*"(Q,m);
we let I(r) denote the Lipschitz constant of J :

"‘] (U)— J (v)"Lz(va) <l (I’)"U _V"LZP(Q,m) (1.2)

whenever "u”L?“(Q,m) <r, ||V||L2P(Q,m) sr.

=Au(t)+J(u(t)), 0<t<T (1.1)

A is the generator of the analytic contraction positivity preserving semigroup T(t) from LZ(Q,m) into
L2 (Q,m), associated to E . We study problem (P) via the corresponding integral equation

u(t)=T (t)g+ [T (t-5)J (u(s))ds. (1.3)

In order to prove the existence of the solutions to (1.3) the usual way is to use a contraction argument in
suitable Banach spaces see e.g. [13]. Usually the functional setting is that of an interpolation space between the
domain of the generator A and L° (Q m) or the domain of a fractional power of —A, we refer the reader to
[13]-[17]. In our fractal case we do not know the domain of A. We stress the fact that it is not neither known a
characterization of the domain of the fractal Laplacian A.. To overcome this difficulty we adapt the abstract
approach in [18] to prove local existence and uniqueness results for the mild solution. The key tool in [18] is an
assumption on the estimate of the semigroup T (t) asa bounded operator from L*(Q) to L*"(Q) (see (2.1)
in [18]). In the present case we take into account that our problem has a probabilistic interpretation [19]; this, in
turn, allows us to deduce an analogue estimate of T (t) asa bounded map from L*(Q,m) to L*°(Q,m) see
(3.15). We then deal with the strong formulation of the B.V.P. satisfied by the mild solution, which is of course
of great interest in the applications, actually we prove that the solution of problem (P) solves in a suitable
sense Problem (P) see Theorems 5.1 and 5.2.

The layout of the paper is the following in Section 2 we recall the preliminaries on the geometry and the
functional spaces. In Section 3 we consider the energy forms and the associated semigroups. In Section 4 we
consider the abstract Cauchy problem (P) and we prove local and global existence results. Finally in Section 5
we prove that the solution of the abstract Cauchy problem (P) solves problem (5) in a suitable sense.

2. Preliminaries
2.1. Geometry

In the paper we denote by P = (x1 x2) points in R?, by |P— PO| the Euclidean distance and by
B(R,r)= {P eR*:|P-PR< r}, P, e R?,r >0 the Euclidean balls. By the Koch snowflake F, we will denote
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the union of three coplanar Koch curves (see [20]) K,, K, and K, as shown in Figure 1. We assume that
the junction points A, A, and A are the vertices of a regular triangle with unit side length, i.e.
|A —A|=|A - A|=|A - A|=1.From now on we assume that a clockwise orientation is givenon F .

The Hausdorff dimension of the Koch snowflake is given by d, :::—g. This fractal is no longer self-similar

(and hence, not nested).
One can define, in a natural way, a finite Borel measure x supportedon F by

M=y + iy + 3, (21)
where g denotes the normalized d, -dimensional Hausdorff measure, restricted to K, i=1,2,3.
The measure x has the property that there exist two positive constants ¢,, ¢, such that
o' <u(B(P,r)NF)<c,r’,vPeF, (2.2)

where d =d, =:0Lg
09

and where B(P,r) denotes the Euclidean ball in R?. As g is supported on F, it
is not ambiguous to write in (2.2) u(B(P,r)) in place of x(B(P,r)NF). In the terminology of the
following section we say that F isad-setwith d =d,; according to [21].

Remark 2.1. The Koch snowflake can be also regarded as a fractal manifold (see [22]).

We denote by Q the (open) snowflake domain.

2.2. Functional Spaces

By L? () we denote the Lebesgue space with respect to the Lebesgue measure £, on subsets of R?, which
will be left to the context whenever that does not create ambiguity. By L (F) we denote the Hilbert space of
square summable functions on F with respect to the invariant measure . Let S be aclosed set of R?, by
C(S8) we denote the space of continuous functions on S, by C,(S) we denote the space of continuous
functions vanishing on 6S. Let G be an open set of R?, by H°® (g) where seR" we denote the usual
(possibly fractional) Sobolev spaces (see [23]); H, (g) is the closure of D(g), (the infinitely differentiable
functions with compact support on G ), with respect to the || ys -norm.

