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ABSTRACT

In this paper, the existence and uniqueness of solution systems for some binary nonlinear operator equations are dis-
cussed by using cone and partial order theory and monotone iteration theory, and the iterative sequences which con-
verge to solution of operator equations and error estimates for iterative sequences are also given. Some corresponding

results are improved and generalized. Finally, the applications of our results are given.
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1. Introduction

In recent years, more and more scholars have studied
binary operator equations and have obtained many con-
clusions, such as references [1-3] etc. In this paper, we
will discuss solutions for ordinal symmetric contraction
operator and obtain some general conclusions; some cor-
responding results of references [4,5] are improved and
generalized. Finally, we apply our conclusions to two
point boundary value problems with two degree super-
linear ordinary differential equations.

In the following, let E always be a real Banach space
which is partially ordered by a cone P, P be normal cone
of E, N is normal constant of P, partial order < is deter-
mined by P, @ denotes zero element of E. For u,veE
and u<v, let

D=[uv]={xeE:u<x<v}

denotes an ordering interval of E.

The concepts of normal cone and partially order,
mixed monotone operator, coupled solutions of operator
equations etc. see [6].

Definition 1.1. Let A:DxD — E be binary operator,
A is said to be L-ordering symmetric contraction operator
if there exists a bounded linear operator L:E — E
which its spectral radius r(L)<1 such that

A(y,x)-A(x,y)<L(y-x)
for any X,ye D,x<y, where L is called contraction

operator of A.
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2. Main Results

Theorem 2.1. Let A:DxD — E be L-ordering sym-
metric contraction operator, and there exists a « € [O,l) ,
forany u<x <x,<v, u<y,<y, <v such that

A(Xy, Y, )= A(X, Y ) = —a (X, —X). (1)

If condition

(H) u<A(uv),A(v,u)<v-a(v-u);
or

(Hy)  u+a(v-u)<A(uv),A(v,u)<v
holds, then the following statements hold:

(Ci) A(x,x)=x has a unique solution X" €D, and
for any coupled solution X,y e D suchthat x=y=x";

(Cy) For any X,,Y, € D, we make up symmetric it-
erative sequences

X, =(a+1)" (A(xnfl, Yoo )+ OCXH):

y,=(a+1)" (A(Yoots Xt )+ Yoy ) Q)
n=123,-,
then
X, > Xy, > X (n>x»),
and forany fe (r ( L) , 1) , there exists a natural numbers
m, if n>m, we get error estimates for iterative se-

quences (2):
n
+
gzw@jj luv].

Xn(yn)_X*
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Proof. Set
B(x,y):ﬁ[A(x,y)ﬂzx],
if condition (H;) or (H,) holds, then it is obvious
u<B(uv),B(v,u)<v,

by (1), we easily prove that B:DxD — E is mixed
monotone operator, and for any U< X<y <v such that

0<B(y,x)-B(x,y)<H(y-x),
where
H=(a+1) " (L+al)

is a bounded linear operator, | is identical operator.
By the mathematical induction, we easily prove that

O<B"(y,x)-B"(x,y)<H"(y—x) usx<y<y,
where
B"(x,y)= B(B”‘l(x, y),B”‘l(y,x)),x,ye D,n>2.

By the character of normal cone P, we implies

|B”(y,x)—B”(x,y)||£ N||Hn [x=yJ.usx<y<v.
For any ,b’e(r(L),l),since

lim [H" %zr(H)sw<a+ﬂ<l,

n—>e a+l1 a+1

so there exists a natural numbers m, if n>m, such that
(a +4 )”
<
a+l
and constant N "H mﬂ< 1.
Considering mixed monotone operator B™ and con-
stant N{H" F, by Theorem 3 in reference [3], then we

know B"™(X,X)=x has an unique solution X", and for
any coupled solution X,y € D such that

[

X=y=x".
From
Bm(B(x*,x*),B(x*,x*))
= B(Bm(x*,x*),Bm<x*,x*))= B(x*,x*)

and uniqueness of solutions with B" (x,Xx) =X, then we
have B(x*,x*) =x" and A(X,X")=x".

