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ABSTRACT 

The 2012 American Presidential Election was preceded by widespread efforts to promote stronger voting requirements 
in states across the nation. In one case, a private, anonymous foundation purchased advertising spots on billboards in 
urban Ohio to communicate that voter fraud is a felony punishable by fines and imprisonment. This action drew criti- 
cism from civil rights groups, who argued that a majority of the billboards were located in minority census tracts, and 
that the advertisements utilized intimidating language and imagery. This article applies probability theory to the debate 
in order to determine the likelihood that the observed patterns of billboards in two cities—Cleveland and Colum- 
bus—could have occurred by chance. First, simulation is employed to compare the observed allocations of billboards to 
white and non-white census tracts to patterns generated under Complete Spatial Randomness (CSR). Second, simulation 
draws from probit regression models, in which the dependent variable is the presence of a billboard within a census 
tract, are used to generate distributions of first differences between 1) the expected value of the dependent variable 
given that the census tract is majority white and 2) the expected value of the dependent variable given that the census 
tract is majority non-white. The results suggest that the billboard locations in Cleveland were not significantly different 
from patterns produced under CSR, and that the probability of a given census tract containing a billboard is not signifi- 
cantly different for white and non-white majority tracts. The opposite inferences are made for Columbus. 
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1. Introduction 

The 2012 United States Presidential Election was pre- 
ceded by widespread efforts to strengthen voting re- 
quirements in states across the nation [1]. Such efforts 
were both legislative and citizen-initiated, and they took 
on many forms [1,2]. In one case, a private, anonymous 
foundation purchased advertising spots on roadside bill- 
boards in urban Ohio to communicate that voter fraud is 
a felony punishable by fines and imprisonment. This ac- 
tion drew criticism from civil rights groups, who argued 
that the billboards utilized intimidating language and 
imagery [3]. Moreover, because a majority of the bill- 
boards were located in minority neighborhoods, voting 
rights groups asserted that the advertising campaign was 
intended to suppress minority turnout [3]. 

One way to evaluate the claims made by opponents of 
the billboards with respect to intent is to think probabilis- 
tically about the expected racial patterns of the billboards 
based on the demographic attributes of the cities in which 
they were located. For instance, did the billboards appear 
in more majority-minority geographies within a given 
city than what would be expected under a random alloca- 
tion strategy? Additionally, is there a meaningful differ-  

ence between the probabilities that a particular area con- 
tained a billboard given that a majority of its voting age 
residents are white or non-white? 

This article applies probability theory to these ques- 
tions in order to determine the likelihood that the ob- 
served patterns of billboard locations in white and non- 
white majority areas in two cities—Cleveland and Co- 
lumbus—were random. First, simulation is employed to 
compare the observed allocations of billboards to majority- 
minority census tracts to patterns generated under Com- 
plete Spatial Randomness (CSR). Second, simulation 
draws from probit regression models, in which the di- 
chotomous dependent variable indicates the presence of a 
billboard within a census tract, are used to generate dis- 
tributions of first differences between 1) the expected 
value of the dependent variable given that the census 
tract is majority non-white and 2) the expected value of 
the dependent variable given that the census tract is ma- 
jority white. The results reveal that the billboard loca- 
tions in Cleveland were not significantly different from 
patterns produced under CSR, and that the probability of 
a Cleveland census tract containing a billboard is not 
significantly different for white and non-white majority  
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tracts. The opposite inferences are made for Columbus. 
Thus the analyses produce no evidence to suggest that 
the Cleveland billboards disproportionately targeted mi- 
nority populations, but convincing evidence to reject the 
hypotheses that the Columbus billboard locations were 
similar to a randomly generated pattern and were not 
differently allocated between white and non-white census 
tracts. 

2. Background 

2.1. Context of the Advertising Campaign 

The 2008 General Election marked the first time in 
American history that a minority citizen appeared on the 
ballot as a major party candidate for United States Presi- 
dent. In response to this momentous event, minority vot- 
ers turned out in record numbers to take part in what 
would ultimately be a successful effort to elect the first 
African American President of the nation [4]. Research 
by the National Association for the Advancement of 
Colored People (NAACP) [5] suggests that this experi- 
ence, rather than being an electoral anomaly, likely re- 
presents a changepoint in minority voting behavior. For 
example, while the 2010 midterm elections witnessed a 
participation drop-off that is characteristic of non-Presi- 
dential cycles, relative to the 2006 midterms “voters of 
color increased substantially as a share of the electorate 
in several states” [5]. 