We now recall a trace theorem.

For f in H*(G), weput

701 (P)= Q)ds, (2:3)

. 1
im—— f
H0|B(p,r)ﬁg|J.B(P,r)r]g (
at every point P eG where the limit exists. It is known that the limit (2.3) exists at quasi every PeG with
respect to the (s,2)-capacity [24].

Definition 2.2. Let S <R be a closed non-empty subset. It is a d-set (0 <d< D) if there exists a Borel

A
< oo
-
I,\<3 ) ¢ B
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4
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Figure 1. The snowflake domain Q.
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measure i with suppi=S such that for some constants ¢, =¢,(S)>0 and ¢, =c,(S)>0
cr! <i(B(P,r))<c,r’ (PeS,0<r<1). (2.4)

Sucha & iscalledad-measureon S.

Proposition 2.3. The set F isad-setwith d =d;. The measure . isa d-measure.

See [22] and [25].

Throughout the paper ¢ will denote possibly different constants.

We now come to the definition of the Besov spaces.

Actually there are many equivalent definitions of these spaces see for instance [21] and [26]. We recall here
the one which best fits our aims and we will restrict ourselves to the case O0<a <1, p=q=2; the general
setting being much more involved see [18]. By B2? (F) we denote the space of functions

B:*(F)= {u € L (F): Jullgzeqe) < +°°}

where
1

Bng(F)ZHUHLZ(F)J{ ” %dy(x)dy(yﬂ2

Ju
o3t X =y

d
Theorem 2.4. Let « :7‘, then BZ*(F) isthe trace space to F of H*(Q) in the following sense:

1) y, isacontinuous linear operator from H'(Q) to B*?*(F),

2) there is a continuous linear operator Ext from BZ?*(F) to H'(Q) such that y,oExt is the identity
operator in B2 (F).
For the proof we refer to Theorem 1 of Chapter VII in [21], see also [26].
From now on we denote y,u by u|F .

3. Energy Forms and Semigroups Associated
3.1. The Energy Form E

In Definition 4.5 of [22] a Lagrangian measure £ on F and the corresponding energy form E. as
Er (u,v) = [ dZe (u,v) (3.1)

with domain D(F) have been introduced. The domain D(F ), which is a Hilbert space with norm

1
sy = (I, Ex () 62

has been characterized in terms of the domains of the energy forms on K; (see [22] Theorem 4.6).

In the following we will omit the subscript F, the Lagrangian measure will be simply denoted by E(u,v)
and we will set E[u] = E(u, u) , an analogous notation will be adopted for the energies.

In the following we shall also use the form E. (u,v) which is obtained from E. [u] by the polarization
identity:

E, (u,v):%{EF [u+V]-E; [u]-E- [v]}, uve D(F). (3.3)

It can be proved as in Proposition 3.1 of [22], that:

Proposition 3.1. In the previous notations and assumptions the form E; with domain D(F) is a regular
Dirichlet form in L2 (F) and the space D(F) is a Hilbert space under the intrinsic norm (3.2).

For the definition and properties of regular Dirichlet forms we refer to [27]. We now define the Laplace
operator on F. As (Eg,D(F)) is a regular Dirichlet form on L*(F), with domain D(F) dense in
LZ(F), there exists (see Chap. 6, Theorem 2.1 in [28]) a unique self-adjoint, non positive operator A. on
L* (F)—with domain D(A. )<= D(F) densein L*(F)—such that

E- (u,v):—J'F(AFu)vdy, ueD(Ag),veD(F). (3.4)
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Let (D(F))' denote the dual of the space D(F ). We now introduce the Laplace operator on the fractal F
as a variational operator from D(F)— (D(F )) by

Ee (u,w)=—(Acz,w) (3.5)

(D(F)).D(F)
for zeD(F) and for all weD(F), where () pry.o(e) 15 the duality pairing between (D(F))’ and
D(F) . We use the same symbol A, to define the Laplace operator both as a self-adjoint operator in (3.4) and
as a variational operator in (3.5). It will be clear from the context to which case we refer.

