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Abstract 
In this paper, an impulsive control strategy is proposed for a class of nonli-
near stochastic dynamical networks with time-varying delay. Using the Lya-
punov stability theory, a sufficient verifiable criterion for the exponential syn-
chronization is derived analytically. Finally, a numerical simulation example 
is provided to verify the effectiveness of the proposed approach. 
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1. Introduction 

In recent years, complex networks have been widely studied due to their practic-
al applications in different fields, such as the World Wide Web, genetic networks, 
biological neural networks, social networks, and so on [1]-[12].  

Synchronization, as an interesting and important behavior of complex networks, 
has attracted much attention. In the past decades, some relevant theoretical re-
sults have been established [13]-[17]. As far as we all know, the dynamical net-
work cannot realize synchronization by itself. For the purpose of driving the 
network to achieve synchronization, control inputs should be imposed on the 
nodes of dynamical networks. Until now, many useful control methods have 
been focused on this topic, such as adaptive control [18] [19], feedback control 
[20] [21], intermittent control [22], pinning control [23], and impulsive control 
[24] [25] [26]. In particularly the impulsive control has attracted more and more 
interests, which has been shown to be an effective control strategy in many fields 
due to its potential advantages over general continuous control schemes. Be-
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cause the impulsive control is more economical and can reduce the amount of 
the transmitted information.  

Recently, synchronization of stochastic dynamical networks has aroused many 
interests [26] [27] [28] [29], since stochastic disturbances in complex networks 
need to be taken into account for modeling a realistic network. On the other 
hand, the time delay is ubiquitous in natural and man-made networks. The in-
fluence of a time delay increases the complexity of networks. [26] studied the 
synchronization of complex networks, which are discrete-time systems, with both 
time-varying delays and stochastic disturbances. [27] showed that impulsive 
controllers are effective for synchronization control of the stochastic dynamical 
networks, but time delay is not taken into account. In [28], the authors employed 
a pinning impulsive controller for the synchronization of time-delayed complex 
networks without random disturbance. To the best of our knowledge, very little 
work has been done on the impulsive synchronization of complex dynamical 
networks with both time-varying delays and stochastic disturbances.  

The contributions of this paper are as follows. First, we study the nonlinear 
stochastic dynamical networks with time-varying delays, which are more general 
in the real world. Second, the exponential synchronization of such networks by 
impulsive control is investigated. A new sufficient verifiable criterion for the ex-
ponential synchronization is derived analytically and skillfully by applying the 
Lyapunov stability theory. A numerical simulation example is provided to verify 
the effectiveness of the proposed control method.  

Notation: The standard notations will be used in this paper. n  denotes the 
n-dimensional Euclidean space. n n×   are n n×  real matrices. ⋅  represents 
the Euclidean vector norm in n . The superscript T represents the transpose. 

( )maxλ ⋅  represents the maximum eigenvalue of a matrix. For any random varia-
ble ξ , let ( )ξ  be the expectation value of ξ . 

2. Prelimiaries 

In this paper, we consider the following dynamical network with time-varying 
delay.  

 
( ) ( ) ( )( )( ) ( )

( )( ) ( )
1

d , , d

, d , 1, 2, ,

N

i i i ij j
j

i

x t f t x t x t t c a x t t

t x t B t i N

τ

σ

=

 
= − + Γ 
 
+ =

∑




      (2.1) 

where ( ) ( ) ( ) ( )( )T
1 2, , , n

i i i inx t x t x t x t= ∈   is the state vector of i-th node at 
time t, ( )1,2, ,i N=  . ( ) ( )( )( ), , n

i if t x t x t tτ− ∈   is a nonlinear function de-
scribing the dynamics of nodes. ( )tτ  denotes the time-varying delay, which is 
bounded, continuous and differentiable, satisfying ( )0 tτ τ≤ ≤ , ( ) 1tτ τ≤ <  . Ma-
trix ( )1 2, , , 0ndiag γ γ γΓ = >  describes the inner coupling of the complex net-
work. c is a positive coupling strength of the network. The matrices  

( )ij N N
A a

×
=  is the outer-coupling configuration of the network, in which ija  

is defined as follows: if there is a connection between node i and j ( j i≠ ), then 
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0ij jia a= > , otherwise, 0ij jia a= = , and the diagonal elements are defined as 

1,
N

ii ijj j ia a
= ≠

= −∑ . ( ) nB t ∈  is an m-dimensional Brownian motion.  
( )( ), : n n m

it x tσ ×× →     is the noise intensity function matrix.  
Assume [ ]( ),0 , nC τ−   be a Banach space of continuous functions mapping 

the interval [ ],0τ−  into n  with the norm ( )( )0sup τ θφ φ θ− ≤ ≤=  . The in-
itial conditions associated with system (2.1) are given by  
( ) ( ) [ ]( ),0 , n

i ix t t Cφ τ= ∈ −  .  
Throughout this paper, we have the following assumptions.  
Assumption 2.1. There exist two nonnegative constants 1L  and 2L , such that 

the nonlinear function ( ),f x x  satisfies the following inequality  

( ) ( ) ( )( ) 2 2T
1 2, ,x y f x x f y y L x y L x y− − ≤ − + −   

for any , , , nx y x y ∈ .  
Assumption 2.2. Assume that the noise intensity function matrix  

( )( ), : n n m
it x tσ ×× →     is uniformly Lipschitz continuous in terms of the 

norm induced by the inner product on the matrices  

( ) ( )( ) ( ) ( )( ) ( ) 2T
, , , ,trace t u t v t u t v u vσ σ σ σ − ⋅ − ≤ −  

    M  

for any , nu v∈ , where M  is a known constant matrix with compatible di-
mensions.  

Let ( )s t  be a solution of an isolated node described by  

 ( ) ( ) ( )( )( ) ( )( ) ( )d , , d , d .s t f t s t s t t t t s t B tτ σ= − +

          (2.2) 

In this paper, we want to control the nonlinear dynamical network (2.1) into the 
desired trajectory ( )s t . 

Let ( ) ( ) ( )i ie t x t s t= −  be the error state of the node i, 1,2, ,i N=  , then we 
have the following error dynamical system by subtracting Equation (2.2) from 
Equation (2.1):  

( ) ( ) ( )( )( ) ( ) ( )( )( ) ( )

( )( ) ( )
1

d , , , , d

, d , 1, 2, ,

N

i i i ij j
j

i

e t f t x t x t t f t s t s t t c a e t t

t e t B t i N

τ τ

σ

=

 
= − − − + Γ 
 
+ =

∑ 



(2.3) 

where ( )( ) ( )( ) ( )( ), , ,i it e t t x t t s tσ σ σ= −  . 
In order to force the whole network into the desired trajectory ( )s t , the fol-

lowing impulsive controllers are designed.  

 

( ) ( ) ( )( )( ) ( ) ( )( )( )
( ) ( )( ) ( )

( ) ( ) ( )
1

d , , , ,

d , d , ,

, .

i i i

N
ij j i kj

i k i k i k k

e t f t x t x t t f t s t s t t

c a e t t t e t B t t t

e t e t e t t t

τ τ

σ

µ

=

+ − −

 = − − −
 + Γ + ≠ 
 = + =


∑

 

      (2.4) 

The discrete instant set { }kt  denotes the impulsive sequences, which satisfies 

0 1 1k kt t t t +< < < < <  , limk kt→+∞ = +∞ . 
The following definition is needed in this paper:  
Definition 2.1. The solution of the dynamical system (2.4) is said to be expo-
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nential synchronization in mean square, if for an initial condition  
( )( )0 1, 2, ,ie t i N=  , there exist positive constants M  and ε  such that  

( ) ( )02

1
e .

N
t t

i
i

e t M ε− −

=

  ≤ 
 
∑   

3. Main Result 

In this section, we will derive the main results about our impulsive strategy for 
synchronization control of the nonlinear stochastic dynamical network (2.1) 
with time-varying delay. For convenience, we introduce the following notations. 
Let 

( )222
, 1 .

1
L

ω ρ µ
τ

= = +
− 

 

Theorem 3.1. Suppose that Assumption (2.1)-(2.2) hold, and 1k kt tτ −≤ −  for 
all 1,2,k =  , if there exists a positive constant ε  such that  

 ( )( )1ˆ
e ,k kL t tερ ωτ −− + −

+ ≤                     (3.1) 

where  

( )T
1 max

ˆ 2 ,L Lω λ= + + M M  

then the controlled dynamical network (2.4) is exponentially stable in mean 
square.  

It means that the nonlinear stochastic dynamical network can be exponential-
ly controlled to the objective trajectory ( )s t  by using impulsive controllers 
(2.4). 

Proof: According to the definition of exponential synchronization (2.1), and 
considering time-delays, we construct the following Lyapunov function:  

 ( ) ( ) ( )1 2 ,V t V t V t= +                     (3.2) 

where  

( ) ( ) ( )

( ) ( ) ( ) ( )

T
1

1

T
2

1

1 ,
2
1 d .
2

N

i i
i

N t
i it t

i

V t e t e t

V t e s e s s
τ

ω

=

−
=

=

=

∑

∑ ∫
 

when kt t≠ , the stochastic derivative of ( )V t  can be obtained by Itô’s diffe-
rential formula [30]. 

( ) ( ) ( )
( )( ) ( )( ) ( )( )

( ) ( ) ( )( )( ) ( ) ( )( )( ) ( )

( )( ) ( )( ) ( ) ( )( ) ( )

T T

1 1

T

1 1

T T

1 1

11d
2 2

, , , ,

1 , , d , d
2

N N

i i i i
i i

N N

i i i ij j
i j

N N

i i i i
i i

t
V t e t e t e t t e t t

e t f t x t x t t f t s t s t t c a e t

trace t e t t e t t e t t e t B t

ω τ
ω τ τ

τ τ

σ σ σ

= =

= =

= =

 −= − − − 
  
 

+ − − − + Γ 
 

 + + 

∑ ∑

∑ ∑

∑ ∑



   (3.3) 

By Assumptions (2.1) and (2.2), we have  
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( ) ( ) ( )( )( ) ( ) ( )( )( )

( ) ( ) ( )( ) ( )( )

T

1

T T
1 2

1 1

, , , ,
N

i i i
i

N N

i i i i
i i

e t f t x t x t t f t s t s t t

L e t e t L e t t e t t

τ τ

τ τ

=

= =

 − − − 

≤ + − −

∑

∑ ∑

 

       (3.4) 

and 

( )( ) ( )( ) ( ) ( ) ( )T T T
max

1 1

1 1, , .
2 2

N N

i i i i
i i

trace t e t t e t e t e tσ σ λ
= =

  ≤ ∑ ∑M M    (3.5) 

It follows from the diffusive property of symmetric matrix A that  

 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )( )

T

1 1 1 1 1

1 1 1

2

1 1 1,

1
2

0.

N N N N n

ij i j ij i j
i j i j

n N N

ij i j
i j

n N N

ij i j
i j j i

c a e t e t c a e t e t

c a e t e t

c a e t e t

θ θ θ
θ

θ θ θ
θ

θ θ θ
θ

γ

γ

γ

= = = = =

= = =

= = = ≠

 Γ =   

 
=  

 

= − −

≤

∑∑ ∑∑ ∑

∑ ∑∑

∑∑ ∑

    (3.6) 

Since ( ) 1tτ τ≤ <  , considering (3.4)-(3.6), the following inequality can be ob-
tained:  

( ) ( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( )( )

( ) ( ) ( ) ( ) ( )( ) ( )

T T

1 1

T T
1 2

1 1

T T T
max

1 1

1 1d 1
2 2

1 d , d .
2

N N

i i i i
i i

N N

i i i i
i i

N N

i i i i
i i

V t e t e t e t t e t t

L e t e t L e t t e t t

e t e t t e t t e t B t

ω ω τ τ τ

τ τ

λ σ

= =

= =

= =

 ≤ − − − −  

+ + − −

+ +


∑ ∑

∑ ∑

∑ ∑



M M

 (3.7) 

Taking the mathematical expectation, we obtained 

( ) ( ){ } ( ){ }1

d ˆ ˆ ,
d

V t
LV t LV t

t
   ≤ ≤ 
  

                 (3.8) 

where ( )T
1 max

ˆ 2L Lω λ= + + M M . 
From (3.8), for ( )1,k kt t t−∈ , we have  

 ( ){ } ( ){ } ( )1ˆ
1 e .kL t t

kV t V t −−+
−≤                   (3.9) 

For kt t= , we have  

 ( ){ } ( ) ( ) ( ) ( ){ }2 T
1 1

1

1 1 ,
2

N

k i k i k k
i

V t e t e t V tµ ρ+ − − −

=

 = + 
 
∑         (3.10) 

( ){ } ( ) ( ) ( ) ( ){ }T
2 2

1

1 d .
2

k

k k

N t
k i i kt t

i
V t e s e s s V t

τ
ω

+

+ +
+ −

−
=

 = = 
 

∑ ∫        (3.11) 

Next, we will use mathematical induction to show that the following inequality 
holds.  

