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Abstract 

The paper presents a detailed analysis of ordinary and dark energy density of the cosmos based 
on two different but complimentary theories. First, and starting from the concept of the speed of 
light being an average over multi-fractals, we use Magueijo-Smolin’s ingenious revision of Ein-
stein’s special relativity famous formula E = mc2 to a doubly special formula which includes the 
Planck energy as invariant to derive the ordinary energy density E(O) = mc2/22 and the dark en-
ergy density E(D) = mc2(21/22) where m is the mass and c is the speed of light. Second we use the 
topological theory of pure gravity to reach the same result thus confirming the correctness of the 
theory of varying speed of light as well as the COBE, WMAP and Type 1a supernova cosmological 
measurements. 

 
Keywords 

Dark Energy, Quantum Gravity, Varying Speed of Light Theory, Energy of Quantum Wave,  
Quantum Non-Demolition 

 

 

 

*Corresponding author. 

http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2014.512171
http://dx.doi.org/10.4236/am.2014.512171
http://www.scirp.org/
mailto:Chaossf@aol.com
mailto:leila.marek@guest.arnes.si
mailto:mahelal@yahoo.com
mailto:hejihuan@suda.edu.cn
http://creativecommons.org/licenses/by/4.0/


M. S. El Naschie et al. 
 

 
1781 

1. Introduction 
The familiar speed of light is the well-known constant value only in the vacuum. The speed of light is otherwise 
dependent upon the density of the medium which the light passes through. The situation with a fractal space- 
time is not dissimilar. Imagining a fractal space-time to be infinitely many layers, each with a different number 
of dimensions depending upon the resolution of observation, we could regard the speed of light as variable but 
with a constant expectation value taken as the statistical averaging over infinitely many speeds of slight ranging 
from infinitely small to infinitely large. Looking at things in this way we will apply the idea of varying speed of 
light to obtain an accurate estimation for the missing dark energy and the surprising acceleration rather than de-
celeration of cosmic expansion. 

In the present paper we use Magueijo-Smolin’s varying speed of light (VSL) theoretical modification of Ein-
stein’s energy mass relation to derive an exact value for the missing dark energy which is found to be in aston-
ishing agreement with the latest result of the WMAP measurement and the independent super nova analysis. 
Thus while Einstein’s formula predicts 95.5% more energy than found in highly precise astrophysical measure-
ment, our VSL based calculation indicates an exact theoretical value of only 4.508497% real energy. Conse-
quently the exact conjectured missing dark energy must be 95.491502%. This is a clear cut confirmation for 
both the cosmological measurement and the VSL theory. However, this is far from being the final resolution of 
the riddle because the missing dark energy of the cosmos has a profound real effect reflected in the observed in-
creased rather than decreased rate of the cosmic expansion of the universe mentioned earlier on. It then turned 
out that the dark energy is the 95.5% energy of the quantum wave which is a Legendre transformation in dual 
complementarity to the ordinary 4.5% energy of the quantum particle. On the other hand measurement leads to 
quantum wave collapse preventing the detection of its propagation energy. Thus we are left with a single ra-
tional conclusion, namely that quantum non-demolition measurement instruments must be developed first if we 
are to have a chance in finding the missing 95.5% dark energy. We stress that the ability of the present theory to 
make such accurate predictions is uniquely tied up with incorporating into it, the measure zero Cantor set behind 
Hardy’s quantum entanglement and the associated empty set of the vacuum or pure gravity of the general theory 
of relativity.  

2. Background Information and Agenda 
The issue of missing dark matter and worse still missing dark energy in the cosmos is since some time now a 
colossal problem threatening the very foundations of theoretical physics and cosmology [1] [2]. There is in the 
meantime objectively undeniable confirmation via the sophisticated analysis of COBE, WMAP and super nova 
measurement that approximately 95.5% of the energy which the cosmos should in theory contain is not there to 
see or measure in any direct way [1]. 