In the following we denote by

E: [u]=E¢ jb|u| du (3.6)

defined in D(F); where b denotes a strictly positive continuous function in Q. EF is also a Dirichlet
formin L*(F).
Consider now the space of functions u:Q —> R

V(QF)={ueH" (Q):ul. eD(F)}. (3.7)
The space V (Q, F) is non trivial. We now introduce the energy form
= [.[ou[*dz, +E¢ [u]¢ ] (3.8)

defined on the domain V (Q F). In the following we denote by L* (Q, m) the Lesbegue space with respect to
the measure m with

dm=dcs, +du. (3.9
By E(u,v) , we will denote the corresponding bilinear form
E(u,v)= [ DuDvdL, +Eq (ul¢ v ) (3.10)

defined on V (Q,F)xV (Q,F).
Proposition 3.2. The form E defined in (3.8) is a Dirichlet form in L*(Q,m) and the space V (Q,F) is
a Hilbert space equipped with the scalar product

(U)o = (UV)yge0) + Er (ule . v[e )+ (ule 'V|F)L2(F) (3.11)
We denote by "u”v(rz,r:) the normin V (Q,F), associated with (3.11) , that is
12
”u"\/(Q,F) = ("u"irl(n) +||UF||2D(F)) : (3.12)

Resolvents and Semigroups Associated to Energy Forms

As (E,V(Q,F)) is a closed bilinear form on L*(Q,m), with domain V(Q,F) dense in L*(Q,m), there
exists (see chap. 6 Theorem 2.1 in [28]) a unique self-adjoint non positive operator A on LZ(Q,m), with
domain D(A)cV (Q,F) densein L*(€,m), such that

E(u,v)=—[ Auvdm, ueD(A),veV(QF). (3.13)

Moreover in Theorem 13.1 of [27] it is proved that to each closed symmetric form E a family of linear
operators {Ga o> 0} can be associated with the property

E(G,u,v)+a(G,u,v)=(u,v),uel®(Qm)and veV(Q,F)

and this family is a strongly continuous resolvent with generator A, which also generates a strongly continuous
semigroup {T (t)} .

With similar arguments it can be proved that there exists a nonnegative self-adjoint operator A. with
domain D(A.)c=D(F) such that E. =—[Acuvdy, ueD(A:),veD(F) we denote by T (t) the

strongly continuous semigroup associated to EF on LZ(F)
Proposition 3.3. Let { (t )} and {TF (t)}t be the semigroups generated by the operator A and A
respectively, associated to the energy form in (3. ) 3) and in (3.6). Then {T (t)} _, and {TF (t)}t>o are analytic
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contraction positive preserving semigroups in L*(Q,m) and L*(F,u) respectively.
Proof. The contraction property follows from Lumer Phillips Theorem on dissipative operators (Chapter 1
Theorem 4.3 in [16]). In order to prove the analyticity it will be enough to prove that there exists a positive o

such that E[u]+||u||i2(gvm) > a||u||5(Q‘F) (see Proposition 3 Section 6 in Chapter XVII in [29]). Moreover since

the semigroup is Markovian it is positive preserving. o

Remark 3.4. It is well known that the symmetric and contraction analytic semigroup T (t) uniquely
determines analytic semigroups on the space L°,1< p<o see (Theorem 1.4.1 [30]) which we still denote by
T(t) andby A, itsinfinitesimal generator.

Let d, denote the spectral dimension of F [31] [32]. By Theorem B3.7 in [33] one can prove

Proposition 3.5. Forany t>0, T.(t):L'—L” isabounded operator and

d
e (t)"c(&%m) <ct 2, forevery te(0,1]. (3.14)

Proof. The result follows by using the equivalence between (3.14) and Nash inequality. Actually it holds that
forany f eD(F)

ad
LY(F)

1 <e(Ee L1+ hage I

(see [34]). o
From Theorem 2.11 in [19] the following estimate on the decay of the heat semigroup holds.
Proposition 3.6. There exists a positive constant M such that
n
Mt 2,  forevery te(0,1]
"T (t)"L(LlﬁLw) ds

Mt 2, forevery te[l,:).
We will consider the case n=2 and d,=1.
We remark that this property is called supercontractivity ( see e.g. [30]).