 ( ){ } ( )( ) ( ) ( ]0 0
ˆ ˆ

1e e , , , for 1,2,kL t t L t t
k kV t M t t t kε− + − −
−≤ ∈ =       (3.12) 

where ( ){ } ( )( )1 0ˆ

0 e L t tM V t ε + −+=  .  
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First, for ( ]0 1,t t t∈ , according to (3.9), we can get  

 

( ){ } ( ){ } ( )

( ){ } ( )( ) ( )( ) ( )

( )( ) ( )

0

1 0 1 0 0

1 0 0

ˆ
0

ˆ ˆ ˆ
0

ˆ ˆ

e

e e e

e e

L t t

L t t L t t L t t

L t t L t t

V t V t

V t

M

ε ε

ε

−+

+ − − + − −+

− + − −

≤

=



 

          (3.13) 

Then, (3.10) and (3.13) imply that  

 ( ){ } ( ){ } ( ){ } ( )( ) ( )1 0 1 0
ˆ ˆ

1 1 1 1 1 e eL t t L t tV t V t V t M ερ ρ ρ − + − −+ − −= ≤ ≤      (3.14) 

Since 1 0t tτ ≤ − , it follows from (3.11) and (3.14) that 

( ){ } ( ){ } ( ) ( ) ( )

( ) ( )

[ ] ( ) ( )

[ ] ( ){ }{ }
( )( ) ( )

1

1 1

1

1

1 1

1 1

1 0 1 0

T
2 1 2 1

1

T

1

T
,

1

1,

ˆ ˆ

1 d
2

1 d
2

1 sup
2

sup

e e

N t
i it t

i

N t
i it

i

N

i is t t
i

s t t

L t t L t t

V t V t e s e s s

e s e s s

e s e s

V s

M

τ

τ

τ

τ

ε

ω

ω

ωτ

ωτ

ωτ

+

−
=

−
=

∈ −
=

∈ −

− + − −

 = =  
 

 ≤  
 

  ≤   
  

=

≤

∑ ∫

∑ ∫

∑

  







     (3.15) 

From condition (3.1)  

 

( ){ } ( ) ( ){ }
( ) ( )( ) ( )

( )( ) ( )

1 0 1 0

2 0 1 0

1 1 1 2 1

ˆ ˆ

ˆ ˆ

e e

e e .

L t t L t t

L t t L t t

V t V t V t

M

M

ε

ε

ρ ωτ

+ + +

− + − −

− + − −

= +

≤ +

≤

 

             (3.16) 

Then, for ( ]1 2,t t t∈ , we have 

( ){ } ( ){ } ( ) ( )( ) ( )2 0 01
ˆ ˆˆ

1 e e e .L t t L t tL t tV t V t M ε− + − −−+≤ ≤            (3.17) 

Assume that for ( ] ( )1, , 2n nt t t n−∈ > , the following inequality holds:  

( ){ } ( )( ) ( )0 0
ˆ ˆ

e e .nL t t L t tV t M ε− + − −≤  

Similar to the discussion in (3.14)-(3.16), we can get  

( ){ } ( ) ( ){ }
( ) ( )( ) ( )

( )( ) ( )

0 0

1 0 0

1 2

ˆ ˆ

ˆ ˆ

e e

e e .

n n

n n

n n n

L t t L t t

L t t L t t

V t V t V t

M

M

ε

ε

ρ ωτ

+

+ + +

− + − −

− + − −

= +

≤ +

≤

 

 

Then, for ( ]1,n nt t t +∈ ,  

 ( ){ } ( ){ } ( ) ( )( ) ( )1 0 0
ˆˆ ˆ

e e e .nn L t tL t t L t t
nV t V t M ε +− + −− −+≤ ≤          (3.18) 

Thus, the inequality (3.12) has been proved. 
Base on inequality (3.12), for ( ]1,k kt t t−∈ , it is easy to check that  

 ( ){ } ( )( ) ( ) ( )( ) ( )

( ) ( )

0 00 0

0 0

ˆ ˆˆ ˆ
e e e e

e e .

k k k

k

L t t L t tL t t L t t

t t t t

V t M M

M M

ε ε

ε ε

− + − − + −− −

− − − −

≤ ≤

= ≤

        (3.19) 
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Thus, from the construction of ( )V t , we have  

 ( ) ( )02

1
e ,

N
t t

i
i

e t M ε− −

=

  ≤ 
 
∑                    (3.20) 

where 2M M= . Then the controlled dynamical network (2.4) is said to be ex-
ponentially stable in mean square. In addition, it can be seen from the proof 
process that the initial conditions do not affect the final conclusion. 

4. Numerical Example 

In this section, a numerical example will be given to demonstrate the effective-
ness of our main results. A time-delayed Lorenz system with Brownian noise is 
selected as the isolated node of the dynamical network, and the dynamic net-
work system we considered has 5 nodes. The i-th node ( 1,2, ,5i =  ) is de-
scribed as follows:  

( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 2 1 1 1 1

2 1 1 3 2 2

3 1 2 3 3

d d 0.2 d ,

d d 0.2 d ,

d d 0.2 d ,

i i i i i i

i i i i i i

i i i i i

x t a x t x t d x t t x t t x t B t

x t bx t x t x t x t t x t B t

x t x t x t cx t t x t B t

τ  = − + − − + ⋅ ⋅ 
 = − − + ⋅ ⋅   


= − + ⋅ ⋅   

(4.1) 

where ( )d iB t  is a 3-D Brownian motion, 10, 28, 8 3, 5a b c d= = = =  and the 

time-varying delay ( ) 0.01e
1 e

t

ttτ =
+

. Note that ( ) 0.01tτ ≤  and ( ) 0.0025tτ ≤ ,  

thus we have 0.01τ =  and 0.0025τ = . Then we get 1 80.998L =  and 2 0.5L =  
for Assumption 2.1. Provided no Brownian motion noise, systems (4.1) has a 
chaotic attractor with initial value [−10, 2, −3] as shown in Figure 1.  

The system parameters are chosen as follows: the coupling strength 0.35c = , 
the inner coupling matrix Γ  as the identity matrix and the outer coupling ma-
trice  

 ( )5 5

3 1 1 0 1
1 4 1 1 1

.1 1 4 1 1
0 1 1 3 1
0 1 1 1 3

ija
×

− 
 − 
 = −
 

− 
 − 

                 (4.2) 

The impulsive controller (2.4) is adopted here with 1 0.002k kt t −− =  and  
0.2µ = − . By simple calculations, we get that 1.0025ω = , ˆ 164.13L =  and  

43.62ε = . Figure 2 displays the orbits of norms of ( ) ( )2
1, 2, ,5ie t i =   with 

the initial conditions  

 ( ) [ ]
8 4 cos

12 5 cos , 0.5,0 .
2 2 cos

i

i t
x t i t t

i t

− + 
 = + ∈ − 
 − 

                (4.3) 

It shows that the time-varying delayed network considered here achieved expo-
nential synchronization by the proposed impulsive strategy. 
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Figure 1. Phase trajectories of Lorenz system without noise. 

 

 

Figure 2. Trajectories of the synchronization errors ( ( ) 2

ie t ). 

5. Conclusion 

An impulsive control strategy is proposed for the synchronization of nonlinear 
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stochastic dynamical networks with time-varying delay in this paper. By apply-
ing the Lyapunov stability theory and mathematical analysis technique, suffi-
cient verifiable criterion for the exponential synchronization is derived analyti-
cally. It is shown that synchronization can be achieved by impulsively control-
ling the network nodes. Finally, a numerical simulation is used to demonstrate 
the effectiveness of our method. For the future work, the author will study the 
finite-time synchronization of stochastic complex networks with time delays and 
uncertain disturbance. 
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Abstract 
The characteristic features of operation in a pulsed regime of bifilar Cooper 
and Tesla coils during magnetic pulse processing and heating of the envi-
ronment are considered using the dependence of the maximum amplitude at 
the leading edge of the magnetic pulse max

outH  on its time duration τ . The spa-
tial distribution of the magnetic induction lines B  inside and around the 
Cooper coil is given, where, unlike the Tesla coil, the maximum values of B  
arise in the extreme planes of the coil, and its central plane is zero. The de-
fining advantages of new methods of magnetic pulse processing and heating 
of the environment are considered: the dependence ( )max

outH τ  at 0τ → ; the 
exchange of energy between the magnetic pulse and the environment; peri-
odic sequence of series of unipolar magnetic pulses at various processing mod-
es. It is shown that 1) for electric fields 10 1210 -10 mVoutE = , arising at the 
leading edge of a magnetic pulse with duration 10−5 - 10−7 s, in the deforma-
tion fractal space the electrodynamics of these fields is nonlinear; 2) inside the 
Tesla coil, in the package of conducting tapes and tubes, the pumping energy 
from the pulsed field outE  is mainly dissipated in the skin layer in the form 
of refractory coatings and heats the environment at all stages of plastic de-
formation of workpieces and heating elements up to the collapse of unstable 
microcracks. The coefficient of conversion of the pump energy in the pulsed 
regime with respect to the constant current regime is found. 
 

Keywords 
Cooper and Tesla Bifilar Coils, Leading Edge of a Magnetic Pulse,  
Deformation Fractal Space, Nonlinear Electrodynamics 

 

1. Introduction 

It is known that during static and cyclic deformation of samples, details and 
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various structures, the latent component of the energy supplied to the sample 
does not exceed several percent of the total energy expended ([1], p. 250), the 
rest of it turns into heat, dissipates in the environment and heats the sample [2]. 
When two bodies collide, the kinetic energy of the impinging body is also mainly 
converted into thermal energy and the radiation energy of the atoms of the col-
liding bodies. It should be noted here that such processes take place not only 
when different bodies are in direct contact, but also when bodies are exposed to 
an electromagnetic field [3] [4] [5] [6] [7], the photons of which are accelerated 
by light electrons scattered by heavy cations of bodies with the release of Joule 
heat. 

It is known ([8], p. 275) that when direct currents pass through conductors, 
the release of Joule heat obeys the Joule-Lenz law  

2
2

2

JQ
e
σ

σ
= = F ,                        (1) 

where Q is the amount of Joule heat released in a unit of volume per unit of time 
[J/(m3∙s)]; J is current density [A/m2]; σ is electrical conductivity of the conduc-
tor material [Ω∙m]−1; e is the electron charge; F  is force acting on the current 
carrier with charge e; oute= ⋅F E . For technical alternating currents varying 
rather slowly in time t, the expression Q retains the form (1). If the dependence 
( )J t  is given, then integration over time makes it possible to find the exact value 

of Q, while the mechanism of the transition of the kinetic energy of the ordered 
motion of conduction electrons to the vibrational energy of atoms at the sites of 
the crystal lattice during the scattering of these electrons by the nuclei of the site 
ions remains unchanged. 

It is known ([9] [10], p. 462) that in strong electromagnetic fields most of the 
atoms or molecules in dielectrics and semiconductors are in an excited state and 
can no longer absorb electromagnetic waves. Here nonlinear effects such as fre-
quency doubling and tripling occur, i.e. the appearance of double and triple har-
monics, confirmed experimentally. To describe a nonlinear medium in strong 
fields, the strengths of the external field outE  are compared with the strength of 
the intra-atomic field 2 10 1110 10 V matE e a≅ ≅ ÷ . At out

atE E , each atom is 
taken as a harmonic oscillator. When 1out

atE E ≤ , the harmonism of the atom-
ic oscillator is violated, and the oscillator becomes anharmonic. Here, the de-
pendence of the interaction energy of a strong field with a medium ceases to be 
quadratic, i.e. the dielectric susceptibility χ itself depends on outE . In this case, 
the polarization P  of a unit volume of the medium can be expanded in a series 
in terms of the parameter out

atE E E= . 
( ) ( ) ( )1 2 32 3P E E Eχ χ χ⋅ ⋅ ⋅= + + + ,                 (2) 

where the coefficients ( ) ( ) ( )1 2 3, ,χ χ χ  etc., it is customary to call nonlinear sus-
ceptibilities, which are equal in order of magnitude ( )1 ~ 1 atEχ ; ( )2 2~ 1 atEχ . 
According to [9], the magnetization M can also be represented using the corres-
ponding magnetic characteristics. 
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At present, Tesla [11] and Cooper [12] bifilar coils are widely used in magnet-
ic systems. Both coils of parallel winding contain two parallel wires in most cases 
of the same cross section, and in the Cooper coil the ends of the wires En1 and 
En2 are either soldered together or in a contact patch in the form of a disk, and 
their beginnings Bgn1 and Bgn2 are free and connected to a power source, in 
our case to the pulse generator. On the contrary, in a Tesla coil, the wiring dia-
gram is as follows: Bgn1 → En2; Bgn2 → En1. In other words, in a Cooper coil, 
free leads are always on one side, and in a Tesla coil—from different sides; in a 
Tesla coil, currents in adjacent turns are directed in one direction, in a Cooper 
coil, currents in adjacent turns flow in opposite directions. 

For more than half a century, magnetic pulse processing has been used mainly 
for axisymmetric details made of non-ferrous Cu-based alloys, while the me-
chanism of nucleation of dislocation structures under the influence of MP and 
the subsequent interaction of MP with such structures remained unrevealed. The 
use of discrete and plasma models of plasticity and fracture [3] [4] [5] [6] [7] 
makes it possible to reveal this mechanism and can radically change the ap-
proaches when choosing magnetic concentrators such as coils and magnetic pulse 
generators with a fundamentally new set of control parameters. 

The purpose of this work is to theoretically substantiate the processes of mag-
netic pulse processing and heating of the environment using Cooper and Tesla 
coils loaded in a pulsed regime, and a possible design solution for these processes. 