In the present work we give an exact analysis based on a topological theory of varying speed of light pio-
neered by J. Magueijo and L. Smolin showing that the maximal energy density value predicted by Einstein’s 
theory of relativity E = mc2 where E is the energy, m is the rest mass and c is the velocity of light gives the 
wrong answer when it comes to calculating the intergalactic energy scales [1] [2]. The correct equation in this 
case must take quantum mechanics or equivalently hyperbolic non-classical fractal topology of the fabric of 
space-time and the vacuum, i.e. the pure gravity of general relativity into account [2]-[8] in order to bring theo-
retical predictions and experimental measurement together [8]-[25]. To this end we will use a topological variant 
of the equation developed by Magueijo and Smolin [9] [10] to modify Einstein’s relativity theory using the the-
ory of varying speeds of light (VSL). Subsequently, we give the VSL equation a novel topological interpretation 
using an eleven dimensional theory akin to that of super gravity and M-theory but within a fractal setting [7] [8]. 
At the end the so-obtained result confirms the non-classical nature of 95.4915% of the energy of the cosmos as 
well as the experimental findings based on the COBE, WMAP, Planck and super nova measurement which in-
dicates 95.5% dark energy [1] [2]. The amazing agreement between theory and experiment is unparalleled and 
leaves very little room for doubting the cosmological measurement [1] or the VSL theory [9] [10] nor indeed for 
that matter, the fractal Cantorian nature of space-time at the quantum scales [3]-[8]. Never the less this is by no 
means the end of the story. In the first instance the problem of the missing dark energy seems to be resolved by 
finding a missing 1/22 factor in E = mc2 which should be E(Ordinary) ≅ mc2/22. However, where is E(Dark) ≅ 
mc2/(21/22) which together with E(Ordinary) gives E(Einstein)? This is still a more than valid and meaningful 
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question because this dark energy has a real profound effect reflected in the measured increase rather than de-
crease of the rate of expansion of the cosmos [1]. The answer to this riddle turned out to be in the nature of the 
degrees of freedom of the pure energy vacuum of Einstein’s field equations as well as the wave-particle duality 
and the quantum measurement problem which are two fundamental aspects of orthodox quantum mechanics 
[21]-[25]. Applied to ordinary energy and dark energy we found that the 4.5% is the energy of the quantum par-
ticle as modeled by the zero set in five dimensional Kaluza-Klein space-time while the 95.5% is the dark energy 
of the quantum wave as modeled by the empty set in the same D = 5 space-time (see Figure 1(A) and Figure 
1(B)) [23]-[25]. The same result could be obtained however even more directly by looking carefully at the de-
grees of freedom of pure gravity in the absence of any matter field. On the other hand we know very well that 
measurement causes a state vector reduction i.e. the propagation energy of the quantum wave could not possibly 
be measured unless new sophisticated quantum non-demolition measurement instruments are developed [22] 
which at present are out of reach if at all possible [21]. 

The present analysis is structured logically as follows: 
1) After the introduction and the background information we give the quintessence of the VSL theory in Sec-

tion 3. 
2) In Section 4 we show the consistency of the Magueijo-Smolin formula with Newtonian mechanics and Ein- 

stein’s relativity, then derive the ordinary energy density and the dark energy density. 
3) In Section 5 the importance of quantum entanglement interpretation of the obtained results is explained in 

the light of Hardy’s celebrated formula for quantum entanglement of two quantum particles. 
4) Finally the set theoretical interpretation of ordinary energy and dark energy is explained in Section 6 while 

Section 7 wraps it all in terms of the topological theory of pure gravity. 

3. The Energy-Mass Relation of the VSL Theory 
The completely new idea behind the derivation of the energy-mass relationship using the VSL theory basically 
comes from H. Weyl inspired theory of scale relativity [3]. Both scale relativity and VSL theory [9] [10] take the 
Planck energy  

1p pE l=  

where lp is the Planck length as invariant. Consequently J. Magueijo and L. Smolin arrive at their replacement of 
Einstein’s single equation E = mc2 by three remarkable and thoroughly ingenious equations [9] 

2
0
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E
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E
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         (1) 

with the usual m transformation  

0m mγ=  

where γ  is the Lorentz factor but with E and momentum P transforming as [9] 
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and 

1
p

mvP
m
E

=
+

         (3) 

The preceding equations give us the possibility of admitting a ratio m0c2/Ep far larger than unity. In other 
words through the postulates of VSL theory m0c2 can become many times larger than Ep without violating Lor-
entzian invariance, nor the 1/lp invariance of the theory [9] (for summary and comparison with other theories see 
Table 1 and comment there in). To show that this superficially contradictory statement leads to a true formula 
for quantum relativity and gives results in full agreement with the cosmological measurements is our next and 
main task [24]. 
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Figure 1. (A) Ordinary Energy, Dark Energy and Einstein’s Energy from the view 
point of set theory and quantum wave collapse as well as pure gravity in the ab-
sence of matter field associated with Einstein’s field equation degrees of freedom 
D = d(d − 3)/2 where d is the dimension. The contra part of the zero set quantum 
particle in this case is given by d = 3 and D = 0 while the contra part of the quan-
tum wave empty set is given by d = 2 and D = −1; (B) Quantum Measurement and 
dark energy of the quantum wave.                                                         
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Table 1. Explicit correspondence transforming Joao Magueijo-Lee Smolin, El Naschie and Einstein formulas into each 
other.                                                                                                