From now on we set ||T (t)"c(Lum) = ||T (t)”LMLq , for 1<p<qg<oo.

We recall that for every g>1 T(t):L' — L7, and

"T (t)"Lq - <L
From interpolation result theory (see e.g. [35]), it can be proved that for every 1< p<r

T(t):LP > L
with
T O <[ O T O (3.19)

where a:1+l—l and qu.
r p a

In particular we will often use that T (t) is bounded from L* — L**, pe(1,0) with

l-a

"T (t)"LZaLZp < "T (t)"LlaL“’ "T (t)";au‘ !

with o =l+i and q =@.
2 2p a
Taking into account 2.6 and [T (t)],_ , <1 we obtain
11
E727"t7%(171/p), for every t(0,1]
"T (t)|||_2—>|_2p < 11 g
M2 2o 4V g every te[1,m).
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4. The Abstract Cauchy Problem: Local and Global Existence
We study the solvability of the Cauchy problem:

- dud—it)zAu(t)JrJ(u), 0<t<T

u(0)=¢
where A:D(A)c L*(Q,m)— L*(Q,m) is the generator associated to the energy form E introduced in
(3.8), T is a fixed positive real number, ¢ is a given function in L (Q,m). We assume that J is a
mapping from L°° (Q,m)— L*(Q,m), p>1 locally Lipschitz i.e. Lipschitz on bounded sets in L*"(€,m);
we let I(r) denote the Lipschitz constant of J :

|3 (u)-9 (v)||L2(Q’m) <) u=Vlzoqm) (4.2)

whenever ||u||sz am <6 ||v||L2,, <r.We also assume that J(0)=0. This assumption is not necessary in all
that follows but it simplifies the Calculations (see [18]). In order to prove the local existence theorem we make
the following assumption on the growth of 1(r) when r —oo:

(4.1)

l-a
(9) Leta::g(l—%j there exists O<b<a:|(r):(’)(rb}r—>oo

we notethat 0<a<1, for n<4 and p>1.

Let p>1. Following the approach in Theorem 2 in [18] and adapting the proof of Theorem 5.1 in [8] we
have:

Theorem 4.1. Let condition (g) hold. Let K >0 be sufficiently small, if ¢ < L (Q, m) and

Iimsup"th )] ,, <K. (4.3)
t—>0

L2p

Thereisa T >0 and a unique
ueC([0,T],L* (@ m))NC((0,T],L* (©,m))
with u(0)=¢ and [tu(t)|,,

< 2K satisfying for every te[O T]'
T(t)p+[T(t-5)3(u(s))ds (4.4)

with the integral being both an L?-valued and L?" -valued Bochner integral.

The claim of the Theorem is proved by a contraction mapping argument on suitable spaces of continuous
functions with values in Banach spaces. We adapt the proof of Theorem 5.1 in [8] to the new functional setting
and for the reader’s convenience we recall it.

Proof. Let Y be the complete metric space defined as follows

Y= {uec([o T],L(Qm))NC((0.T],L°P (2,m));u(0) = g t°u(t

<2K forall t[0,T] (4.5)

LZPQ m)

equipped with the metric

d(u’v) max{"u V" coTl2(@m)’ (SgT%tb"u(t)_v(t)"L?P(Q,m)}'
Since condition (g) holds we choose N such that 1(r)< Nr b for r>1.
For ueY,let Fu=T(t )¢+ILF( )J( (s ))ds By using arguments similar to those used in the proof of
Lemma 2.1 of [36] we can prove that Fu e C ([0 T]. (<, m))ﬂC((O T].L*P(, m)) and of course
Fu(0)=¢. We now prove that

Ilmsup"t Fu(t

t—0

Taking into account (4.3) there exists T >0 such that "tb]-"u (t)

<2K forallte[0,T]. (4.6)

|_2 P

<2K forall te[0,T].