2. Theoretical Model  

Under shock loads, shock waves appear in materials (metals, semiconductors, 
dielectrics), which, in the presence of impurity ions, lead to the appearance of an 
intermittent field that causes the generation of linear defects—dislocations and 
subsequent plastic deformation [3] [4] [5] [6]. An external magnetic field pulse 

outH  can also be considered as a shock load. The volumetric energy density of 
an individual magnetic pulse (MP) mimu , propagating along the normal to the 
free surface, can be represented as an integral over time t and transformed using 
the mean theorem 

( ) ( )220 0
max0

d
2 2

out outu
mim

rep rep

k
u H t t H

T T
τµ µ µ µ τ = = ⋅

⋅ 
⋅ ⋅ ⋅
∫ ,         (3) 

where 0µ  is the magnetic constant; µ  is magnetic permeability of the materi-
al; ( ) 1

2 repT
−

⋅π  is MP repetition rate; τ  is the time duration of MP; max
outH  is 

maximum amplitude outH  at the leading edge of the MP; uk  is numerical coef-
ficient, 0 1uk< < . For mimu const=  and repT const=  the dependence of  

max
outH  on τ  in (3) is nonlinear:  

1 2

max 1 2
0

2 1mim repout

u

u T
H

k µ µ τ
 

=  
⋅

⋅
⋅ ⋅ 

⋅


,                   (4) 

whose graph is confirmed empirically in a wide range of τ  from 10−1 s to 10−7 s 
by three methods (machine generators, capacitor bank discharge, explosive me-
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thod) and is given in ([10], p. 662). Hence it becomes clear that at 0τ →  the 
values of max

outH  can reach superstrong fields  

( )6 7 7 810 10 oerst 7.96 10 10 A mssH = ÷ = × ÷ . It should be noted here that ac-
cording to ([10], p.662), with short-term current pulses, the skin effect becomes 
significant: currents flow through the skin layer on the inner surface of the turns 
of the coils, which leads to an increase in the current density, while for a short 
time of the current pulse, the heat removal from the skin layer is negligible, and 
the process of heating the material of the turns of the coils, any conductors in-
side the coils, occurs adiabatically. The surface temperature of these conductors 
is ( )23

max3 10 outH≈ × × , which can lead to melting of the surface layer of conduc-
tors, even from refractory materials. Let us give an equation for the tensors of 
the electromagnetic field in vacuum out

kmF  and in a deformed material if
kmF  [3]. 

( ) ( )
if out

km km out own
k k

m

F F
J J

x

∂ +
= − +

∂
,                  (5) 

where out
kJ  and own

kJ  are 4-density vectors, respectively, of external and intrin-
sic electric currents in the deformed material. If out

kJ  is set in the form of rec-
tangular pulses, then all components out

kmF  in vacuum will take the same pulse 
shape, and in a deformed material this pulse shape always takes place for own

kJ  
components and, accordingly, for ( ),if own own

kmF E H  [4] [5] as for generalized 
space. As for the connection between the magnetic induction B  and the elec-
tric field E , it can be easily traced from Faraday’s law 

rot
t

∂
= −

∂
BE ,                          (6) 

where with the help of [13] and the relation a aE c B= ⋅  in dielectrics and semi-
conductors it is possible to estimate the amplitude of the alternating electric field 

aE  in MP at the MP amplitude aB . At 0τ →  for superstrong fields ssH , this 
estimate reaches the interval 10 1210 10 V maE = ÷  and higher. At the leading 
edge of the MP with duration ffτ∆ , an intrinsic electric field own out⊥E H  
arises, which in the first approximation can be represented by a rectangular 
pulse. Similarly, on the trailing edge of the MP, the same field of opposite sign 
takes place. In addition, expression (6) allows one to determine the occurrence 
of induction currents in a pulsed regime near the surface of the conductor in two 
cases. If out ⊥H  of this surface, then the circulation of the induction current 
within the skin layer will oppose the external outH , creating its own magnetic 
field ownH  towards the external one. Here, it is necessary to assume that MP 
has a rectangular shape with duration τ , while the duration of the MP leading 
edge ffτ∆  and the relaxation time of conduction electrons relτ  are small 
compared to τ : ffτ τ∆  , relτ τ . For fft τ> ∆ , the field outH  becomes 
unchanged in time, and 0own =E , and therefore the concept of cyclotron fre-
quency is applicable ([10], p. 846), when the Lorentz force and centrifugal force 
are equal, and the conduction electrons move along orbits of diameter D. At the 
trailing edge of the MP, the situation is repeated, but at 4 710 10 sτ − −= ÷  induc-
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tion currents arise in conductors within the skin layer with a thickness of  
0.01 - 0.1 mδ = µ , and for fft τ> ∆  1 10 mD ≈ ÷ µ . If outH   of the surface of 

the conductor, then the field ownE  also takes place at the leading and trailing 
edges of the MP, but own ⊥E  of the free surface. Here, the plane of circulation 
of induction currents is normal to the free surface, while the trajectories of elec-
trons pass mainly outside the skin layer, but enter it for a short time. The inte-
raction of MP with conduction electrons occurs in a strongly inhomogeneous 
electromagnet field, where outH  and ownE  decrease exponentially ( )exp z δ− , 
and electric fields proportional to induction currents remain unchanged within 
the entire trajectory of electrons , and D is limited by the thickness of the metal 
strip inside the coils.  

Consider the spatial distributions of the lines of magnetic induction B  around 
and inside the Tesla and Cooper coils. This distribution of the Tesla coil is iden-
tical in shape to the distribution of a conventional wire coil with current ([8], Fig. 
29.5). For a Cooper coil using an ICs sensor of the SS490 series  
( )max 800 GsB = ±  with a linear Hall effect and a calibration coefficient of  

20.178 Gs mV 1.78 10 T V−≡ × , this distribution was found and shown in Fig-
ure 1. 

In this regard, it is of interest to consider the real structure of MP. Figure 2 
shows the MP at 1.25 msτ =  obtained by the authors using a magnetic pulse 
generator consisting of a rectifier unit with a filter capacitor 1C , a capacitor  
 

 
(a)                                    (b) 

Figure 1. Spatial distribution of the lines of magnetic induction B  for the Cooper coil. (a) the 
shape of the magnetic field of the Cooper coil; (b) distribution of B  along the axis of the Cooper 
coil of length L; ѺѺ—bifilar loops. 
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Figure 2. Unipolar magnetic pulse ( )HV t  with a duration of 1.25 ms with a maximum 

amplitude of the Hall voltage 1.8 VHV = . Scale division: 100 μs along the abscissa; on the 
ordinate axis 100 mV. 
 
bank, a switching device of two thyristors 1T  and 2T  and a discharge capacitor 

2C , a Tesla coil and an amplitude control unit and the duty cycle of the MP se-
quence. A unipolar pulsed field signal applied to the Tesla coil, obtained using a 
CYSJ362A Hall sensor (Technologies Gmb & Co.KG, Germany), consists of three 
sections in the form of three peaks with descending branches, where in the first 
section the maximum coil current amplitude max1I  of the first peak 4800 A, and 
the duration of its leading edge 1ffτ∆  is 1 70 - 75 sffτ∆ = µ , and in the second 
section max 2 2930 AI = , 2 90 sffτ∆ ≈ µ ; in the third section  

max 2 1307 AI = , 2 85 sffτ∆ ≈ µ ; on average 0.08 0.1 msffτ∆ = ÷ . The back-
ground part of the pulse does not exceed 16% - 19% of max1 max 2,I I . The differ-
ences between max1I  and max 2I , max 2I  and max 3I  correspond to the losses for 
increasing the latent energy in the turns of the coils and conductors inside them 
and their heating. Here, MP was recorded using a DS5022M digital oscilloscope 
(RIGOL, China) and a Hall sensor with a conversion factor of the Hall voltage 

[ ]mVyV  into the coil current [ ]AcI  equal to 200 A/75mV.  
The dependence ( )max

outH τ  allows a completely new look at the entire process 
of processing materials by pressure, since it allows to distinguish two regimes: the 
regime of generation of defects at 7 410 10 sτ − −= ÷  ascending branch ( )max

outH τ  
let us call it the regime “hammer”, and the regime of formation products at  

3 110 10 sτ − −= ÷  descending branch ( )max
outH τ  or “press” regime. Hence, the 

first defining advantage of this method is the control of the plastic deformation 
process by varying τ . 

Another important advantage in the magnetic pulse processing of dielectrics, 
ferroelectrics and semiconductors is that a short MP exchanges energy between 
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the region covered by MP moving through the material and the environment, 
while through the MP leading edge, which falls steeply in the direction of MP 
propagation, gives energy to the medium, and the trailing edge of the MIP, 
which falls more weakly in the opposite direction, takes it back; the momentum 
of the field is a reversible relationship “field-medium”. It should be noted here 
that in the “press” regime it is necessary to use crossed fields: a constant mag-
netic field normal to the surface of the sheet material during sheet stamping and 
rolling, the direction of the magnetic field of the MP can be in the plane of the 
product or make an angle 45˚ with this plane. In each specific case, an engineer-
ing technical solution is to find the angles of crossing of these fields and the an-
gles between the directions of these fields and the normal to the surface of the 
product. 

The third defining advantage of the method is the identification of a periodic 
sequence of MP series of the “hammer” and “press” type. Here, the engineering 
solution is to find the number of MP in series of the “hammer” ( mN ) and “press” 
( prN ) type at this stage of material hardening, i.e. finding the correct combina-
tion of the level of generation of defects and timely softening by redistributing 
the arising movable defects and thereby forming the size and shape of the prod-
uct required by the technology. Such a nature of the impact on the deformation 
volume of the product is due to the level of Maxwell stresses if

αβσ  in the defect 
cores, which depend on the strengths of the internal electric and magnetic fields, 
and the level of elastic stresses el

ikσ  in the medium surrounding the defect cores 
[5]. Indeed, in metals with if

ysαβσ σ> -the yield stress of the material by 10% - 
30%, there is an increase in the density of mobile and sessile dislocations, which 
is equivalent to the strengthening of metals and their alloys, and when  

if
ysαβσ σ≅ , plastic deformation at the yield point. In dielectrics and semicon-

ductors, such a site is absent, because immediately beyond the proportionality 
limit, brittle destruction occurs, since the dislocation density increases explo-
sively.  

In the case of if
ysαβσ σ>  between the “hammer” and “press” series, it is ne-

cessary to use electronic keys, which will inevitably lead to taking into account 
the inductance of the solenoid L, through which the current ( )I t  flows. The 
main control parameters of the MP sequence during magnetic pulse processing 
are ( ) ( ) ( ), , , , ,ff rep m prT N t N t I tτ τ∆ .  

Consider the use of bifilar coils in a pulsed mode when heating the environ-
ment, in particular water. The electric field arising at the leading edge of the MP 
can be represented by a rectangular pulse of duration ffτ∆ . At the first stage of 
the theory, we neglect the influence of the trailing edge of the MP, which causes 
a negative jump of such a field in the opposite direction with subsequent exponen-
tial decay to zero. Faraday’s law allows us to assume a constructive solution for a 
package of rods either from copper strips ≤ 1 mm thick, having a heat-resistant 
and refractory coating of beryllium or chromium bronze on both sides and twisted 
in the form of spirals, or a lattice of cylindrical copper tubes with the same coat-
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ings, fastened to a box-shaped profile or a profile in the form of a pipe. 
Of particular interest is the determination of the conversion coefficient trk , 

which is equal to the ratio of the specific energy expended by the system in a 
pulsed regime to the analogous energy of the alternating technical current. Note 
that in a fractal deformed space, the magnetic and dielectric permittivities μ and 
ε themselves depend on outH  and outE , respectively. Here these dependencies 
take the following form:  

( ) 2HBoutk H
β

µµ
−

⋅= ; ( ) 2HBoutk E
β

εε
−

⋅= ,              (7) 

where HBβ  is the Hausdorff-Besicovitch fractal dimension, 1 3HBβ< ≤ ; kµ  and 
kε  are proportionality coefficients. According to [7] HBβ  is a function of the 
density of conduction electrons en . Hence, the dependence of the specific field 
energy in the material on ,out outE H  can change from quadratic to cubic. A nat-
ural question arises: what volume is occupied by charged carriers in conductors 
at direct current, alternating current of frequency f and at pulsed regime? With a 
constant current, this volume coincides with the volume of a conductor with a 
cross section S and a length l. With alternating current, current carriers are lo-
cated inside the surface skin layer with a thickness of ( )1 2c fδ σµ= ⋅ ; c is the 
speed of light; σ  is electrical conductivity. In the pulsed mode 7 310 10 sτ − −= ÷  
(ascending branch ( )max

outH τ  up to the inflection point), the volume of the skin 
layer falls mainly on refractory coatings of copper tubes and tapes thickness up 
to 100 μm. Here the volume occupied by current carriers is determined by the  

ratio ( )( )0.01 0.1p ffn
S l

τ
τ
∆

÷⋅ ⋅ ⋅ , where pn  is the number of peaks in the MP.  

Hence from (1) and (7) trk  for the magnetic field in conductor tape 1 mm thick 
is equal to  

( ) ( ) ( ) 20.01 0.1 HB enp ff out
tr

nk
k H

βµ τ
σ τ

−⋅
⋅ ⋅

∆÷
= .           (8) 

Similarly, for the electric field outE  in (8), the coefficient kµ  must be replaced 
by kε . 