We take note of that A(X,x)=x and B(X,x)=Xx
have same coupled solution, therefore coupled solution
for B(X,x)=X must be coupled solution for B™(x,x)=
X, consequently, (C,) has been proved.

Considering that iterative sequence (2) and set iterative
sequences:

un = B(un—lﬂvn—l)ﬂ Vn = B(Vn—lﬂun—l)9
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where U, =u,Vv, =V, itisobvious that
Xy = B(Xn—lv yn—l)a Yo = B(yn—l’Xn—l)f
O<v,-u, <H"(v-u),

by the mathematical induction and character of mixed

monotone of B, then
U, <X <V, U <X, SV, U <y, <V

hence

<N|v, -u,

Xn(yn)_un
<N|v, —u,[.n=1,2,3,---,

>

X" —u,

moreover, if n>m , we get

X, (Vo) =X ||<2N |, —un||32N||Hn
szm(ﬂj Ju—v].

a+l

v-u

consequently, X, = X',y, = X" (n— o).

Remark 1. When « =0, Theorem 1 in [4] is a spe-
cial case of this paper Theorem 2.1 under condition (H;)
or (Hy).

Corollary 2.1. Let A:DxD — E be L-ordering sym-
metric contraction operator, if there exists a « € [0,1)
such that A satisfies condition of Theorem 2.1, then (C),
(C,) hold and the following statements holds:

(C3) For any fBe (r(L),l) and a+ f <1, we make
up iterative sequences

Uy = A(Up5 Vo),
Vo = A(V, Uy )+ a (v, —U, ), 3)
n=1,2,3,---,

or
Uy = AUy 15 Voy ) =@ (Vo = Uy ),
Vo = AV Uy y), “
n=1,2,3,---,

where U, =u,v, =V thus u, >X,v, >X (n—>o),
and there exists a natural numbers m, if n>m, we have
error estimates for iterative sequences (3) or (4):

u, (vn)—x*"S N(a+p)" Ju-v|. 5)

Proof. By the character of mixed monotone of A, then
(1) and (Cy), (Cy) [in (1), (C,) where «a =0 ] hold. In the
following, we will prove (C;).

Consider iterative sequence (3), since

usx <v,
so we get

u, = A(u,v)< A(x*,x*)

=X"<A(v,u)=v,—a(v-u)<yv,
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by the mathematical induction, we easily prove
U, <X <v,,nx1
hence
<X —u,<v,—U,, <v,—X <V, —U,.
It is clear
O<v,—u, <(L+al)(v,,—u,,)

=(L+al) (v-u), n>1.
For any ,Be(r(L),l), a+ f<1,since

U
lim|(L+al)'|"=r(L+al)<

n—w

r(L)+a<a+ﬂ<1,

thus there exists a natural numbers m, if n>m, such
that

(et <(a+p).
Moreover,

U, (Vn)_

(L+al)’

ju=v]
<N(a+p8)"|u-v].(n=m),

consequently, u, - X", Vv, >X",
Similarly, we can prove (4).
Theorem 2.2. Let A:DxD — E be L-ordering sy-
mmetric contraction operator, if there exists a a € [0,1)
such that

(I-—a)u<A(u,v), A(v,u)<(1-a)v,

(n—> o).

then the following statements holds:
(C4) Operator equation

A(x,x)=(1—ea)x
has an unique of solution X" €D, and for its any cou-
pled solution X,y e D, suchthat x=y=Xx";

(Cs) For any X, Y,,W,,Z, € D, we make up symmet-
ric iterative sequence

1
Xn =_aA(Xn—lf yn—l )’

Yo = A Ko ): (©)

n=1,23,",
w, = A(W,_,Z,,)+aw,,
z,=A(z, ., W, ,)+az, . (7
n=12,3,--,

then
X, > X, ¥, = X,

W, > X", z, > X (n > ),
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and that for any fe (r(L),l) and a+ <1, there
exists a natural numbers m, if n>m, then we have error
estimates for iterative sequences (6) and (7) respectively:

* ()= (lﬁ j - (8)

w, (2,)- (a+p) Ju=v].
Proof. Set
1
B =—A
(43)= T A(xy)
or
C(x,y)=A(xy)+ax,

we can prove this theorem imitate proof of Theorem 2.1,
over.