Whether by coincidence or otherwise, during the fol- 
lowing year, in 2011, 40 states introduced bills that 
would effectively make voting a more difficult activity 
[6]. That a trend toward stricter voting requirements has 
accompanied gains in minority voting participation has 
led some to speculate that the measures are camouflaged 
attempts to suppress turnout among these constituencies 
[5,6]. Civil rights groups have especially taken issue with 
policies that require voters to show government-issued 
photographic identification prior to casting a ballot, and 
those that decrease opportunities to vote early in person. 
They argue that both types of laws would disparately 
impact minorities, who lack requisite identification docu- 
mentation at higher rates than white voters [7], and who 
tend to vote early in person at disproportionately high 
rates relative to whites [8]. 

On the other side of the debate, proponents of these 
policies assert that the measures are necessary in order to 
prevent voter fraud, thereby promoting electoral integrity 
[9,10]. This tension between maximizing access to and 
protecting the integrity of the electoral franchise in the 
US has spilled out of legislative chambers and into the 
public realm, with dozens of non-profit and non-govern- 
mental organizations lining up on either side of the issue 
[11]. The 2012 Presidential campaign cycle featured un- 
precedented involvement from such groups [11]. In one 

example, an advertising campaign in urban Ohio, osten- 
sibly aimed at discouraging voter fraud, was decried by 
voting rights groups as a latent attempt to suppress mi- 
nority voter turnout. 

2.2. The Billboards and Their Opposition 

In early October 2012, approximately one month ahead 
of the Presidential Election, billboards with the message 
“Voter Fraud is a Felony” began appearing in urban Ohio 
and Wisconsin. The billboards listed in bold text the 
maximum criminal punishments for voter fraud, and 
many of the ads displayed images of a courtroom gavel 
and sound block [12]. The advertisements were pur- 
chased anonymously by an entity identifying itself only 
as a “private family foundation” [12]. 

Shortly after the advertisements first appeared, civil 
rights groups urged the owners of the billboard appara- 
tuses to terminate their contracts with the private family 
foundation and remove the ads [3]. The groups argued 
that a majority of the advertisements appeared on struc- 
tures located in census tracts where the voting age popu- 
lation (VAP) is majority non-white, which they inter- 
preted as a deliberate decision designed to intimidate 
minority voters and suppress turnout in the given neigh- 
borhoods [3]. To assess the validity of such claims, this 
paper opens the probability toolkit to study the random- 
ness of billboard locations in Cleveland and Columbus, 
Ohio. The cities were selected on the grounds of data 
availability. Explicitly, copies of the advertising con- 
tracts for both cities were made available by the billboard 
owners, and the contracts listed each advertisement loca- 
tion. The same quality of information was not obtainable 
for other cities in Ohio or Wisconsin. 

3. Data and Analysis 

As stated in the preceding section, the data for this paper 
come from information provided by the company that 
owns the billboards in the Cleveland and Columbus 
metropolitan areas on which the “voter fraud” advertise- 
ments appeared. The contracts list 30 locations in each of 
the two metropolitan regions, for 60 total advertisements. 
In Cleveland, 23 of the 30 advertisements were matched 
to addresses within the city limits. All 30 of the Colum- 
bus advertisements were geocoded to Columbus ad- 
dresses. Because of the concentration of billboards in city 
limits, the focus here is exclusively on the billboards 
within the cities, and each city is a separate study area. 
That is, suburban locations are not included in the analy- 
ses, nor are the seven advertisements located in suburban 
Cleveland. 

Insofar as the billboard opposition used the demo- 
graphic composition of 2010 census tracts to determine 
that a majority of the advertisements appeared in minor- 

Copyright © 2012 SciRes.                                                                                  AM 



R. C. WEAVER 2050 

ity neighborhoods, this paper adopts the 2010 census 
tract as the unit of analysis [3]. Census tracts are deline- 
ated by the US Census Bureau to be as homogenous as 
possible, and to adhere to permanent physical boundaries 
[13]. In that sense, they are convenient proxies for neigh- 
borhoods. 