3. Discussion of Results  

At the end of the 19th century, N. Tesla showed that the magnetic field inside his 
bifilar coil is 10% - 20% higher than in a single-wire winding coil. After 77 years, 
W. Cooper proposed a coil in the form of a wave line wound on a cylinder of 
length sl  or in a flat design. As follows from Figure 1, inside the cylindrical 
Cooper coil there is a magnetic field gradient along the solenoid axis, while on 
the extreme planes of the solenoid the magnetic field of the coil is maximal, but 
directed from the coil in opposite directions, and in its central plane the field is 
zero. On the contrary, inside the Tesla coil, this field is maximal and has no gra-
dient along the axis, and decreases significantly on the extreme planes of the so-
lenoid. In other words, the distribution of the lines of magnetic induction of the 
Cooper coil takes the shape of a “butterfly”, the lines of “wings” of which form 
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four independent circuits of the circulation of the magnetic field scH , the cur-
rent density in these circuits is zero, and the currents in the bifilar wires are not 
equal to zero, but directed in opposite directions. Wherein in this case there are 
flows of the electric field SCE  through all the circuits in different directions 
according to Maxwell’s equation or the law of total current (Ampere’s law) ([14], 
p. 25)  

0 SC
sc scrot

t
ε ε∂ ⋅

= +
∂

E
H j ,                     (9) 

where 0sc =j ; 0ε  is dielectric constant; ε  is dielectric constant. Such a dis-
tribution of B  of the Cooper coil in a flat design can make it possible to effi-
ciently perform magnetic-pulse processing of details such as sheets, plates, etc. 

Of interest is the MP structure, which consists of three peaks, the leading 
edges of which have approximately the same duration 75 90 sffτ∆ ≈ ÷ µ . Here 
the first peak allows you to work in the hammer regime, and the third peak is 
closer to the press regime. Therefore, it is important to learn how to adjust the 
shape of the envelope of the peaks and their number. It should be noted that 
when choosing water as the environment: a weak electrolyte with a certain sepa-
ration into hydrogen ions or protons H+ and hydroxide ions OH−, this separa-
tion is usually estimated by the pH value—negative decimal logarithm of the 
proton concentration [H+], allowing you to select acidic (pH < 7) neutral and 
(pH = 7) alkaline (pH > 7) environment. The imposition of an MP and, accor-
dingly, the field outE  on it accelerates protons, which collide with metal targets 
such as membranes, partitions, contact spots in the form of disks, packs of rib-
bons and tubes and heat them up. 

The analysis shows that: 1) the interval of MP durations 4 110 10 sτ − −= ÷  can 
be carried out by means of various types of thyristor generators, which corres-
ponds to a wide range of values of the yield strengths of metals and alloys; at 

9 510 10 sτ − −= ÷ , usually Marx generators are used [15] [16]—high voltage pulse 
generators consisting of a cascade of capacitors connected in parallel through re-
sistors, the discharge of which is performed with using gas dischargers—triga- 
trons , allowing for electrohydraulic processing and crushing of materials; 2) the 
most acceptable deforming elements inside bifilar coils when the environment is 
heated in a pulsed mode can be copper tubes with a diameter of 1 - 2 mm, spirals 
of copper tapes up to 1 mm thick with refractory and heat-resistant coatings. 
Switching to a cheaper aluminum base and matching heat-resistant and refrac-
tory coatings will make domestic and commercial water heaters economically 
viable. 

In our opinion, the use of Tesla and Cooper bifilar coils loaded with magnetic 
pulse generators makes it possible at the first stage to combine traditional draw-
ing and rolling methods with magnetic pulse processing, and at the second stage 
to gradually abandon expensive and metal-intensive hydraulic presses and vari-
ous types of hammers as sources of extremely harmful effects on the foundations 
of nearby buildings and an unacceptable noise level of the order of several tens 
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Abstract 
Accurate representation of soft tissue material properties plays a crucial role 
in computational biomechanics. Several material models have been used for 
knee ligaments in finite element (FE) studies, including the neo-Hookean 
model (widely used) and the Holzapfel-Gasser-Ogden (HGO) model (seldom 
used). While the coefficients of neo-Hookean models for the knee ligaments 
are available in the literature, limited data exists for the HGO model. Fur-
thermore, no peer-reviewed comparison of these two material models for the 
knee ligaments while including the 3D representation of the ligaments for 
both material models is present in the literature. We used mechanical proper-
ties from the tensile test experiments in the literature for each ligament to 
obtain the HGO material coefficients while accounting for the ligaments’ vis-
coelastic behavior. Resultant coefficients were then used in an Abaqus/explicit 
knee model to simulate bipedal landing from a jump. The simulations were 
repeated with neo-Hookean values from the literature. Knee kinematics plus 
ACL and MCL strains were evaluated and compared for these two material 
models. The outputs from the simulations with HGO properties were predo-
minantly within 1.5 standard deviations from the mean in-vitro data. When 
the material properties changed to Neo-Hookean, the outputs for kinematics 
and strain values were higher than the HGO case, and in most instances, they 
were outside the experimental range for ACL and MCL strains (by up to 
11.35 SD) as well as some ITR angles (by up to 2.86 SD). Reported HGO ma-
terial model with optimized coefficients produces a more realistic representa-
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tion of the ligaments’ material properties, and will help improve the outcomes 
of FE models for more accurate predictions of knee behavior. 
 

Keywords 
Soft Tissue, Material Properties, Holzapfel-Gasser-Ogden Constitutive  
Model, Dynamic Finite Element Analysis, Knee Ligaments 

 

1. Introduction 

Computational biomechanics, specifically FE analysis, has become an indispensa-
ble tool that assisted in-vivo and in-vitro experiments over the past few decades. 
Moreover, factors such as increased cost-effectiveness, the non-invasive nature of 
the studies, and ethical purposes of reducing the risk to human subjects have 
complemented its ability to decode the behavior of complex biological tissues [1] 
[2]. Nevertheless, a reliable FE model should accurately represent the joint geo-
metry and material properties [3]. Determining the material properties, especially 
those for the soft tissues, has been a challenge in the biomechanical FE studies [4]. 
Knee joint computational modeling is not an exception; kinematics and the over-
all biomechanics of a knee joint are directly correlated to the properties assigned 
to the respective cruciate and collateral ligaments. Hence, it is essential to use an 
appropriate material model to capture the constitutive behavior of the ligaments. 

A wide range of material properties has been used for ligament modeling in 
the literature [5]. Earlier ligament models employed one-dimensional elements 
with nonlinear elastic force-elongation equations for the ligaments’ behavior 
[6]-[11]. Other studies have used the neo-Hookean [12] [13] [14] [15] [16] or 
Mooney-Rivlin [17] [18] material models, which are mainly isotropic and might 
not accurately represent the direction dependency of the ligaments. Lately, ani-
sotropic properties based on the strain energy density function were used in sev-
eral studies to suitably represent the ligaments’ anisotropic behavior [19]-[25]. The 
equation consists of an incompressible neo-Hookean component to represent 
the ground substance of the connective tissues [26] and a component to model 
the fibrous behavior, such as in Holzapfel-Gasser-Ogden (HGO) [27] and other 
custom-developed constitutive models [21] [22] [23] [24]. However, none of the 
studies [19] [20] that used HGO-based constitutive models for the knee liga-
ments have accounted for the ligaments’ viscoelastic behavior [28] [29] [30]. 
This work aimed to overcome these limitations by obtaining the HGO coeffi-
cients through optimization while considering the ligaments’ viscoelastic prop-
erties and comparing knee behavior using the optimized properties and Neo- 
Hookean materials. This work differs from Kiapour et al. [19] and Beidikhti et 
al. [25] in that they both investigated the effect of ligament modeling techniques, 
i.e., using different ligament geometry representations and materials, on knee FE 
simulations, which makes it challenging to decide what portion of the changes in 
outcomes attributes to the geometry selection and what portion is related to the 
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applied material model. The former [19] compared isotropic non-linear elastic 
properties while modeling the ligaments as a group of 2D truss elements and 
HGO material models applied to 3D knee ligaments. The latter [25] compared 
HGO in knee FE with 3D ligaments and simplified spring elements with non-linear 
stiffness. This study uses the same 3D geometries of the ligaments to better deli-
neate the effect of different material models for both Neo-Hookean and HGO 
models. Viscoelastic effects were also included in both cases. 

Mechanical tests have been used in the literature to obtain stress-strain curves 
for different hard and soft tissues, e.g., bones, ligaments, menisci, and cartilages 
[31]. Utilizing the accurate properties from mechanical tests for modeling liga-
ment behavior in FE software platforms such as Abaqus requires three essential 
steps: 1) finding the appropriate test data, 2) choosing the proper material model 
to represent the anisotropic hyper-elastic behavior of the ligaments, and 3) ob-
taining the coefficients to use in the selected material model using curve fitting 
techniques. This study chose the HGO model for the main four tibiofemoral liga-
ments. HGO model coefficients for both pairs of cruciate and collateral ligaments 
were obtained using optimization schemes which utilized load-displacement da-
ta from three separate mechanical test studies for ACL [32], PCL [24], and MCL 
[33]. Limited representative test data were available for the LCL; thus, the data 
from the MCL mechanical tests were adopted to determine LCL coefficients. 

The purpose of this study was to identify the coefficients in HGO model for 
the knee joint cruciate and collateral ligaments based on the mechanical test re-
sults. Viscoelastic behavior was also taken into account for a closer representa-
tion of the physiological biomechanics of the knee joint. The obtained material 
properties were then used in a dynamic FE model of the knee joint [34] under 
loading conditions from an in-vitro experiment [35]. Resultant joint kinematics 
and ligament strains were compared with FE model which uses neo-Hookean 
properties for the ligaments. We hypothesized that the FE model with optimized 
ligament properties would better match the experimental joint kinematics and 
ligament strains when used in a dynamic finite element model entailing other 
properties and characteristics from the literature. Having access to these opti-
mized coefficients will help other researchers to be able to speed up their analys-
es by directly applying these values to the ligaments in their knee finite element 
simulations whenever they are using the HGO material model in combination 
with the ligaments’ visco-elastic properties, without having to perform the cum-
bersome optimization steps for all these four knee ligaments.  

2. Materials and Methods  
2.1. Material Property Optimization  

MR images of the knee cruciate and collateral ligaments from a healthy female 
subject (23 yr, 1.71 m, 60.3 kg) were segmented in Mimics v15.0 (Materialise, 
Leuven, Belgium), smoothened in Geomagics Studio (3D Systems, Rock Hill, 
South Carolina), and meshed in Hypermesh v12.0 (Altair, Troy, MI, USA) using 
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four-node tetrahedral elements. The 3D meshes were then imported to Abaqus/ 
explicit 6.14-5 (SIMULIA, Providence, RI, USA) for mesh convergence. Mesh 
was refined in localized regions until the stress and strain differences between 
two subsequent meshes were less than 5%. Mechanical test data from literature 
were used to optimize the hyper-elastic coefficients for the HGO material model 
[36]. For ACL, Woo et al. [32] experimental data was used, Wan et al. [24] data 
was used for PCL. In order to obtain MCL coefficients, Quapp and Weiss’s [33] 
experimental results were used, and for LCL same experimental data as MCL 
was used to derive the coefficients. 

Ligaments were modeled as bone-ligament-bone structures in the FE simula-
tions to replicate mechanical test conditions (Figure 1). Two block geometries 
were created in Abaqus to simulate the bone attachment sites for each end of the 
ligament. The distal bone block was fixed and the proximal block was placed 
under a controlled displacement via a reference point coupled to the nodes of 
the bone block. If literature test curves reported load-displacement data, they 
were converted to stress-strain curves based on the length and area of each liga-
ment in the experiments to be applicable for optimizing the properties of liga-
ments with different lengths and geometries. Then they were converted back to 
load-displacement format based on the geometries of the ligaments used in the 
FE for optimizations. The displacement was applied in the same direction and 
orientation as per each experiment. Step time for applying the displacement in 
each case was calculated to reproduce the same loading rates as in the experi-
ments. Reaction force outputs acting on the reference point were extracted to 
generate load-displacement curves for each ligament.   

 

 
Figure 1. Bone-ligament-bone setup for ACL to simulate tension test experiments in Ab-
aqus. 
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ACL and PCL were modeled with two fiber families, while one fiber family 
was considered for MCL and LCL. Simulia products (Abaqus and Isight) were 
used to perform the optimizations. Hooke-Jeeves optimization algorithm [37] 
was selected to fit the load-displacement curve to that of the literature by mini-
mizing the root mean square error and achieving a correlation greater than 0.95. 
Hooke-Jeeves optimization algorithm was previously used to estimate material 
model coefficients of biological tissues, such as liver tissue [38] and residual limb 
bulk soft tissue [39]. The strain energy potential equation used in Abaqus for the 
anisotropic hyper-elastic HGO material model is based on Holzapfel et al. 2000 
[27], and Gasser et al. 2006 [36] as follows.  

( ) ( ) { }
2

21
10 1 2

12

113 ln exp 1
2 2

el N
el

J kU C I J k E
D k ∝

∝=

 −   = − + − + −   
 

∑  

with ( ) ( ) ( )( )def
1 43 1 3 1E I I αακ κ∝ − + − −= , 

where the five coefficients of C10, D, K1, K2, and κ are temperature-dependent 
material parameters that are the user-defined inputs to the software. C10 is the 
Neo-Hookean constant, D is the inverse of bulk modulus and controls the in-
compressibility, and κ determines the dispersion of the fibers. 

Initially, the values of the C10 (Neo-Hookean constant) and D (the inverse of 
the bulk modulus) were kept fixed to the values available in the literature (Table 
1), and optimizations were performed by varying the other three parameters. 
This approach worked well for both ACL and PCL. However, this did not allow 
for an appropriate fit for the load-displacement curves of the collateral ligaments 
so C10 and D were allowed to vary during the optimization process to obtain a 
satisfactory fit. The optimized coefficients were also tested in a simulated com-
pression to monitor the ligaments’ behaviors under compressive loads. The vo-
lumes of the ligaments used in this study are also reported in Table 2 to give the 
reader an idea of how close they are to their models’.  