Joao Magueijo-Lee Smolin El Naschie Einstein 

Conventional 2 2mc mc→  2mc  2mc  

Topological 5m →    

Topological ( )5 1 2c φ→ = −    

Topological 5
PE φ→    

( )( )3

1 1 1
22 221 5 1 k

γ
φ

→ =
++

  ( )5 1 12
22 22k

γ φ= =
+

  1γ =  

Final Result 
( )

2 2

1 21 22
mc mcE

k
=

+ +
  ( )

2
5 22

22
mcE mcφ=   2E mc=  

There is an entire web of relations in the above constituting a complete topological “physical” dimensionless theory behind the conventional facade. 
For instance the dimensionless topological Plank energy ( ) 5

pE P H φ= =  means that the topological Planck length corresponding to 3310  cen-

timeters must be: 5 51 1 11p pl E φ φ= = = + . This is identical to the Witten-He fractal version of M-Theory. Similarly Sigallotti’s critical value and 

Taiji speed of light might be usefully interpreted as a topological unit interval light velocity c φ=  while Newton’s topological gravity constant is 

given by ( ) ( )25topological 11 122.9918689NG φ= + = . Note that ( )211 121=  and that 
8 8 12

121 11
4

E E −
= =  while  

( )2
5

496 4
122.9918694 11

4
k

φ
− −

= = + . 

4. Dark Energy for the Extra Dark Dimensions 
From the first equation of Magueijo-Smolin [9] [10] it is clear that our crucial ratio m0c2/Ep could take three vital 
values: 
a) 2

0 0pm c E ≅  
i.e. we have Einstein’s classical equation of special relativity.  
b) 2

0 1pm c E =  
i.e. we have the Newtonian expression for energy when setting c = v and find E = (1/2)mv2. 
c) 2

0 21pm c E = . 
This is a crucial situation for us as we will explain shortly. The energy in this case could be written as 

2 2
0 0

1 21 22
m c m c

E = =
+

.         (4) 

Let us consider the above from the viewpoint of space-time dimensions [7] [8] and in particular from the view 
point of the theories involving extra space time and compactified dimensions as summarized in Table 2 [7]-[18]. 

In case (a) above we could say that space and time fuse into 3 + 1 = 4 dimensions. There are zero hidden di-
mensions in this theory. The total energy E is not reduced or diluted by extra dimensions.   

In case (b) above we could say, somewhat surprisingly, that we have a hidden dimension, namely time ap-
pearing only as a parameter. The energy mc2 → mv2 is divided therefore by 2. 

On the other hand in the most important case concerning the present work i.e. case (c), we could interpret the 
factor 21 as the number of dark dimensions of 26 bosonic string theory [7] [8] [17] when a 5 dimensional 
Kaluza-Klein theory is used. Alternatively we take 1 + 21 = 22 factor to mean the 22 compactified [17] invisible, 
dark and hidden dimensions of non-super symmetric string theory [16] [17]. In fact the 22 dark dimensions 
could be interpreted differently as 11 bosons and 11 fermions of a super symmetric 11 dimensional M-theory 
[11]-[13]. That way we have a new modified energy-mass relation almost identical to Einstein’s equation with 
the exception that the energy is now reduced by a factor of 1/22. This reduction amounts to diluting or spreading 
thinly Einstein’s energy because of the extra dimensions which exist but were not taken into account in the 
derivation of the 4D theory of Einstein [24] [25]. 
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Table 2. Bosonic strings interpretation of 2 22QRE mc=  and varying speed of light theory [9] [10] 
2

2

1
p

mcE
mc
E

=
+

.                     