It is therefore reasonable to claim that if a billboard is 
located in a census tract where the 2010 voting age popu- 
lation (VAP) is greater than 50 percent non-white, then 
that billboard is in a majority-minority neighborhood. 
Thus, for each city billboard, point locations were over- 
laid onto census tracts to determine membership and 
neighborhood VAP demographics. 

One part of this overlay process requires further ex- 
plication. Namely, for Cleveland, it is straightforward to 
determine which census tracts are within the city by us- 
ing US Census TIGER/Line Shapefiles [14]. Simply put, 
all of the tracts wholly located within the Census Desig- 
nated Place of Cleveland are part of Cleveland. There are 
no instances of tracts crossing over city lines. For Co- 
lumbus, however, the sprawling and eccentric shape of 
the city splits several tracts, meaning that some census 
tracts are partially in the city and partially outside of it. 
To account for this, a minimum bounding convex hull is 
created around the Columbus Census Designated Place. 
Then, all tracts wholly within the convex hull are counted 
as part of Columbus (Figure 1). This procedure simulta- 
neously includes in the analyses territories that are not 
officially within Columbus city, and excludes territories 
that are incorporated parts of Columbus city. Nonetheless, 
this is done in a non-arbitrary fashion using geometric 
properties of the city, and is therefore assumed to be an 
acceptable method for dealing with the boundary issues. 

Tables 1 and 2 summarize the counts of billboard lo- 
cations by majority white and majority non-white neigh- 
borhoods for Cleveland and Columbus, respectively. 

Affirming the claims of civil rights groups, a majority 
of billboards in each city are located in non-white neigh- 
borhoods [3]. However, this fact alone does not translate 
into evidence of malicious intent, whereby advertise-  
 

 

Figure 1. Columbus with minimum bounding convex hull. 

Table 1. Cleveland billboards by VAPa. 

Billboard? 
Majority VAP 

Yes No 

White 6 54 

16b White-Non  99 

aTwo tracts were excluded for having VAP = {0,1}. NB: No billboards were 
located in tracts with VAP < 649; bOne minority tract contains two bill-
boards. 
 

Table 2. Columbus billboards by VAPa. 

Billboard? 
Majority VAP 

Yes No 

13b White 175 

15b White-Non  54 

aOne tract was excluded for having a VAP = 2. NB: No billboards were 
located in tracts with VAP < 1118; bOne minority and one white tract each 
contain two billboards. 
 
ments were intentionally placed in minority communities. 
Rather, to address such issues, it is necessary to turn to 
probability. 

3.1. Sampling without Replacement 

A convenient place to begin is with the observation that 
17 out of 23 billboards (73.9 percent) in Cleveland and 
16 out of 30 billboards (53.3 percent) in Columbus are 
located in minority census tracts. Note that there are only 
three cases between the two cities for which multiple 
(two) billboards are located within a single tract. That 
being said, one can start from the working assumption 
that the advertisers wished to display their message in 
different neighborhoods across each city. The extreme of 
this assumption is that the advertisers desired placement 
in i  different neighborhoods, where n is the total num- 
ber of billboards and i is an index of cities such that: 

n

 eveland,Columbusi Cl . 
Under this assumption, 1000 trials randomly allocate 

i  billboards to i  mutually exclusive tracts in each 
city. That is, the simulation trials essentially sample the 
tracts without replacement. Table 3 summarizes the out- 
comes of these trials relative to the observed allocations 
in each city. Figures 2 and 3 plot the histograms for 
Cleveland and Columbus, respectively. 

n n

In Table 3, m is the number of simulation trials, ix  is 
the observed number of billboards located in minority 
census tracts in city i, and  s

i iP X x  is the probability 
that the simulated allocation of billboards to minority 
tracts is as extreme as the observed allocation. The latter 
quantity uses the relative frequency interpretation of 
probability, and it is the p-value to assess statistical sig- 
nificance [15]. In this regard, one cannot reject the null 
hypothesis that the Cleveland allocation of billboards to 
minority neighborhoods is significantly different from a 
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Table 3. Billboard allocations by tract VAP. 

City m ix   s

i iP X x  

Cleveland 1000 17 0.261 

Columbus 1000 16 0.002 
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Figure 2. Histogram of simulated minority tract selection 
for cleveland, without replacement, E[X] = 15.2. 
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Figure 3. Histogram of simulated minority tract selection 
for columbus, without replacement, E[X] = 8.2. 
 
random pattern at conventional levels of significance. 
The same hypothesis for Columbus can be rejected at all 
conventional significance levels. 