2.2. FE Model Development 

Details on the FE models’ development and validation were presented in our  
 
Table 1. Neo-Hookean material coefficients for the knee ligaments (Pena et al., 2006). 

Ligament C10 D 

ACL 1.95 0.00683 

PCL 3.25 0.0041 

MCL/LCL 1.44 0.00126 

 
Table 2. Ligaments volumes in mm3 for the model used in optimizations.  

Ligament ACL PCL MCL LCL 

Volume (mm3) 1119 1873 2272 899 
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previous work [34] and is briefly described in this section. Following IRB ap-
proval, MR images of a healthy female subject (23 yr, 1.71 m, 60.3 kg) were used 
for creating the 3D geometry. All bony structures and soft tissues including fe-
mur, tibia, patella, fibula, medial and lateral menisci (MM & LM), articular car-
tilages (femoral; FC, medial tibial; MTC, lateral tibial; LTC, patellar; PC), and li-
gaments (anterior and posterior cruciate; ACL & PCL and medial and lateral 
collateral; MCL & LCL) were manually segmented in Mimics. The smoothing 
process of the 3D surfaces was performed in Geomagics Studio. Hypermesh was 
used for the subsequent mesh generation. Four-node tetrahedral elements were 
created and assessed for mesh quality [40] in Hypermesh, factoring into consid-
eration the elements warpage, aspect ratio, Jacobean, and tet collapse. The final 
meshes had only less than 1% of elements for each part possessing warpage > 5, 
aspect ratio > 3, Jacobean < 0.7, and tet collapse < 0.3. Model assembly (Figure 
2) and mesh convergence analysis were performed using Abaqus/explicit. The 
four main ligaments (ACL, PCL, MCL, and LCL) were coupled at their insertion 
sites to the bones. Femoral, tibial, and patellar cartilages were tied to the bones 
underneath them. Seven frictionless surface-to-surface interactions were defined 
at the contact between articular cartilages, among each other and with the me-
nisci. Additional surface-to-surface interactions were assigned to contacts be-
tween ACL-PCL, ACL-femoral notch, and tibia-MCL. Meniscal horn attachments 
were modeled as kinematic couplings between the horns and the insertion site 
on the tibial plateau. Connector elements were used as peripheral attachments 
connecting the menisci to the tibia articular surface. Other capsule structures 
were modeled as connectors with nonlinear load-displacement data. Material 
properties were derived from the literature. In brief, bones were modeled as li-
nearly elastic materials with different properties for cortical and cancellous 
bones [3]. Menisci were modeled as transversely isotropic materials [41]. The 
neo-Hookean material model was used for the articular cartilage with values  
 

 
Figure 2. Knee finite element model including 3D structures for bones, cartilages, menis-
ci, and four main ligaments, and 2D connectors for patellofemoral attachments and knee 
capsule. 
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calculated from young’s modulus and Poisson’s ratio [42]. The four main liga-
ments were modeled as hyper-elastic materials according to HGO [36], with 
coefficients obtained through the curve fitting process based on experimental 
data, as is described above in the material properties optimization section. Last-
ly, viscoelastic properties were applied to cruciate and collateral ligaments by as-
signing stress relaxation data using time-based prony series [43].  

2.3. FE Simulations 

Load cases examined included various combinations of knee abduction moment 
(KAM), internal tibial rotation moment (ITR), and anterior tibial shear force 
(ATS) followed by an axial compression force equal to the impact load of half a 
bodyweight dropping from a 30 cm height, simulating bipedal landing from a 
jump (Table 3). All analyses were done with the knee flexed to 25 degrees. Mus-
cle forces of 441N were applied to quadriceps; for counterbalance, the same 
amount of force (441N) was considered for hamstring muscles, equally distri-
buted among the lateral and medial hamstring groups. The biceps femoris long 
head was used for applying the lateral hamstring load, and the semitendinosus, 
semimembranosus, and gracilis were used for the medial side. Analyses were 
done using Abaqus explicit solver [44]. Readers may refer to Erbulut et al. 2021 
[34] for more details on the loads and boundary conditions.  

FE simulations were performed once using the optimized properties and once 
using the Neo-Hookean properties; viscoelastic behavior was considered in both 
cases. Outputs for knee kinematics (valgus/varus angle, internal/external tibial 
rotation angle, anterior/posterior tibial translation, and superior/inferior tibial 
translation) along with ACL and MCL strains were extracted and compared.  

3. Results  
3.1. Ligament Material Property Optimization 

Comparison between the load-displacement curves obtained from literature with 
those of the optimized properties showed a high correlation (r > 0.95) for all the 
four knee ligaments (Table 4 & Figures 3-6). Moreover, these properties were  
 

Table 3. Loading scenarios simulating sub-failure loadings of knee abduction moment (KAM), anterior tibial shear force (ATS), 
and internal tibial rotation moment (ITR), determined with regard to the in vivo population percentage (%) (Bates et al., 2017), 
followed by the axial impact of a drop load equal to half a bodyweight. 

Loading Cases 
Knee abduction moment (KAM) 
(Nm)—corresponding to the in 
vivo population percentage (%) 

Anterior tibial shear force 
(ATS) (N)—corresponding  

to the in vivo population  
percentage (%) 

Internal tibial rotation moment 
(ITR) (Nm)—corresponding  

to the in vivo population  
percentage (%) 

Vertical impact 
load 

Case #1 26.76 Nm - 67% 80.35 N - 67% 18.62 Nm - 67% 0.5 * BW 

Case #2 57.34 Nm - 100% 80.35 N - 67% 9.73 Nm - 33% 0.5 * BW 

Case #3 57.34 Nm - 100% 80.35 N - 67% 18.62 Nm - 67% 0.5 * BW 

Case #4 57.34 Nm - 100% 196.13 N - 100% 18.62 Nm - 67% 0.5 * BW 
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Table 4. Holzapfel-Gasser-Ogden material model coefficients for the knee main ligaments 
obtained via optimization, and the correlation coefficients.  

Ligament C10 D K1 K2 kappa Correlation 

ACL 1.95 0.00683 22.627 471.255 0.0048 0.977 

PCL 3.25 0.0041 4.836 139.750 0.000556 0.956 

MCL 3.48 0.000287 21.489 179.544 0 0.962 

LCL 1.35 0.000745 33.641 14.378 0 0.959 

 

 
Figure 3. ACL curve fitting from Simulia iSight. The horizontal axis shows displacement 
in mm, and the vertical axis displays force in N. The black curve is the experimental data 
from the literature, and the blue curve is the load-displacement curve from the optimization.  
 

 
Figure 4. PCL curve fitting from Simulia iSight. The horizontal axis shows displacement 
in mm, and the vertical axis displays force in N. The black curve is the experimental data 
from the literature, and the blue curve is the load-displacement curve from the optimization. 
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Figure 5. MCL curve fitting from Simulia iSight. The horizontal axis shows displacement 
in mm, and the vertical axis displays force in N. The black curve is the experimental data 
from the literature, and the blue curve is the load-displacement curve from the optimization. 
 

 
Figure 6. LCL curve fitting from Simulia iSight. The horizontal axis shows displacement 
in mm, and the vertical axis displays force in N. The black curve is the experimental data 
from the literature, and the blue curve is the load-displacement curve from the optimization. 
 
used in five subject-specific FE knee models and produced the kinematics and 
ligament strains largely in range of 1.5 standard deviation (SD) of the mean 
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in-vitro data [35], which supports the initial hypothesis. The outcomes looked at 
for validation included internal tibial rotation angles, knee abduction angles, an-
terior tibial translations, axial compressions and ACL and MCL strains. When 
used in a simulated compression, these properties showed no resistance under 
compressional loads, which ensures the incompressibility of the ligament beha-
vior.  

3.2. FE Simulations of Bipedal Landings 

Kinematic outputs from the experimental data were reported with respect to 
baseline kinematics at 25˚ knee flexion. Results from the FE simulations follow 
this same convention (Table 5 & Table 6, and Figures 7-10). Results are pre-
sented at 33 ms, 66 ms, and 100 ms after axial impact loading, the determined 
time course for ACL rupture following landing [45] [46].  
 

Table 5. Knee joint kinematics for load cases 1 - 4 at 33, 66, and 100 ms after initial ground contact. Green marks the values in the 
range of one standard deviation from the mean in in-vitro experiments, blue marks the values within the 1.5 standard deviation 
range, and orange marks the values outside this range.  

  
ITR (deg.) Valgus (deg.) ATT (mm) Axial Compression (mm) 

 
Time (ms) 33 66 100 33 66 100 33 66 100 33 66 100 

Case 1 
Optimized HGO 6.12 4.88 4.68 1.17 1.06 0.93 0.39 0.75 0.49 0.7 0.2 0.16 

Neo-Hook 8.64 5.49 6.42 1.72 1.82 1.87 0.58 1.84 1.29 0.93 0.14 0.18 

Case 2 
Optimized HGO 2.65 0.84 0.64 1.27 1.35 1.25 0.09 0.76 0.37 0.6 −0.002 −0.01 

Neo-Hook 7.52 1.88 0.68 1.78 2.59 4.93 0.56 2.82 3.43 0.9 −0.28 −1.3 

Case 3 
Optimized HGO 5.38 3.91 3.68 1.57 1.57 1.45 0.42 0.9 0.59 0.69 0.14 0.11 

Neo-Hook 10.84 5.52 4.86 2.94 3.51 5.19 1.39 3.43 3.66 1.13 0.02 −0.78 

Case 4 
Optimized HGO 5.53 4.14 3.75 1.62 1.63 1.49 0.62 1.08 0.76 0.69 0.16 0.12 

Neo-Hook 10.91 5.35 4.3 2.98 3.64 5.59 1.82 3.91 4.27 1.15 −0.003 −0.95 
 

Table 6. Knee joint ligament strains for load cases 1 - 4 at 33, 66, and 100 ms after initial 
ground contact. Green marks the values in the range of one standard deviation from the 
mean in in-vitro experiments, blue marks the values within the 1.5 standard deviation 
range, and orange marks the values outside this range. 

  
ACL Strain (%) MCL Strain (%) 

 
Time (ms) 33 66 100 33 66 100 

Case 1 
Optimized HGO 0.01 2.4 1.75 −0.2 −0.07 −0.07 

Neo-Hook 7.22 11.96 10.34 13.26 12.3 12.59 

Case 2 
Optimized HGO −1.34 2.18 1.07 −0.15 −0.05 −0.04 

Neo-Hook 7.16 15.52 19.55 14.62 12.28 17.48 

Case 3 
Optimized HGO −0.06 2.77 1.95 −0.18 −0.05 −0.06 

Neo-Hook 9.86 17.58 19.84 16.87 14.15 17.93 

Case 4 
Optimized HGO 0.57 3.33 2.48 −0.18 −0.04 −0.05 

Neo-Hook 11.22 19.27 22.17 16.81 13.98 18.43 
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Figure 7. Knee joint kinematics and ligaments strain values from FE simulations with opti-
mized HGO materials for ligaments (blue), FE simulations with Neo-Hookean materials for li-
gaments (orange), and in-vitro experiments (red) with standard deviations error bars for load 
case #1 at 33, 66, and 100 ms after initial contact. (A) Internal tibial rotation angles, (B) Valgus 
angles, (C) Anterior tibial translations, (D) Axial compressions, (E) ACL strains, and (F) MCL 
strains. 
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Figure 8. Knee joint kinematics and ligaments strain values from FE simulations with optimized 
HGO materials for ligaments (blue), FE simulations with Neo-Hookean materials for ligaments 
(orange), and in-vitro experiments (red) with standard deviations error bars for load case #2 at 33, 66, 
and 100 ms after initial contact. (A) Internal tibial rotation angles, (B) Valgus angles, (C) Anterior tibi-
al translations, (D) Axial compressions, (E) ACL strains, and (F) MCL strains. 
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Figure 9. Knee joint kinematics and ligaments strain values from FE simulations with opti-
mized HGO materials for ligaments (blue), FE simulations with Neo-Hookean materials for 
ligaments (orange), and in-vitro experiments (red) with standard deviations error bars for 
load case #3 at 33, 66, and 100 ms after initial contact. (A) Internal tibial rotation angles, (B) 
Valgus angles, (C) Anterior tibial translations, (D) Axial compressions, (E) ACL strains, and (F) 
MCL strains. 
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Figure 10. Knee joint kinematics and ligaments strain values from FE simulations with optimized 
HGO materials for ligaments (blue), FE simulations with Neo-Hookean materials for ligaments 
(orange), and in-vitro experiments (red) with standard deviations error bars for load case #4 at 33, 
66, and 100 ms after initial contact. (A) Internal tibial rotation angles, (B) Valgus angles, (C) Ante-
rior tibial translations, (D) Axial compressions, (E) ACL strains, and (F) MCL strains. 
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Valgus angles and anterior tibial translations were within 1SD of experimental 
mean data for both materials in all four examined load cases. In total, the simu-
lations with HGO materials led to a closer match with the outputs from in-vitro 
experiments, with only four data points outside 1.5SD, compared to the simula-
tions with Neo-Hookean materials (22 data points outside 1.5SD).   

For ITR angles, most data were in the range of experimental outputs for the 
simulations with HGO materials, except for load case 1 at 33 ms and load case 2 
at 100 ms, which lay outside the 1.5SD and 1SD from the experimental mean, 
respectively. For the models with Neo-Hookean materials, most ITR angles were 
in the range of experiments as well; except at 33 ms for load cases 1 & 3, which 
were outside the 1.5SD range while load cases 2 & 4 at 33 ms, load cases 1 & 2 at 
100 ms, and load case 1 at 66 ms time point had results outside 1SD from the 
mean experiments. 