Starting from Einstein’s 4D space-time and  
the 26D of Bosonic strings we have 

Starting from Kaluza-Klein 5-D space-time and  
the 26D of Bosonic strings we have 

( )
( ) ( ) ( ) ( )

2 2
2

26 4 26 4

Einstein
22

26 4QR

E mc mcE mc
D D D D

= = = =
−− −

 
( )

( ) ( ) ( )
2 2 2

2
2 26 5

Einstein
22

1 26 5 1 211 ( )1
P

E mc mc mcE mc
mc D D
E

= = = = =
+ − ++ −+

 

Note that: Ep is the Planck energy Ep = (hc5/G)1/2. Setting 5h G φ=  and c equal to Sigalotti's critical value ( )5 1 2c φ= = −  we find that 

5
pE φ=  and that the rectangular area 2 3 5

pE φ φ φ= =  is Hardy’s probability of quantum entanglement while the triangular area ( ) ( )2 3 51 2 1 2φ φ φ=  

is the γ  factor in 5 2 22 22QRE mc mcφ= ≅ . Here 2φ  is the local entanglement and 3φ  is the global (counter factual) entanglement of Hardy’s 
quantum entanglement [5]. 

 
Therefore we can write [9] [26] 

( ) ( )2 2
max 0 01 22 0.04545E m c m c= ≅ .        (5) 

This result is tantamount to saying that (1 − 0.04545) (100) = 95.454% of the energy in the universe is dark 
energy. The result is very close indeed to the experimental measurement of 95.5% [1] and means that the extra 
dark extra dimension of micro space-time is the cause for dispersing energy to the extent that we notice only a 
fraction equal to 4.5% of the classically predicted total. On the other hand we know that fractal space-time im-
plies extra dark dimensions as well as non-classical microscopic mechanics which we perceive as quantum me-
chanics [4]-[6]. Thus we will look once more at the preceding result from the viewpoint of quantum mechanics 
and thus quantum relativity, i.e. quantum gravity [3]-[5] [13] [15]-[17]. 

5. Hardy’s Quantum Entanglement behind Dark Energy 
The classical Heterotic string theory [17] stipulates three dimensions, namely 26, 16 and 26 − 16 = 10 super-
string dimensions of which 6 are compactified to give a 4 dimensional classical or relativistic space-time [18]. 
Setting this theory in fractal dressing one finds 26 + k, 16 + k and 26 + k − (16 + k) = 10 where k = 0.18033989. 
Thus our hidden dark dimensions of the previous analysis are made “fractally” accurate by writing 

26 4 22k k+ − = +          (6) 

where ( )3 31 0.18033989k φ φ= − =  and ( )5 1 2 0.618033989φ = − = . The exact energy Emax is consequently 
[23]-[27] 

( ) ( )( )2 5 2
max 0 0

1 1
22 2

E m c m c
k

φ = = + 
         (7) 

The remarkable thing is that 5φ  is the exact theoretical value which Hardy found for a generic quantum en-
tanglement of two quantum particles [19]. This value was also experimentally confirmed with high precision 
and sophisticated quantum informational methods using modern beam splitters etc. [5] [6] [19] [20]. 

In addition, the same previous result can be found directly from a delicate light cone quantized Lorentzian 
transformation [18] and confirms the intuitive initial hunch that ( )( )( )5 2

01 2E m cφ=  is a quantum gravity 
formula for quantum relativity. Consequently we could rephrase our hidden dark dimensions interpretation [7] 
[14] [15] to mean that the inclusion of quantum entanglement 5φ  of a single particle i.e. 5 2φ  is clearly the 
cause for the 95.5% reduction in the classical energy prediction and therefore gives a quantum gravity explana-
tion for the missing dark energy [12] [24]. There are numerous other interpretations of which we note the world 
sheet interpretation. This is based on the fact that 2 55 2φ φ+ = , i.e. the dimension of the string world sheet and 
consequently 5 2φ  and 25 2φ  are relative density. We also note the duality of the ratio of the 3D topological 
mass 3m φ=  and the 5D topological mass m = 5. Setting 35 φ  in E leads to the ordinary energy density via 
equation 1. Dark energy on the other hand is obtained from 5 5φ  [23]-[27]. 
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6. The Ordinary Energy of the Quantum Particle and the Dark Energy  
of the Quantum Wave 

Set theoretical reformulation of orthodox quantum mechanics leads to some truly insightful realization concern-
ing wave collapse, measurement and the fractal-Cantorian non-classical nature of the geometry of the fabric of 
space-time [23]. Within this mathematical formalism the quantum particle is described by a bi-dimensional zero  
set ( )0;φ  where the zero is the topological dimension of the particle while ( )2 1 5φ = +  is the Hausdorff di- 

mension of the same particle. The quantum wave on the other hand is described by the empty set ( )21;φ−  
which is the cobordism of ( )0;φ  describing the particle [23]. Since any attempt for measurement will cause an 
empty set to change into a non-empty zero set, quantum measurement is no more a mystery but a trivial fact 
which follows from the basic principles of set theory and the Menger-Urysohn theory of dimensions. It turns out 
that while ordinary energy is a multiplication of Newton-Einstein kinetic energy ( ) ( )21 2E m v c= →  with a  
five dimensional zero set ( )5φ  which represents Hardy’s quantum entanglement and leads to ( )( )5 21 2QRE mcφ=   