It is worth noting that the p-values from Table 3 are 
approximately those that can be derived with Fisher’s 
exact test. To be sure, let  ~ Hypergeometric , ,X l N n , 
where l is the total number of minority tracts in a given 
study area, N is the total number of census tracts in the 
study area, and n is the number of billboards to be lo- 
cated. These quantities can be extracted from the mar- 
ginal values in Tables 1 and 2. Namely, for Cleveland: 
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and for Columbus: 
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3.2. Complete Spatial Randomness 

Although the first exercise offers some foundation on 
which to reject the null hypothesis of random billboard 
allocation by tract racial characteristics in Columbus, and 
to not reject the same hypothesis for Cleveland, a more 
interesting and convincing experiment would allow for 
sampling with replacement. That is, the observed patterns 
of billboard locations include a handful of cases for 
which multiple (two) billboards are allocated to a single 
tract. In that context, one can perform a similar simula- 
tion exercise as above, but under the assumption of Com- 
plete Spatial Randomness (CSR). Stated differently, a 
CSR data generating process can be used to locate bill- 
boards at random across the study areas [16]. The prob- 
ability that a location plan allocates multiple billboards to 
one census tract in these circumstances is greater than 
zero, unlike in the foregoing analysis which sampled 
without replacement. 

Using the same notation as above, 1000 simulation tri- 
als randomly locate i  points (coordinate pairs) to each 
study area, such that each point represents one billboard. 
The points are then assigned membership to the census 
tracts in which they fall. Table 4 summarizes the out- 
comes of these trials relative to the observed allocations 
in each city; and Figures 4 and 5 plot the histograms for  

n

 
Table 4. Billboard allocations by tract VAP. 

City m ix   s

i iP X x  

Cleveland 1000 17 0.284 

Columbus 1000 16 0.004 
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Figure 4. Histogram of simulated minority tract selection 
for Cleveland, complete spatial randomness, E[X] = 15.1. 
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Figure 5. Histogram of simulated minority tract selection 
for Columbus, Complete Spatial Randomness, E[X] = 8.0. 
 
Cleveland and Columbus, respectively. 

Note that the p-values associated with each city’s ob- 
served allocation of billboards to minority tracts have 
increased relative to Table 3. This is to be expected, 
given that the simulation trials now allow for multiple 
points to be located in a single tract. Nevertheless, the in- 
creases do not change the substantive interpretations 
from Table 3. Specifically, the number of billboards lo- 
cated in minority neighborhoods in Cleveland is not sig- 
nificantly discernible from a pattern generated by CSR. 
At the same time, there is strong evidence to reject the 
null hypothesis that the allocation of billboards to minor- 
ity neighborhoods in Columbus occurred by chance in a 
CSR data generating process. 

3.3. Probit Regression and Simulated First 
Differences 

As a final exercise, this section estimates two probit re- 
gression models—one for each city—where observa- 
tional units are census tracts, the dependent variable is a 
dichotomous indicator that takes on a value of one if 
there is a billboard in a given tract, and the single ex-
planatory variable is a binary indicator that takes on a 
value of one if the tract has a majority non-white VAP. 
The reason for doing this is twofold. First, the estimated 
probit coefficients on the explanatory variables, and their 
standard errors, provide information about the direction 
and statistical significance of the relationship between a 
census tract’s probability of containing a billboard and it 
having a VAP that is majority (non-)white. 

Second, and perhaps more importantly, simulation 
draws on the estimated model can be taken to generate 
distributions for various quantities of interest [17]. One 
quantity of interest that directly assists in determining 
whether the probability of a tract having a billboard is 
different for majority white and non-white tracts is the 
first difference between the expected value of the de- 
pendent variable for both types of tract [17]. What fol- 

lows draws heavily on the work found in [17] and [18]. 
Let  be the observed dichotomous dependent vari- 

able for census tract t in city i, and 

i
tY

i
tx  be the explana- 

tory variable indicating whether tract t has a majority 
non-white VAP, such that: 

1 if tract  contains a billboard

0 otherwise

1 if tract  is majority non-white
and

0 otherwise

i
t

i
t

t
Y

t
x


 



 


  (3) 

As shown in [18], the stochastic component of the 
model is given by: 

 ~ Bernoulli πi
tY i

t          (4) 

where  π 1i i
t tP Y  . The systematic component, then, 

is: 

πi i
t tx                (5) 

where    is the cumulative normal distribution with 
a mean of zero and a standard deviation of one. 