L2P(Q,m)
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<K+t°

2P (Q,m)

||t";fu (t)

-9,
I(u(s))

11
<K +tb_[; (t _S)_a M?® 2l ("u (S)"LZD(Q,m))"u(s)"LZP(Q,m) ds

ds

<K +th; "T (t- S)" 12(@m)

12512P

from (4.5) we have that
1.1 1-a+b 11 1-a+b

Jt°Fu(t) SK+M? PEN(2K) o [(t-s) s Pds<K+NM? 77 (2K) » B,

L2P(m)

~b
1.1 1-a+b

1—
where B = J‘:(l—s)%1 s*ds; thus choosing K S[NBM 22pp b J (4.6) is proved. It remains to prove

that, for a suitable choice of K, F isa contraction.
[70()= 70O = LT (¢=9)[3 (u()) -9 (v(5))]
<P )30,
SN(2K) (5 [0(5) V() O

2K) Ju-v], NJ's**ds.

ds

2(Q,m)

Therefore we have
Ju- fvncm o) < (2K) T NT flab)fu—],.

We consider now "t J-"u t)) . It holds

||tb (Fu(t)-Fv(t))

<t j“T t—s) [ (u(s )— (v(s))] 5 (am)
<RI (=)o 3 (u()) =3 (v(5))

<M BEN(2K) 5 [ (t-s) " s u(s)-v(s

ds

L2(Q,m)

|_2—>L2p
||L2p(Q,m) ds

1-a

<M2PEN(2K) b [ (t-s) s s (u(s)-v(s))

L2P(Q,m)
LL
<M? % |u v, j (t-s)"s**"ds

11

sup ||tb (Fu(t)- JT-'v(t))"sz(Qm <M? 2pN 2K ||u v, B.

te(0,T]

1t 1-a

In order to prove that it is a contraction it’s enough to choose K such that BM? ?’N(2K)® <1 and

1-a
(2K) NTa’b/(a b)<1.o .
n

Remark 4.2. If J( |u|p ‘u then I(r):O(r ) r — oo Thus condition (g) is satisfied for b=——-—
4 p_ 4p
with p>1+ﬁ.
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Since T(t) is an analytic semigroup on both L*(©,m) and L*"(Q,m) from Corollary 2.1 in [18], the
following regularity result holds (see also Theorem 5.3 in [8]).

Theorem 4.3. Under the assumptions of Theorem 4.1 we have.

a) The solution u(t) can be continuously extended to a maximal interval (O,T¢) as a solution of (4.4),

until |u(t ||sz | .

ueC((0,1,); L (@m))nc((0,T,); D(A))
and satisfies

LU pu(t)+3(u). forevery te(o,)

i.e. it is a classical solution.

Proof. As to the proof of condition a), we follow Theorem 4.2 in [18]. From the proof of Theorem 4.1 it turns
out that the minimum existence time for the solution to the integral equation is as long as ||th (t)gzﬁ”sz(Q ) <K,
(see also Corollary 2.1. in [18]). '

To prove that the mild solution is classical we use the classical regularity results for linear equations (see e.g.
Theorem 4.3.4. in [13]) by proving that J (u) is Holder continuous on (O,T] into L* foranyfixed T <T,. Taking
into account the local Lipschitz continuity of J(u) it is enough to show that u(t) is H&lder continuous on
(eT)Ve>0 into L°°.Let w=u(e), weset w(t) :T(t)W+I:F (t-s)J (w(s))ds, if we prove that

w(t)eCH((0,T); *(Q))NC((0,T); D(A))
then,as u(t+¢)=w(t) due to the uniqueness of the solution of (4), then
u(t)eC((e T —€); L*(Q))NC((eT —€); D(A)),
for every >0, hence u(t) isa classical solution (see claim b). Let sup,_,r[W]:, <R. Since T(t) isan
analytic semigroup, ( )¢ is continuosly differentiable on (¢,T)Ve>0, hence Hélder continuous with any
exponent /3 €(0,1). It is enough to show that v(t)= J'LI' (t—s)J(w(s))ds is Holder continuous.

For 2> >0, (i—A)'ﬂ is a bounded operator in 12 and from Theorem 11.3 and 12.1 in [37] there
exists a constant ¢ such that

<ct™”, te(0,T]

H(}”_AZp)ﬂT (t) 20
(T®-1)(2-~,)"

Now let 0<t<t+7r<T, then
v(t+r)-v(t)= [ T (t+r-s)3 (w(s))ds— [T (t-s)I (w(s))ds
j (t+7-5)-T(t-5))I(w(s)) ds+J’m t+7-5)J(w(s))ds
:j —1)T(t=s)J (w(s ds+IT ) (w(t+7-0))do =y, (t)+V, (t).
)=(T(
(T

<ct’, te(0,T].