In the case of axial compressions, all outputs at 33 ms time points for both 
materials in all load cases were in the range of in-vitro outputs. At 66 ms after 
initial contact, load cases 2 & 3 had outside 1SD data for both materials. At 100 
ms, all data were outside the 1SD range for both HGO and Neo-Hook; however, 
models with Neo-Hookean materials outputs at this time point were also outside 
the 1.5SD margin for load cases 3 & 4. 

None of the ACL and MCL outputs from the simulations with Neo-Hookean 
materials were in the range of 1SD from the mean experimental values; and for load 
case #4, the highest loads, all strain values from the models with Neo-Hookean 
materials were outside the 1.5SD margin (orange cells in Table 6, bottom row). 

4. Discussion 

Accuracy in modeling soft tissues is of great importance in computational bio-
mechanics [47], and small variations in their properties will result in significant 
changes in the FE outputs. Knee ligaments are not an exception, and their prop-
erties will directly affect the knee joint kinematics and soft and hard tissue 
stresses and strains. The considerable differences in joint kinematics and liga-
ment strains after changing the hyper-elastic material model of the main knee 
ligaments in this study proved this point and confirmed the sensitivity of joint 
biomechanics to these properties in FE simulations.  

In this study, the HGO hyper-elastic material parameters for the main knee 
ligaments were identified via optimization for use in finite element studies. The 
ACL showed the best match among all the optimized properties, most likely due 
to a more robust data set available in the literature for ACL mechanical testing. 
For example, limited studies evaluated mechanical properties of the LCL, specif-
ically no mechanical test data could be found for the human LCL for the young 
population in the literature. Most studies that reported LCL mechanical proper-
ties [48] [49] [50] [51] performed tensile test experiments on elderly cadavers, 
e.g. (81 ± 11 yrs. old) in [48] (74 ± 7 yrs. old) in [49], (77.1 ± 9.6 yrs. old) in [50], 
and 71 yrs old in [51]. Therefore, we did not find those appropriate for this 
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study that simulates landing from a jump in young athletes. Also, only a few stu-
dies were found for the PCL and MCL. Therefore, getting the accurate properties 
would be more difficult for these three ligaments relative to ACL. Nevertheless, 
all the four ligaments’ optimized coefficients presented high correlations (r > 
0.95).  

Special care should be given to using these properties in other knee FE models 
if the modeling technique varies substantially, such as not applying viscoelastic 
effects. Also, it should be considered that coefficients obtained from optimiza-
tion of material properties are not unique [52] and the purpose of this work was 
to present a set of data that were validated against in-vitro experiments. Al-
though the proposed coefficients belong to one specific subject, they have been 
tested in five different subject-specific models in the validation process. Other 
modelers can apply these properties to help with their progress; they can also use 
the tools presented here to perform optimizations of their own. 

Another important aspect while simulating soft tissue material properties is 
the conditions of experimental tension tests used. For instance, failure force, fail-
ure elongations, and other tensile properties of femur-ACL-tibia complex have 
been compared for fresh cadaveric specimens versus formalin preserved or deep- 
frozen preserved, and it has been demonstrated that the preservation method 
causes significant changes in the ligaments’ mechanical properties [53]. The ex-
periments used in this study utilized fresh frozen samples for MCL [33], −20˚C 
frozen preserved for PCL [24], and ACL [32]. This study used more current test 
data (2015) for PCL [24] and from younger specimens for both PCL (30 yr old) 
[24] and ACL (mean = 29 yr old, 22 - 35 yr) [32] as opposed to the relatively 
older data [54] used by other studies for ACL and PCL (38 yr old). 

The comparison between our optimized HGO coefficients vs. Neo-Hookean 
coefficients from the literature showed that HGO with optimized coefficients 
could produce outputs closer to the experimental data; this was expected because 
of the directionally dependent behavior of ligaments that the Neo-Hookean 
model does not permit [55], along with the more physiologically relevant coupl-
ing of fiber and ground matrix contributions provided in the HGO model. Neo- 
Hookean material led to larger strains in the FE simulations; this could be be-
cause there is less resistance to force in isotropic behavior due to the uniform 
direction of material fibers. Therefore, Neo-Hookean material showed less resis-
tance leading to greater kinematics at the joint and higher strains in the liga-
ments.   

One limitation of this study was that only one specific geometry for each li-
gament was used. While these materials properties have shown satisfactory re-
sults in five different models, future efforts can increase accuracy by optimizing 
the properties for each model separately and using subject-specific material 
coefficients, or providing a statistically relevant aggregate set of coefficients for 
each ligament. Another limitation concerns the use of uniaxial tensile data for 
determining the model coefficients where biaxial data may provide more robust 
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coefficients by considering transverse properties of the ligaments in tension. 
However, as has been shown by other researchers, there is a lack of biaxial test 
data in the literature for knee ligaments [19]. Lastly, error sources are associated 
with 3D geometry creation from medical images, such as inaccuracies in seg-
menting and smoothing, which could affect the results.  

5. Conclusion  

The coefficients of the HGO material model for the knee cruciate and collateral 
ligaments were presented in this study using optimization techniques for the use 
in the knee finite element models while including the viscoelastic properties. 
When used in finite element simulations of bipedal landing, these coefficients 
provided closer agreement with the in-vitro experiments for the joint kinematics 
and ligaments strains relative to the Neo-Hookean materials. Future works may 
expand upon this study by performing subject-specific optimizations. Also, hav-
ing access to the tensile test experiment data from a younger population will lead 
to more accurate optimization results for investigating young athletes’ biome-
chanics. Therefore, future studies may perform updated tensile test experiments 
and then redo the optimization to explore the effects on the optimized coeffi-
cients. 
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Abstract 
Price prediction plays a crucial role in portfolio selection (PS). However, most 
price prediction strategies only make a single prediction and do not have effi-
cient mechanisms to make a comprehensive price prediction. Here, we pro-
pose a comprehensive price prediction (CPP) system based on inverse multi-
quadrics (IMQ) radial basis function. First, the novel radial basis function 
(RBF) system based on IMQ function rather than traditional Gaussian (GA) 
function is proposed and centers on multiple price prediction strategies, 
aiming at improving the efficiency and robustness of price prediction. Under 
the novel RBF system, we then create a portfolio update strategy based on 
kernel and trace operator. To assess the system performance, extensive expe-
riments are performed based on 4 data sets from different real-world finan-
cial markets. Interestingly, the experimental results reveal that the novel RBF 
system effectively realizes the integration of different strategies and CPP sys-
tem outperforms other systems in investing performance and risk control, 
even considering a certain degree of transaction costs. Besides, CPP can cal-
culate quickly, making it applicable for large-scale and time-limited financial 
market. 
 

Keywords 
Comprehensive Price Prediction, Portfolio Selection (PS),  
Inverse Multiquadrics (IMQ) Radial Basis Function 

 

1. Introduction 

The target of PS is to achieve some long-term financial goals by constructing an 
effective investment strategy that can reasonably allocate wealth among a set of 
assets. There are two main theories about PS. One is the mean-variance theory 
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[1], which aims to balancing the expected return (mean) and risk (variance) of a 
portfolio and is generally applicable to the single-period PS. The other is Kelly 
investment [2] [3] which focuses on maximizing the expected log return and is 
suitable for multiple-period PS. These two theories are also the cornerstone of 
modern PS research and are constantly exploited and innovated. Considering 
the real financial market environment, most portfolio researches are more in 
line with the Kelly investment model. In other words, the essence of PS can be 
understood as an optimization problem on expected log return. Therefore, in 
order to make portfolio selection more effective under known historical price 
information, price prediction is an important link to the construction of portfo-
lio. 

Adam’s theory mentioned that there was a high chance that the market would 
go towards a particular direction [4]. Therefore, price prediction plays an indis-
pensable role in PS. At present, the most commonly used price prediction sys-
tems generally follow three principles, namely, trend-following principle, trend- 
reversing principle and pattern-matching principle [5]. Trend-following prin-
ciple assumes that a well-performing asset’s price will keep rising over next pe-
riod, and vice versa. For example, PPT [6] exploits the maximum value of asset 
prices within a time window to predict future prices. In contrast to the trend- 
following, the trend-reversing principle assumes that future asset prices will re-
verse to some kinds of historical mean. The investment behavior is to sell good 
performance and buy poor performance [7] [8] [9] [10]. For example, RMR and 
OLMAR exploit L1-median [8] and the exponential moving average (EMA) [10], 
respectively, to make future price prediction. Pattern-matching principle is to 
look for historical price pattern that fit the current financial environment and 
use it to predict the future prices [11] [12] [13]. 

Although some strategies mentioned above can be applied to some data sets 
with encouraging results, no attempt has been made to combine these strategies 
to construct a comprehensive price prediction system. In fact, the exponential 
moving average (EMA) [5], the PP [6] and L1-median [8] are all classic and 
widely used price prediction tools. L1-median and EMA are both moderate 
strategies, while PP is an aggressive strategy that can actively strive for high re-
turns. Depending on the financial environment, sometimes aggressive strategies 
are needed to achieve high returns, while sometimes moderate strategies are 
needed to avoid risks. This inspires us to construct a system able to take full ad-
vantage of multiple strategies. 

Radial basis functions (RBF) are widely exploited in solving partial differential 
equations and image denoising, [14]-[21]. The Gaussian (GA) function, the 
multiquadrics (MQ) function and inverse multiquadrics (IMQ) function are 
three classic expressions of RBF [20] [22]. Despite its good smoothing effect, GA 
is a function only with good local characteristics, which means it’s significant 
merely in a neighborhood near the center point. MQ was originally introduced 
by Hardy [23] and generally accepted by researchers. Although Franke [24] 
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proved that MQ performed best in dealing with the interpolation problem of 
scatter data, MQ was conditionally positive definite. Therefore, a more applica-
tion-oriented IMQ was proposed. The outstanding advantages of IMQ are good 
global feature, strict positive definite and stable eigenvalue [14] [18]. For exam-
ple, Abbasbandy [14] pointed out that IMQ could be used to approximate the 
unknown analytic function to get a more stable and accurate solution in solving 
the global optimization problem. And Tanbay [19] pointed out that compared 
with GA in the solution of the neutron diffusion equation, IMQ had a more sta-
ble performance and could obtain highly numerical solution. Therefore, we in-
corporate IMQ rather than traditional GA in our novel RBF system to increase 
efficiency and robustness. 

In this paper, a comprehensive price prediction (CPP) system based on IMQ 
radial basis function is constructed. The system firstly uses IMQ basis function 
to construct a novel RBF system. Then, combining with the novel RBF system, a 
portfolio update strategy based on kernel and trace operator is constructed. Now 
let’s consider H different price prediction strategies. This paper mainly focuses 
on three strategies, namely EMA, L1-median and PP. Firstly, CPP selects the 
best-performing strategy according to investing performance of all strategies 
within the recent window and given it the largest influence in future price pre-
diction. Secondly, CPP exploits the similarity between the best-performing strat-
egy and other price prediction strategies to calculate the influence of other strat-
egies. This system effectively integrates the advantages of all price prediction 
strategies and innovative measuring the influence by investing performance. In 
genneral, this paper’s main contributions are as follows:  

1) Propose a novel RBF system based on IMQ radial basis function and cen-
tered on multiple price predictions, which form a comprehensive price predic-
tion.  

2) Propose a comprehensive combination of aggressive strategies and mod-
erate strategies to achieve a better balance between returns and risks.  

3) Propose a portfolio update strategy based on kernel and trace operator.  
The rest parts of this paper are presented as follows. Section 2 describes the 

relevant problem setting and related work about PS. The CPP system is intro-
duced and described in detail in Section 3. Experiments on 4 benchmark data 
sets are carried out to assess CPP in Section 4. Finally, conclusions are presented 
in Section 5.  

2. The Relevant Problem Setting and Related Work 
2.1. The Relevant Problem Setting  

In this paper, d assets with a time span of n periods in financial market are con-
sidered. For the sake of understanding, let’s think of a period as a day. The asset 
prices of the tth period is presented by the close prices vector d

t +∈q  ,  
0,1,2, ,t n=  , where i

tq  represents the price of the ith asset and d
+  is a 

d-dimensional nonnegative real space. The change of asset prices is presented by 
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the price relative vector [25]  

 
1

, , 1, 2,3, , ,dt
t t

t

t n+
−

= ∈ =
q

s s
q

                 (1) 

where division between two vectors represents the division of corresponding com-

ponents, i.e. 
1

i
i t
t i

t

q
s

q −

= . Note that the price relative vector is an crucial metric in  

PS, because it’s always used to evaluate the performance of an asset. When 
1i

t >s , the ith asset price goes up, and vice versa. Of course when 1i
t =s , it 

means the price doesn’t change. 
At the beginning of each trading period, wealth needs to be allocated across a 

range of assets. In this paper, when investing, the proportion of each asset in to-
tal weath is recorded as the portfolio vector. Suppose there are d assets and their 
portfolio vector in the tth period is  

 ( )

1
: : 1 ,

d
id

t d
i

+
=

 ∈∆ = ∈ = 
 

∑v v v                  (2) 

where d∆  is a d-dimensional simplex. A non-negative constraint indicates that 
non-short-selling and the equality constraint indicates that self-financing, which 
means it is not allowed to borrow money and all of the wealth is reinvested. 
Since all the wealth in the previous periods is invested over next period, the cu-
mulative wealth (CW) increases at a multiple rate, i.e. 1t t t tW W Τ

−= v s , which  
t t
Τv s  is the increasing factor. So after n periods, the final cumulative wealth is  

 ( )0
1

,
n

n t t
t

W W Τ

=

= ∏ v s                        (3) 

where 0W  is the initial wealth. In this paper, for the convenience of calculation, 
it is assumed that 0 1W = . Then the final cumulative wealth nW  is  

 ( )
1

.
n

n t t
t

W Τ

=

=∏ v s                         (4) 

The ultimate purpose of PS system is to maximize the final cumulative wealth 

nW  by constructing a set of the portfolio vectors { } 1

n
t t=

v , that is  

 
{ }

( )
1 1

max .
n

t d t

n

n t t
t

W
=

Τ

∈∆ =

= ∏
v

v s                      (5) 

From the above equation, this is equivalent to maximizing the increasing fac-
tor t t

Τv s . Note that this optimization problem does not require statistical as-
sumption about the changes in asset price. 