Similarly, we can prove following theorems.

Theorem 2.3. Let A:DxD — E be L-ordering sy-
mmetric contraction operator, if there exists a a € [0,1)
such that

u+av< A(uv), A(v,u)<v+au,
then the following statements holds:
(C¢) Equation
A(x,x)=(1+a)x
has an unique solution X" € D, and for any coupled so-
lution X,y e D suchthat x=y=x";

(C;) For any X,,Y, € D, we make up symmetric it-
erative sequence

1
X ZEA(Xn—U yn—l)ﬂ

1
yn_a_l_1 (yn19 nl) (9)
n:]‘52,35...7

then that x, — X", y, = X" (n — ), moreover,
Be (r(L),l) , there exist natural number m, if n>m,
then we have error estimates for iterative sequence (9):

1 (5.)-x <28 2 Jo-vl:

(C) Forany Be(r(L),1) (a+pB<1), W,z,€D,
we make up symmetry iterative sequence

W, :A(Wn—l’zn—l)_azﬂ-l
Z —A( n-1° n 1) aWn—l’ nZl

Then
W, > X, z, > X (N> ®),

and there exists a natural numbers m, if n>m, we have
error estimates for iterative sequence (8).
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Remark 2. When « =0, Corollary 2 in [4] is a spe-
cial case of this paper Theorem 2.1 - 2.3.

Remark 3. The contraction constant of operator in [5]
is expand into the contraction operator of this paper.

Remark 4. Operator A of this paper does not need
character of mixed monotone as operator in [6].

3. Application

We consider that two point boundary value problems for
two degree super linear ordinary differential equations

1
x"+a(t)x" + =0, te|0,1],
® 1+b(t)x [0.1] (10)

x(0)=x'(1)=0. (m>2).

Let k(t,s) be Green function with boundary value
problem (7), that is

k(t,s):min{t,s}z{

then that the solution with boundary value problem (7)
and solution for nonlinear integral equation with type of
Hammerstein

= [ k() {a(s)[x(9)]"+(1+b(s)x(s)) '} ds
(11)

t, t<s,
s, s<t.

is equivalent, where

1
gq[gﬁjo k(t,s)ds=—

Theorem 3.1. Let a(t),b(t) are nonnegative con-
tinuous function in[0,1]

p=mexalt). a=maxb(t).

If p<Lmp+q<2, then boundary value problem (7)
have an unique solution X" (t) such that

0<x (t)<1 te[0,1];

Moreover, for any initial function X, (t),y,(t) such
that

0<% (t)<L,0<y,(t)<1

(t<fo.1).

we make up iterative sequence

0= L a6k (1] s

Y, (1) = Jolk(tas){a(s)[ynl )] +m}d&
n=1273,

Then X,(t), Y,(t) uniform convergence to X" (t)
on [0,1], and we have error estimates
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. mp+q '
(3 (0)x (0] 52 ™.
e[0,1], n=1,2,3,
Proof. Let

E=C[0,1], P={xeE|x(t)>0,t[0,1]},

||X|| = Fl[(a)t)l( X | denote norm of E, then that E has be-

come Banach space, P is normal cone of E and its nor-
mal constant N = 1. It is obvious that integral Equation (8)
is transformed to operator equation A(X, x) = X, where

A= X
IS [0,1].

Set
u=u(t)=0,v=v(t)=1,

then D= [0,1] denote ordering interval of E,
A:DxD — E is mixed monotone operator ,and

0< A(0.1), A(1,0) < 1+2p

Set
j k(s,t)[ma(s)

(s)+b(s)]x(s)ds, te[0,1],

then L:E — E is bounded linear operator, its spectral
radius

E

r(L)gwd

and forany x,yeE, 0<x(t)<y(t)<1 such that
0< A(y. (1) A(x.y) (D)< L(y-x)(1).
that is, A is L-ordering symmetric contraction operator,

by Theorem 2.1 (where « =0), then Theorem 3.1 has
be proved.
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