12p

(r)-1 (ﬂ Asy) " [ (A= A, ) T (t=5) 3 (w(s))ds
(0)-1)(A-4,) " [[(2-A,)'T /2)T (o/2)(w(t-o))do
Hence,

O =T (0)-1)(3-) 7,
scﬂjOHz—Azp T(o-/Z

11

<ct’ [ eM? 2 (5/2)” (0/2)*I(R)Rdo.

1828

t do

12p

(2~ ALY T(0/2)T (0/2)3 (W(t-0))

12p ”T (0-/2)||L2—>L2p J (W(t_g))

L2(Qm) do
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If we choose S8 <1-a, itfollows |v,(t) <cr”. Astothe function v, it holds

||L2p(Q,m)

"V2 (t)"sz(Q’m) < _[; T (0') J (W(t +7 —0')) 2 do
||L24>L2p ”J t+r 0')) do

<M? ij (o) *1(R)"" Rdo.
Hence ||v2 (t)||sz <cr™™. Thereforeif g<1-a v(t) is Holder continuouson [0,T] with exponent 4. o
We now give a sufficient condltlon on the initial datum in order to obtain a global solution adapting Theorem
3 (b) in [38] see also Theorem 5.4 in [8].
2np
n+4pb’
sufficiently small, then there exists a nonnegative ueC ([O,oo), L(Q, m)) which is a global solution of (4.4).

Theorem 4.4. Let condition (g) hold. Let q=

gel’(Qm), ¢>0 ae. and ||¢||Lq(9’m) is

Proof. Since q<2p, from (3.15) it follows that T(t) is a bounded operator from L% into L*" with

1 1 n E,L E,L
"T (t)||Lq—>L2p <MY 2r¢ z[q zp] =M 2pgh

hence

11
"th (t)¢ 2p <M ||¢||Lq(§2,m)

by choosing ||| sufficiently small from Theorem 4.1 there exists a local solution of (4.4),

L9(Q,m)

ue C([O,T], Lo (Q,m)) . Furthermore from Theorem 4.1 u e C((O,T], L*P (€, m)) and
"tbu t

sz <2M ||¢||Lq(Q’m) . From Theorem 4.3 (a) to show that u(t) is a global solution it is enough to show

that ||u || is bounded for every t >0,

is bounded for every t>0. We will prove that "tbu (t)

12P(Q,m) 2P (Q,m)
and we will use the notations of the proof in Theorem 4.1.
11
"tbu (t) 2P (0,m) sMe ||¢||Lq(£2,m) +tb.[(;"T (t_s)"Lz»LzP J (U(S)) L?(.m) ds

11 11 1 L-ash
= - b

MOy M 2N [mq oo j Oy (t=5) " 5 [0 (5)] 1y . 08
11 11 11 ach

= b
M2 gl N [ oMo ||¢||Lqm,m)} i G P A A

Let f(T)=supqr ||t u(
which satisfies

sz(g,m)’ f(T) is a continuous non decreasing function with f(0)=0,

1-a+b

11

11 11 b 11
f(T)=m 2p||¢||Lq(g,m)+[2Mq anc»nm,m)] N P8 (7).

11 1-a+2b 11 1-a+h

if Maizip||¢||Lq(va)£a and 2 ® NM??Bg ® <1 then f(T) can never equal 2a. If it did we

1-a+2b 11 1-a+2b 1L

would have 2o <a+(2a) ® NBM? ?" je. a<(2a) » NBM? 2" which is false. This proves that for

must remain bounded. o

2p(Q m)

B 4 sufficiently small |t° u
L4(Q,m)
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5. Strong Interpretation and Regularity Results

Theorem 5.1. Let u be the solution of problem (P) . Then we have for every fixed t [0,T]

u (t,P)-Au(t,P)=J(u(t,P)) for ae.PeQ
Z—EE(B;’Z(F))', ﬂ:%,
u(0,P)=¢(P) for ae.PeQ

and for every zeD(F)

ou

(ut,z)(D(F)),’D(F) = —CoEr (ul¢ ,z)—<a—n,z +(3 (u),z>(D(F)),vD(F)—J'Fbu|F 2du (5.7)