2.2. Related Work  

In this subsection, some classical prediction strategies are introduced to help us 
understand how to build a PS system. 

The UBAH strategy [5], which is generally used as a market strategy to gener-
ate a market index, is to start with an equal distribution of wealth among d assets 
and keep it constant, thus the final cumulative wealth  
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 ( )

1 1

1 .
nd

iMarket
n t

i t
W

d = =

= ∑∏ s                         (6) 

Both OLMAR [10] and RMR [8], which keep a moderate attitude, use the 
mean reversion phenomenon to predict the future asset prices. OLMAR points 
out that the future asset prices would recover to historical moving average and 
proposed the exponential moving averages (EMA). The EMA exploits all histor-
ical price information to achieve price prediction. The specific representation of 
EMA is as follow:  

 

( ) ( ) ( ) ( )

( )

( )

1
, 1

1 1

1

,

1

1

1 ,

t t t
E t

t t

t t

t t

E t

t

EMA EMA

EMA

α α α α
α

α α

α α

−
+

− −

−

+ −
= =

= + −

= + −

q
s

q q
q

q q
s
s





1

1

           (7) 

where tEMA  represents the previous EMA and 1  is a d-dimensional vector 
with components of 1. 0 1α< <  is a decaying factor and ts  is the real price 
relative on the tth period. 

When expanding tEMA , then  

 

( )
( ) ( )

( ) ( )

1

2
1 2

1

0
0

1

1 1

1 1 ,

t t t

t t t

t k t
t k

k

EMA EMA

EMA

α α

α α α α

α α α

−

− −

−

−
=

= + −

= + − + −

= − + −∑

q

q q

q q

             (8) 

as a result, EMA really makes full use of all historical prices and gives lager 
weight to more recent price information. 

Unlike OLMAR, RMR no longer uses the simple mean, but instead exploits 
the robustness of L1-median [26] [27] to predict the future asset prices. Statisti-
cally speaking, the L1-median has a more attractive property than the simple 
mean because it’s breakdown point is 0.5, meaning that when 50% of the points 
in the data set are pollution values, the L1-median can take values that exceed all 
boundaries. A higher the breakdown point means a more stable estimator, and 
the breakdown point of the simple mean is 0. The corresponding future price 
relative of RMR is  

 
( )1 1

, 1 ,t
L t

t

L med ω+
+ =s

q
                        (9) 

where  

 ( ) 1
1 1 0arg min ,k

t t iiL med
µ

ω µ−
+ −=

= −∑ q                (10) 

where ⋅  represents the Euclidean norm. 
OLMAR and RMR exploit the same optimization approach to update strate-

gies as follows:  

 2
1 1

1ˆ ˆarg min , s.t 0.
2d

t t t
v

εΤ
+ +

∈∆
= − ≥ >v v v v s              (11) 
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EMA and L1-median essentially exploits the principle of mean reversion. They 
are cautious in their price prediction. However, there are plenty of evidence in 
real financial markets that irrational investment can keep prices trends. There-
fore, the importance of trend-following strategies should not be ignored. In real 
financial markets, most investors profit from rising prices. So they are more 
concerned about recent maximum prices. PPT system suggests using the PPs 
from different asset prices within a time window [6].  

1 0 1
max , 1,2, ,i i

t t kk
i d

ω+ −≤ ≤ −
= =q q

  

 1
, 1 ,t

P t
t

+
+ =

q
s

q


                          (12) 

and , 1P t+s  can also be understood as the growth potential of the assets. 
EMA and L1-median belong to the trend-reversing, both of which are con-

servative and moderate investment strategies. In contrast, PP is an active and 
aggressive strategy as it belongs to the trend-following. Depending on the finan-
cial environment, sometimes aggressive strategies are needed to achieve high re-
turns, while sometimes moderate strategies are needed to avoid risks. All of 
these motivate us to construct a comprehensive price prediction system that can 
effectively integrate the advantages of different strategies.  

3. A Comprehensive Price Prediction Based on Inverse  
Multiquadrics Radial Basis Function  

3.1. Novel RBF System Based on IMQ Function  

The classical expression of RBF system is as follow:  

 

( ) [ ]

( )

1 2

2

2

, , , ,

exp
2

H

h
h

h

ψ ψ ψ

ψ
σ

Τ= =

 − −
 =
 
 

y Q x

x
x

ψ ψ

ρ                   (13) 

where x  and y  are input and output respectively, d H×∈Q   represents the 
weight matrix of the RBF system, d is the dimension of output, ψ  is a vector 
composed of GA radial basis function, both hρ  and 2

hσ  are the center points 
and the scale parameters of the GA function, respectively. Note that 2

hσ  reflects 
the width of the function image. 

Besides GA, IMQ is another radial basis function that cannot be ignored. Here, 
a novel RBF system based on IMQ radial basis function is constructed, that is  

 
( ) [ ]

( )

1 2

2 2

, , , ,
1

H

h

h h

ψ ψ ψ

ψ
σ

Τ= =

=
− +

y Q x

x
x

ψ ψ

ρ

                  (14) 

There is a theoretical basis for this improvement. GA and IMQ are essentially 
the same and both are positive definite functions [28]. However, in practical ap-
plication, IMQ performance is more stable and better than GA [14] [19]. 

As for the formula in this paper, H price prediction strategies are denoted as 
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{ }, 1 1

H
h t h+ =

s . In this paper, three typical price prediction strategies are integrated, 
namely , 1E t+s , , 1L t+s  and , 1P t+s  in formula Equation (7), Equation (9) and Eq-
uation (12), corresponding to 3H = . The next step is to determine the input 
x  and the center hρ . First, all price prediction strategies { }3

, 1 1h t h+ =
s  serve as 

the centers of novel RBF system. Secondly, projection operation is exploited to 
get qualified portfolio , 1h t+v , and then choose the strategy with the best perfor-
mance as the input. The specific methods are as follows:  

 
2

, 1 , 1arg min , 1,2,3
d

h t h t h+ +
∈∆

= − =
s

v s s                 (15) 

 , 1 ,0 11 3
arg min min ,t h t k t kkh ω

Τ
∗ + − −≤ ≤ −≤ ≤

=s v s                   (16) 

where d∆  is defined as Equation (2) in Equation (15), ,h t k t k
Τ

− −v s  represents the 
increasing factor of the hth price prediction strategy of the ( )t k− th period and 

t k−s  is the actual price relative generated by Equation (1). The method is firstly 
transformed { }1, 1 2, 1 3, 1, ,t t t+ + +s s s    onto a d-dimensional simplex [31]. Then it ex-
ploits { } 1

, 0

w
h t k k

−

− =
v  generate the increasing factors to evaluate the investing per-

formance and select the input , 1t∗ +s  of the novel system. The essence of , 1t∗ +s  
is select the best-performing strategy, where the best-performing strategy means 
that it can get the highest return even in the worst financial environment. The 
general process is that the smallest increasing factors of each strategy is selected 
within a time window, and then the largest increasing factor is selected from a 
set composed of the smallest increasing factors. This approach ensures that we 
get the best price prediction strategy in the worst trading environment, which is 
the key to improving the overall robustness of the system. 

In the novel RBF system mentioned in Equation (14), all qualified portfolios 
calculated by Equation (15) serve as centers of the novel RBF system, and the 
best strategy , 1t∗ +s  serves as fixed inputs. The specific form of novel RBFs in 
Equation (14) is transformed into  

 

( ) [ ]

( )
1 1 , 1 1 2 3

, 1 2 2
, 1 , 1

, , ,

1 , 1, 2,3

t t t

h t

t h t h

h

ψ ψ ψ

ψ
σ

Τ
+ + ∗ +

∗ +

∗ + +

∆ = =

= =
− +

v S s

s
s v







 

ψ ψ

            (17) 

where 1t+∆v  represents the updated increment of the portfolio on the ( )1t + th 
period and 3

1 1, 1 2, 1 3, 1, , d
t t t t

×
+ + + + = ∈ S s s s

     is equivalent to the weight matrix. 
The reason for this representation of 1t+∆v  will be explained in the later Section 
3.3. From the above formula, it can be seen that the system quantifies the simi-
larity degree between , 1t∗ +s  and , 1h t+v . If , 1h t+v  is close to , 1t∗ +s , then the 
function hψ  will increase, and , 1h t+s  will amplify its influence on the incre-
ment 1t+∆v . With the change of the time t, the input , 1t∗ +s  also changes be-
tween different strategies in order to adapt to the latest changes in the financial 
environment. 

The proposed novel RBF system in Equation (17) is different from in Equa-
tion (13) in many different ways which are mainly reflected in the problem set-

https://doi.org/10.4236/am.2021.1212076


M. M. Zheng 
 

 

DOI: 10.4236/am.2021.1212076 1196 Applied Mathematics 
 

ting, data characteristics and the selection of radial basis functions.  
1) The centers { }hρ  in Equation (13) are obtained by minimizing the error 

of fitting y . While the centers { }, 1h t+v  in Equation (17) represent the corres-
ponding price prediction strategies.  

2) Although the inputs of those two RBF systems are fixed, , 1t∗ +s  is deter-
mined by the recent investing performance of all prediction strategies. This 
means that each price prediction strategy is likely to be an input.  

3) The basis functions of those two RBF systems are different. The system in 
Equation (13) uses Gaussian radial basis function, while Equation (17) uses the 
IMQ radial basis function.  

4) The objective of Equation (13) is to fit y . So the back-propagation me-
thods can be used to solve the problem [29] [30]. However, the objective of Equ-
ation (17) aims to maximize the generalized increasing factor and the solution 
method is different from Equation (13).  

3.2. Comprehensive Price Prediction System  

In order to apply the theory to practice, the next step is to construct a PS model 
using the proposed novel RBF system. As described in Section 2.1, in order to 
obtain better investing performance, the increasing factor 1 1t t

Τ
+ +v s  should be 

maximized when price information of t periods is known. Although the price 
relative 1t+s  is unknown, we can use the price prediction strategy { }, 1h t+s  to 
generate the future price relative. In addition, the novel RBF system can be ex-
ploited to construct a generalized increasing factor as follow:  

 

( ) ( )

( )

1 1 3

1 1, 1 2, 1 3, 1

arg max ,

, , ,

ˆs.t. , , 0,

t t

t t t t

d t

tr
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ε ε

Τ Τ
+ +

+ + + +

= =

 = =  
∈∆ − ≤ >

v
v V S V v

S s s s

v v v





  

1

ψ

Ψ

Ψ                (18) 

where tr is the trace operator, V  is an 3-dimensional vector with component 
v , Ψ  is a diagonal matrix with ψ  as diagonal elements, 1t+S  is a matrix 
composed of 3 predicted future price relatives, and 31  is an 3-dimensional vector 
with elements of 1. Notice the difference between 31  here and d-dimensional 
1 , and the v  and v̂  are different vectors. The constraints of v  make it act 
as a qualified portfolio and within a distance ε  from ˆtv . 

Compared with the classical form of the increasing factor 1t
Τ

+v s  in PPT [6], 

( )1ttr +V SΨ  can be considered as a generalized increasing factor. Because 

( )1ttr +V SΨ  includes Ψ  as the kernel to adjust the influence of different price 
prediction strategies. Strategy with the best performance , 1t∗ +s  given it the larg-
est influence, while other strategies { }, 1h t+s  have the less influence and the 
magnitude of influence measured by their similarity to , 1t∗ +s . 

Inspired by the gradient projection principle [6] [8] [10] [31], when solving 

1t+v , the simplex constraint of v  is firstly relaxed to only consider 1Τ =v1 , 
and then the result is projected onto the simplex. And make ˆt= −u v v  here, 
then Equation (18) can be further converted into  
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1 1

1 13
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tr εΤ Τ
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Τ
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= = ≤

= = +
u

u U S u u

U u v v u

 1

1

Ψ
             (19) 

the reason for this simplification is that ˆtv  is fixed and ˆ 0t
Τ Τ Τ= − =u v v1 1 1 . 

Therefore, the optimization goal is now switching from 1t+v  to the update in-
crement 1t+u . 

3.3. Solution Algorithm  

In this subsection, the solution algorithm of CPP is introduced in detail, which 
has briefly concluded in Proposition 1. It is worth noting that our solution is 
suboptimal, not only because there is a certain bias in estimating the future with 
historical data but also to avoid over-fitting. So it’s not necessary to get the op-
timal solution.  

Proposition 1. If ( )1 3
1 0td

Τ
+

  − ≠  
  

I S11 1Ψ , the unique solution of Equa-

tion (19) is  

 
( )

( )

1 3

1

1 3

1

,
1

t

t

t

d

d

ε Τ
+

+
Τ

+

 − 
 =
 − 
 

I S
u

I S





11 1

11 1

Ψ

Ψ
                   (20) 

note that if ( )1 3
1 0td

Τ
+

 − = 
 

I S11 1Ψ , we make 1 0t+ =u . 