To proceed with deriving the quantities of interest, one 
begins by estimating the probit models with the appro- 
priate data (see Tables 1 and 2). The probit regression 
estimation results appear in Table 5, where the depend- 
ent variable is defined as above. 

While the probit coefficients are not conveniently in- 
terpretable, observe that for both cities the estimated co- 
efficients on the explanatory variable are positive. The 
implication is that having a majority-minority VAP in- 
creases the probability that a given census tract will con- 
tain a billboard. Coefficient sign notwithstanding, this 
relationship is not estimated to be statistically significant 
for Cleveland. For Columbus, on the other hand, the rela- 
tionship is significant at all conventional levels. The in- 
ferences are therefore congruent with the inferences 
made in the preceding simulation exercises, though with 
slightly different meanings. The earlier analyses assessed 
the (non-)randomness of the overall billboard allocations, 
while here the concern is with whether or not having a 
majority non-white VAP increases the probability that a 
billboard will be assigned to a particular tract. 

Recall that to address this problem more effectively, 
 

Table 5. Probit estimation results. 

City 
 

Cleveland Columbus 

−1.282*** )0.221(  Constant −1.567*** )0.147(

0.736*** )0.226(  Majority VAP 0.197 )0.264(  

AIC 135.79 157.40 

N 175 257 

***Significant at p < 0.01; standard error in parentheses. 
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distributions of quantities of interest can be simulated by 
taking draws from the estimated probit models [17]. 
Then, as is developed in [18], the expected value of the 
dependent variable is a simulation of the predicted prob- 
ability of having a billboard, over m trials: 

πi i i
t tE Y x               (6) 

given a draw of   from its sampling distribution [18]. 
That being said, one can compute the first difference in 
expected values for tracts with white and non-white ma- 
jorities by setting the explanatory variable to 0 and 1, and 
drawing m values of the outcome variable to find the 
expected values under each scenario. The first difference 
of interest is therefore given by: 

 
 

1 White VAP

1 Minority VAP

i
i

i

FD P Y

P Y



 


     (7) 

Statistical significance of the first differences can be 
assessed by constructing confidence intervals for selected 
significance levels. This is done by sorting the simula- 

tions and taking the  2
th  and  1 2

th
   observa- 

tions, where   is the desired significance level. If the 
value of zero is included in a particular confidence inter-
val, then the first difference is not significant at the 
specified level of  . This is straightforward, insofar as 
a first difference equal to zero indicates no difference in 
the expected probability values. Taking this a step further, 
the minimum significance level (i.e., the p-value) at 
which the first difference is significant can be approxi- 
mated by setting the difference between the absolute 
value of the point estimate and the simulated margin of 
error equal to zero and solving for z: 

  0i
pAbs E FD sd z            (8) 

where pz  is the standard normal score such that: 

0.5 pP Z z               (9) 

yields the minimum level of significance at which zero 
falls outside of the associated confidence interval, and 
the simulated first difference is statistically significant. 
Along these lines, m = 1000 simulation draws are taken 
from the models summarized in Table 5. Table 6 reports 
the results of doing this, and Figures 6 and 7 illustrate 
the corresponding histograms and density plots. 

Complementing the results from previous analytical 
operations, the findings in Table 6 allow one to infer 
that—based on the observed data—the probability that a 
white tract contains a billboard is significantly and sub- 
stantively lower than the probability that a non-white 
tract contains a billboard in Columbus. Specifically, the 
probability that a given tract contains a billboard is 14.6  

Table 6. Simulated first differences. 

City 
 

Cleveland  Columbus 

E[Y|White] 0.108 0.059 

E[Y|Non-White] 0.143 0.205 

−0.035 (0.510) −0.146*** (0.003)FD 

sd 0.053 0.049 

***Signifi nt at p < 0.01; p-values in parentheses. ca
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Figure 6. Histogram of simulated first differences for cleve-
land, E[Y|White] − E[Y|Minority] = −0.035. 
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Figure 7. Histogram of simulated first differences for co-
lumbus, E[Y|White] − E[Y|Minority] = −0.146. 
 
percentage points higher for non-white tracts relative to 
white tracts. This difference is 3.5 percentage points in 
Cleveland, though the expected value of the simulated 
first difference is not statistically significant. 