(see Figure 1(B) and Figure 2), dark energy is given by the same kinetic energy but this time multiplied by the 
five dimensional empty set ( )25φ  leading to ( ) ( )2 25 2E D mcφ=  (see Figure 3). Two profound results fol-
low from the above [23]-[25]: 

 

 
Figure 2. Naїve geometrical interpretation of Vol(D0) = φ5 of the ordinary energy of the 
quantum particle E(Ordinary) = (φ5/2)mc2.                                                   
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Figure 3. Naїve geometrical interpretation of Vol(D‒1) =5φ2 which decides upon the 
magnitude of dark energy of the quantum wave [24]-[27] E(Dark) = (5φ2/2)mc2.        

 
The first result is that Einstein’s formula E = mc2 is correct but totally blind to any distinction between the or-

dinary energy ( ) ( )5 22E O mcφ=  which we can measure and amounts to 4.5% and the dark energy  
( ) ( )2 25 2E D mcφ=  which we cannot measure because of wave collapse [21] and which amounts to 95.5%. 

Added together one finds a new confirmation of Einstein’s equation without its limitation, namely [23]-[25] 

( ) ( ) ( ) ( ) ( ) ( ) ( )5 2 2Total 2 5 2 EinsteinE E O E D mc Eφ φ= + = + =           (8) 

Here E(O) plays the role of potential energy while E(D) plays the role of kinetic energy. 
The second result is that the only hope to measure dark energy is to develop new non-demolition measure-

ment instruments [21] [22] something which may open new vistas in atomic reactors technology bordering on 
the demarcation line separating science fact from science fiction. 

7. Pure Gravity and Dark Energy from Einstein’s Vacuum of His Field Equations 
When the present Authors obtained the ordinary energy density E = mc2/22 they were quite mindful of the fact 
that this unexpected fundamental result is coming primarily from the special theory of relativity rather than Ein-
stein’s general theory of gravity. In retrospect it is now clear why. Special relativity does not depend in any 
fundamental way or include a matter field, only 4D space-time is all what we start and end with. By contrast we 
tend generally to think of Einstein’s field equation in the absence of any matter field as trivial. However, many 
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deep thinkers of theoretical physics were intrigued by the fact that pure gravity is governed by various differen-
tial equations arising from general relativity with remarkable consequences. It is one of the most important 
findings of the present work that we can give a physical interpretation of the zero set of the quantum particle and 
the empty set of the quantum wave via the degrees of freedom of pure gravity D in dimension d = 3 and d = 2. 
The fundamental equation governing this behavior is the same equation for the Vierbein as well as that of the 
massless graviton, namely 

( ) ( )3 2dD d d= − .                                       (9) 

for d = 3 corresponding to a classical particle D = 0 converting it to a de facto quantum particle being deprived 
of local degrees of freedom. The corresponding Hausdorff dimension is thus φ  and the analogy to the zero set 
becomes obvious. For d = 2 on the other hand D = −1 which means that we have a negative degree of freedom. 
Such a physically outrageous result is actually a blessing in disguise because it is saying loudly that degrees of 
freedom and dimensions in this case are practically the same thing and consequently we are dealing with an 
empty set, ergo a quantum wave which in five dimensions gives us our expected result, namely  
( ) ( ) ( )2 2 25 2 21 22E D mc mcφ= ≅ . In addition we could look upon 1 22γ ≅  as a running coupling constant 

in a similar way of how we estimate for instance the non-super symmetric quantum gravity coupling as the ratio 
of dim E8E8 = 496 to the degrees of freedom of the standard model, i.e. 12 and finding correctly that 

12 496 1 42gα ≅ ≅ . 
In the present case we find first D = 4(4 ‒ 3)/2 = 2 for d = 4, which represents classical space-time, then we 

find D for d = 11 of Witten’s M-theory which comes to D = 11(11 ‒ 3)/2 = 44. Our ( )Oγ  is thus given by 
( ) 2 44 1 22Oγ = =  and consequently E(O) = mc2/22. The Legendre transformation ( )1 21 22Oγ γ= − =  is 

then recognized as leading to a complimentary energy which is nothing but our dark energy with negative pres-
sure ( ) ( )2 21 22E D mc=  induced by the hyperbolic fractal geometry of a Rindler space-time and the associ-
ated anticlastic negative curvature as discussed in earlier contributions [26]. 