>(D(F))UD(F)
where a—E , is the inward “normal derivative”, to be defined in a suitable sense. Moreover
ou (22 !

a—nec [0.T]:(B} (F)) |

Proof. By proceeding as in Theorem 6.1 of [39] and taking into account that J(u(t,-))e L2(m) we
obtain for each t<[0,T]

U (t,P)=Au(t,P)+J(u(t,P))in L*(Q) (5.8)
from this we deduce Au(t,P)=u,(t,P)-J (u (t, P)) and, since the right hand-side belongsto C ([O,T]; L (Q))
we deduce that AueC([0,T];L*(Q)) hence

ueC([0,TV(Q))
where
V(Q)={ueH (Q);Auel’(Q)},
here the Laplacian is intended in the distributional sense. By proceeding as in (3.26) of [40] [41] we prove that,

for every fixed t, the normal derivative Z—E is in (Bé’Z(F))', the dual of the space B}*(F), where
p-2L and
=— an
2

<6—”,V|F> = [ Du(t,P)Dv(P)dz, + [ v(P)Au(t,P)dL, (5.9)
on (832(F)) 822 (F)

forevery te [O,T] and every ve Hl(Q) and by proceeding as in 6.1 of [39] we prove that
au !
%ec([O,T];(Bé’Z(F)) j :

Let ¢ be an arbitrary function in V (Q,F), for every fixed te[0,T] we multiply Equation (4.1) in (P)
and we integrate over Q

(U ().2(8)) 2y = (AU(). 2 (1)) 2 +(9 (u(t)),(p(t))g(gm) (5.10)
the left hand-side of (5.10) can be written as:
(4 (0. 0 (0) 10y +(0 (D) 0(0)
from (3.13) we deduce
(U @) 2y + (U 0) 2 (5.11)
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= —J'QDuD(pd/.‘2 —CoE¢ (U] 90)—(bul; ’(p)LZ(F) +(J (u),go)Lz(Q) +(J (u),go)Lz(F) (5.12)
taking into account that u eV (Q) from (5.9), we have
au
DuDedZ, = —<—,(p> + | pAudL,
J‘Q an (Bé’z(F))yyB;z(F) J.Q

from (5.11) we have

ou
(U0)ize) = Co (ALt Py ey = (BU]e 9)yae _<5'¢>(B;.2(F>)’,B;,2<F) HI W)

by proceeding as in Section 6.1 of [39] it can be proved that Vte[0,T], a € (D(F ))'
and the boundary condition holds in (D(F)) that is on
ou . '
—C,A bu=——+1J D(F)) . 5.13
Uy = CoAU+bU=——"s (u) in(D(F)) (5.13)

As a consequence of Theorem (5.1) the solution of problem (P) is the solution of the following problem.
Forevery t<[0,T],

u, —Au=J(u) in (), i)
au . ' .
ut—coAFu+bu=—%+J(u) in (D(F)) i)
Theorem 5.2. Let u be the strict solution of problem (P). Then for every te[0,T], u(t,-)ec(ﬁ).

Proof. For every te[O,T] we consider the weak solutions w and We Hl(Q) of the following auxiliary
problems

{%w: 0 inQ (5.14)
w=u on F
-Aw=—(u) +J(u) inQ,

(u), +3 (u) 515
w=0 on F,

The regularity of u follows from the regularity of w and W since
U=w-+W. (5.16)
We note that for every te[0,T], ueC’(F) p=Ilog4/log9 (see Corollary 3.3 in [42]) thus in particular
ue C(F). Since Q is a quasicircle from Theorem 2.7 in [43] it is also a non-tangentially accessible domain
(N.T.A), this implies that it is regular for the Dirichlet problem (5.14) in the sense of Jerison and Kenig (see
Definition 2.12 in [43]); this yields in particular that WeC(Q). As to the regularity of w, taking into
1
account that J (u(t)) e ?(Q) from Theorem 1.3 in [44] part B, it follows that we C® (ﬁ) this concludes
the proof.
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