4. Discussion and Conclusions 

Recent public opinion polls have suggested that the 2012 
American Presidential Election might be regarded as the 
most racially [19] and politically [20] polarizing election 
of its type in United States history. Such polarization is 
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partially manifested in contemporary debates over the 
fundamental right of democratic political participation. 
On one side, proponents of stronger voting requirements 
argue that more protections are needed to safeguard the 
institution of voting [9]. On the opposite side, opponents 
of stricter rules argue that making participation more 
difficult will lead to lower turnout, particularly among 
traditionally underrepresented voters and minorities [5]. 

This tension between ballot integrity and ballot access 
led to several clashes prior to the 2012 Election, includ- 
ing one Ohio conflict between an anonymous private 
family foundation and civil rights groups. The private 
foundation purchased advertising on billboard spaces 
throughout Ohio that used allegedly intimidating lan- 
guage and imagery to discourage voter fraud. Civil rights 
groups pointed out that a majority of these advertise- 
ments were placed in minority neighborhoods (census 
tracts), which was interpreted as a deliberate campaign to 
suppress turnout among minority voters [3]. 

In this paper, the locations of the billboard advertise- 
ments in the cities of Cleveland and Columbus are as- 
sessed using applied probability theory. Two approaches 
are taken toward this end. First, simulation is used to 
randomly locate points across each city under an as- 
sumption of Complete Spatial Randomness (CSR). Then, 
a random variable is defined to be the number of minor- 
ity tracts that are selected during the random allocation 
process. The simulated distributions of this variable for 
each city are used to calculate the probabilities that a 
random allocation is as extreme as the observed alloca- 
tions [sc. of billboards to minority census tracts] in 
Cleveland and Columbus. The results suggest that the 
observed allocation in Cleveland is not statistically dis- 
cernible from an allocation generated by a CSR process. 
This is not the case in Columbus, for which there is 
strong evidence to reject the null hypothesis that the ob- 
served pattern is consistent with a CSR-generated pattern. 
More precisely, there is no evidence to suggest that the 
allocation of billboards to minority tracts in Columbus 
was random. The findings therefore support arguments 
made by the anti-billboard faction for Columbus, but not 
for Cleveland. 

Second, probit regression models are estimated in or- 
der to simulate distributions for a particular quantity of 
interest. The quantity of interest is the difference between 
the expected probability of observing a billboard in a 
census tract, given that the tract has a majority white 
voting age population (VAP), and the same probability 
given the tract has a majority non-white VAP. Perform- 
ing this operation reveals that the probability of a bill- 
board being located in a given Columbus census tract is 
expected to be 20.5 percent for a majority non-white tract, 
and only 5.9 percent for a majority white tract. The first 
difference—14.6 percentage points—is statistically sig- 

nificant at all conventional levels. The implication is that 
the advertisers were far more likely to place advertise- 
ments on billboards located in minority neighborhoods 
relative to white neighborhoods in Columbus. This find- 
ing offers strong empirical evidence to support the anti- 
billboard side of the argument. Nonetheless, the same is 
not true in Cleveland, where the first difference is not 
statistically significant. 

Collectively, then, the findings in this paper are mixed. 
The hypothesis that the Cleveland allocation was random 
cannot be rejected, and the probability of observing a 
billboard in a majority non-white census tract is not sta- 
tistically different from the probability of observing a 
billboard in a majority white census tract. The opposite 
inferences are made for Columbus. There is ample evi- 
dence to suggest that the advertisement patterns in Co- 
lumbus were nonrandom, and perhaps even targeted to 
non-white neighborhoods. Although the ambiguous over- 
all nature of these findings will not conclusively resolve 
the tension between the pro- and anti-billboard factions, 
the application of probability theory to the problem helps 
to turn erstwhile policy disagreements into empirical 
observations. The empirical observations, in turn, can 
become valuable contributions to the public discourse. 
Accordingly, this paper demonstrates how probability 
tools can enter and add insight into practical political and 
ideological conflicts in which empirical data are avail- 
able for analysis. 
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