8. Conclusions 
We give a topological interpretation and a hidden dark dimension interpretation to the Magueijo-Smolin energy 
mass equation of VSL theory [9] [10]. The quantitative result fully explains the missing dark energy of the cos-
mos [1] [2]. Einstein’s equation predicts E = mc2. However this is a total maximal energy representing the 100% 
theoretical density. The VSL equation on the other hand predicts the measurable ordinary energy which is ap-
proximately 1/22 of this value. Accurate calculation shows that 22 = 26 − 4 hidden dark dimensions of bosonic 
string theory should be 22.18033989 when taking the “fine structures” of the strings into account and conse-
quently the exact reduction is not 1/22 but  

( ) 51 22 2k φ+ =  

where ( )2 1 5φ = + . On the other hand Hardy’s quantum generic entanglement for two particles is given ex- 

actly by 5φ , a quantity which was found experimentally [5] [6] [19]. Consequently the reduction factor in the 
energy which is the cause for suspecting a 95.5% missing dark energy in the cosmos is clearly due to the inclu-
sion of the quantum entanglement effect of a single particle in Einstein’s formula to elevate it from a relativistic 
formula to a quantum relativity formula predicting accurately the real energy content of the cosmos [24] [25]. 
Either way the rationale behind the dark dimensions and the quantum entanglement interpretation is the same. 
The infinitely many gaps in the fabric of space-time itself are what simulate quantum entanglement or hidden 
dark dimensions reduction of the total energy predicted by the classical formula by as much as 95.5% [1] [2]. 
There are a few remarkable topological quantities involved in our present theory, the most important of which 
are the speed of light φ , the intrinsic mass 3φ , the five dimensional Kaluza-Klein mass 5 and the Hausdorff 
dimension of the empty set 2φ  where ( )2 1 5φ = + . The present result confirms that the cosmological 
measurements are accurate and fully deserved the 2011 Nobel Prize and that the VSL theory of Magueijo and 
Smolin is a valid and accurate theory [9] [10]. Having come that far we must conclude that dark energy is not 
fiction but reality connected to the absolute value of the 95.5% negative energy of the quantum wave which is 
dual to the real 4.5% energy of the quantum particle. The same conclusion is obtained using pure energy con-
siderations based on Einstein’s field equation in the absence of matter field using the canonical equation of the 
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degrees of freedom D = d(d ‒ 3)/2. The only rational reason for the inability of our measurement instruments to 
register dark energy is the wave collapse on measurement. There seems to be at present one way to come around 
this problem to measure and harness dark energy and that is quantum non-demolition technology [21] [22]. We 
may also mention that dark energy seems to be, theoretically speaking, a natural result of the collapse of the 
Hawking-Hartle quantum wave of the cosmos on measurement which is inextricably and irreducibly linked to 
the vacuum state of Einstein’s field equation. In this case two dimensional pure gravity would have a negative 
one degree of freedom resembling the empty set of the quantum wave behind dark energy while three dimensio- 
nal pure gravity has zero degrees of freedom resembling the zero set and the quantum particle producing ordi-
nary energy [16]. In conclusion we should mention that the Author’s latest investigation hints strongly towards a 
strong link between Hooft-Veltman-Wilson type and 3.99 dimensional regularization space-time analysis and 
our 4 − k fractal space-time dimension between the GUT and Planck energy scale where ( )3 3 51 2k φ φ φ= − =  
which leads to our present exact dark energy density. This and other related results will be given in a forthcom-
ing publication. 

If we were asked to summarize the importance and deep meaning of the present work in a very few lines, we 
would say the following: 

Remembering J. A. Wheeler’s slogan, the boundary of a boundary is empty [28] as well as Hartle-Hawking 
no boundary proposal [29], we think that the present work clearly shows that the boundary of the boundary of 
the universe is the empty set which produces the 95.5% dark energy pushing the cosmos apart with negative 
gravity force while we are living locally inside the boundary surrounded by the ordinary 4.5% energy density 
and positive gravity. Thus the empty set is not only the beginning of everything in mathematics but also in 
physics [23] [30]. 
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