Proof. The first step is to prove that 1t+u  satisfies all constraints in Equation 
(19), that is  

 1 1t+ =u                            (21) 
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So 1t+u  satisfies the two constraints. The second step is to prove that the op-
timization problem in Equation (19) maximizes at 1t+u . By contradiction we 
suppose that there exists û  that satisfies all constraints and  

 ( ) ( )1 1 1
ˆ ,t t ttr trΤ Τ

+ + +>U S U S Ψ Ψ                   (23) 

where 3
ˆ ˆ=U u1 , 1 1 3t t+ +=U u 1 . 

On the one hand, the right side of the Equation (23) can be converted to  

 ( ) ( ) ( )1 1 1 3 1 3 1 1 3 1 1t t t t t t t ttr tr trΤ Τ Τ Τ Τ Τ Τ
+ + + + + + + += = =U S u S S u S u   1 1 1Ψ Ψ Ψ Ψ   (24) 
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Note that 3 1 1t t
Τ Τ

+ +S u1 Ψ  is a scalar. 
Then we substitute 1t+u  into the scalar  
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The second equation is derived from the idempotent of 1
d

Τ − 
 

I 11 . 

On the other hand, the left side of the Equation (23) can be converted to  
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The inequality is derived from Cauchy-Schwarz inequality. 
Take Equation (23), Equation (25) and Equation (26) into consideration, we 

have  

 ( )1 3 13
1 1 ˆt td d

ε Τ Τ Τ Τ
+ +

   − < −   
   

I S S I u 11 1 1 11Ψ Ψ           (27) 

Hence, we can deduce ˆ ε<u . This contradicts ˆ ε≤u . It is proved that the 
optimization problem in Equation (19) obtain the maximum at 1t+u  

Finally, we prove that the solution 1t+u  is unique. If 1t+u  is not the only so-
lution, then there must be another optimal solution 1t∗ +≠u u , and  

 ( ) ( )3 1 1 1 1 1 3 1t t t t t ttr trΤ Τ Τ Τ Τ Τ
+ + + + ∗ + + ∗= = =S u U S U S S u   1 1Ψ Ψ Ψ Ψ        (28) 

This shows that 1t∗ +u u . So the Cauchy-Schwarz inequality is strict  

 3 1 3 1 3 1
1 1

t t td d
Τ Τ Τ Τ Τ Τ Τ Τ

+ ∗ + ∗ + ∗
   = − < −   
   

S u S I u S I u  1 1 11 1 11Ψ Ψ Ψ    (29) 

According to Equation (25) and Equation (29), we obtain ε∗ >u . This con-
tradicts the constraint ε∗ <u . 

To sum up, we can get that 1t+u  is the optimal and unique solution of opti-
mization problem in Equation (19).                                   □ 

Regarding Proposition 1, the update increment  

 ( )1 1 13
1 1 ,t t td dε ε

Τ Τ
+ + +

      = − = −      
      

u I S I S  11 1 11 ψΨ     (30) 
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where ε  is a mapping projected onto the ε -Euclidean ball. Compared with 
Equation (17), in order to satisfy the constraint conditions in Equation (19), 

1t+u  adds two operators on the basis of 1t+∆v . Thus, this is also explains why 
the update increment of the portfolio is represented as Equation (17). 

Then, the portfolio 1ˆt+v  on the next period is shown as follows:  

 
1 1

2
1 1

ˆ

ˆ arg min .
d

t t t

t t

+ +

+ +
∈∆

= +

= −
v

v v u

v v v                     (31) 

The complete CPP system is outlined in Algorithm 1. CPP is a fast algorithm 
because it only uses ordinary matrix calculation without any iterative calculation, 
which significantly reduces the operation time. 

4. Experiments  
4.1. Data Sets and Comparison Approaches  

In this subsection, in order to comprehensively assess the performance of sys-
tems, a large number of experiments were carried out on four data sets, namely 
NYSE(N), DJIA, SP500 and HS300. In fact, they contain the daily price relatives 
of assets, originating from the New York Stock Exchange, Dow Jones Industrial 
Average, Standard & Pool 500 and China Stock Index 300, respectively. These 
data sets have larger assets scales and long time spans. So they can be used to as-
sess the investing performance of systems. The details of these data sets are in-
troduced in Table 1. 
 
Table 1. Summary of 4 benchmark data sets from real-world financial market. 

Dataset Region Time Periods Stocks 

NYSE(N) US 1/1/1985-30/6/2010 6431 23 

DJIA US 14/1/2001-14/1/2003 507 30 

SP500 US 2/1/1998-31/1/2003 1276 25 

HS300 CN 21/1/2006-16/10/2017 421 44 

 
Algorithm 1. The whole CPP system. 
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Six commonly used PS systems are introduced, namely RMR, OLMAR, PPT, 
TRLR [32], SSPO [33] and AICTR [34], to compete with CPP that we proposed. 
A detailed descriptions of these systems are as follow.  

1) RMR: RMR uses L1-median to make price prediction as describled in Sec-
tion 2.2.  

2) OLMAR: OLMAR uses the moving averages to make price prediction, which 
are described in Section 2.2.  

3) PPT: PPT is an aggressive strategy that uses the maximum values of differ-
ent assets to make price prediction as mentioned in Section 2.2.  

4) TRLR: TRLR [32] is a novel trend representation strategy. It exploits weighted 
ridge regression to represent the price trend pattern with time t as a variable, 
which improves the efficiency of the price prediction.  

5) SSPO: SSPO [33] is an aggressive strategy and concentrates wealth on a 
small number of assets by taking advantage of the inherent sparsity of assets to 
maximize the final CW.  

6) AICTR: AICTR [34] is a composite trend tracking system using Gaussian 
basis function.  

In order to ensure the performance of these systems, the parameter settings of 
these systems are consistent with the default settings in the original paper [6] [8] 
[10] [32] [33] [34]. RMR: 5ω = , 5ε = ; OLMAR: 0.5ν = , 10ε = ; PPT: 

5ω = , 100ε = ; TRLR: 5ω = , 1 0.1q = , 0.7λ = , 0.3σ = , 40000η = ; SSPO: 
5ω = , 0.01γ = , 0.5λ = , 0.005η = , 500ζ = ; AICTR: 5ω = , 2 0.0025hσ = , 
1000ε = . Note that for consistency, all time window sizes are set to 5ω = . In 

the experiments, the portfolio vector is initialized to ( )1 1 d=v 1 . 
In general, the parameters of CPP are determined based on the results of final 

cumulative wealth (CW), operating in the same way as previous studies. The 
calculation of final CW is described in detail in Section 2.1. First, we set the 
window size 5ω = , which is widely used and consistent with other systems. 
Secondly, we change one parameter to fix the other parameters for the experi-
ments. Since ε  is the updating strength, it is roughly estimated to be larger 
value, while 2

hσ  is a parameter used to evaluate the difference between two 
portfolios, it should be a small value. On the one hand, we firstly set 5ω = , 

1400ε = , and then set 2
hσ  change between 0.0007 and 1.0012. According to the 

results in Figure 1, the investing performance of CPP around 2 0.0008hσ =  is 
stable and good. On the other hand, we firstly set 5ω = , 2 0.0008hσ =  and 
then make ε  change between 1200 and 1700. The results are shown in Figure 
2 and we know that CPP is stable and good around 1400ε = . Therefore, the 
parameters of CPP are set as: 2 0.0008hσ = , 1400ε = . 

4.2. Experimental Results 

In this paper, a scheme containing seven evaluation indicators are designed to 
assess the performance of different systems and achieve the most excellent re-
sults. These seven indicators can be roughly divided into three categories, namely 
investing performance, risk metrics and application issues. Investing performance  
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Figure 1. Final CWs of CPP in regard to 2

hσ  on four data sets (fixed 5=ω , 1400=ε ). 
(a) NYSE(N), (b) DJIA, (c) SP500, (d) HS300. 
 

 
Figure 2. Final CWs of CPP in regard to ε  on four data sets (fixed 5=ω ,  

2 0.0008h =σ ). (a) NYSE(N), (b) DJIA, (c) SP500, (d) HS300. 

 
includes CW, mean excess return (MER) and α  Factors. Risk metrics consist 
of sharpe ratio (SR) and information ratio (IR). As for application issues, we 
chose transaction cost and running times to assess them. Those indications will 
be discussed in the following subsection. 

4.2.1. Investing Performance 
1) CW: The final CWs are the primary consideration in evaluating a system. 

Without taking transaction into account, the results of CWs for various systems 
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mentioned in Section 4.1 are shown in Table 2. CPP outperforms seven com-
monly used systems on three data sets and ranks third on NYSE(N). For exam-
ple, CPP(4.74, 18.05) is significantly higher than PPT(3.08, 10.78), TRLR(2.71, 
13.17) and OLMAR(1.16, 9.59), respectively. In addition, DJIA is a challenging 
data set because many systems do not perform well in this data set, such as PPT, 
and OLMAR. But CPP can reach a value of 4.74, which is 53.90% higher than 
PPT. These results shows that CPP is an effective PS system and can accumulate 
more wealth in the real financial market. 

In order to show the superiority of the system CPP, the CWs of each system 
on DJIA is plotted in Figure 3. By observing the Figure 3, the excellent investing 
performance of CPP can be shown more intuitively.  

2) MER: Return is a financial term that describes the proportion of wealth by a 
PS system gained or lost over one investing period. In this paper, the daily return  
 
Table 2. Final CWs and MERs of different PS systems on 4 data sets. 

System 
NYSE(N) DJIA SP500 HS300 

CW MER CW MER CW MER CW MER 

RMR 3.25E+8 0.0032 2.67 0.0029 8.28 0.0019 1.35 0.0001 

OLMAR 4.69E+8 0.0032 1.16 0.0012 9.59 0.0020 1.20 0.0001 

PPT 2.89E+9 0.0036 3.08 0.0031 10.78 0.0022 1.09 −0.0004 

TRLR 2.29E+9 0.0035 2.71 0.0030 13.17 0.0023 1.34 0.0001 

SSPO 1.62E+9 0.0035 3.68 0.00036 16.97 0.0025 1.08 −0.0004 

AICTR 7.66E+8 0.0033 4.17 0.0038 14.22 0.0024 1.42 0.0003 

CPP 1.67E+9 0.0034 4.74 0.0041 18.05 0.0025 1.48 0.0004 

 

 
Figure 3. Daily CWs of different PS systems on DJIA. 
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on the tth period is ˆ 1t t tr Τ= −v s . MER [35] is an indicator that computes the 
long-term average daily excess return of attended PS systems  

 ( ), ,
1

1MER ,
n

s m s t m t
t

r r r r
n =

= − = −∑                   (32) 

where ,s tr  and ,m tr  present the daily returns of attended PS system and the 
market baseline on the tth period, respectively. Note that, the UBAH system is 
defined as the market baseline. 

The MER results from various PS systems are described in Table 2. CPP ob-
tains the largest MER on three data sets and ranks third on NYSE(N). For in-
stance, CPP(0.0041, 0.0004) is significantly higher than PPT(0.0031, −0.0004), 
OLMAR(0.0012, 0.0001) and TRLR(0.0030, 0.0001) on DJIA and HS300 respec-
tively. In addition, a small MER gap is likely to produce a lager CW gap in the 
long-term. Therefore, the above results demonstrate that CPP can achieve an 
outstanding investing performance.  

3) α  Factor: MER measures the investing performance of a PS system with-
out considering market risks. However, in the real financial market, the volatility 
of the market will undoubtedly affect the performance of assets. Capital asset 
pricing model(CAPM) [36] points out that the expected return sources of PS 
systems can be divided into two parts: the first part comes from the market re-
turn, and the second comes from the inherent excess return, also called α  
Factor [37] [38]. Therefore, α  Factor able to evaluate the investing perfor-
mance of different PS systems:  

 ( ) ( ) ( )
( )2

ˆ ,ˆ ˆˆ, ,
ˆ

s m
s m s m

m

c r r
E r E r r r

s r
α β β α β= + = = −            (33) 

where ( )E ⋅  is the mathematical expectation of the sample data, and ( )ĉ ⋅  and 
( )ŝ ⋅  are covariance matrix and standard deviation calculated from the daily re-

turn of n trading days, respectively. 
The α  Factor results from all PS systems mentioned are presented in Table 

3. CPP achieved the highest α  on three data sets and ranked second on the 
NYSE(N). For example, CPP (0.0042, 0.0002) achieves a higher α , compared  
 
Table 3. α  Factors (with p-Values of t-tests) of different PS systems on four data sets. 

System 
NYSE(N) DJIA SP500 HS300 

α  Factor p-Value α  Factor p-Value α  Factor p-Value α  Factor p-Value 

RMR 0.0031 <0.0001 0.0030 0.0054 0.0018 0.0102 −4.5e−5 0.5261 

OLMAR 0.0031 0.0000 0.0013 0.1366 0.0019 0.0082 −0.0003 <0.0001 

PPT 0.0035 <0.0001 0.0034 0.0024 0.0020 0.0065 −0.0005 0.7465 

TRLR 0.0035 <0.0001 0.0031 0.0043 0.0022 0.0039 0.0001 <0.0001 

SSPO 0.0034 <0.0001 0.0037 0.00009 0.0024 0.0019 −0.0005 <0.0001 

AICTR 0.0032 <0.0001 0.0039 <0.0001 0.0022 0.0027 6.8e−5 0.4638 

CPP 0.0034 <0.0001 0.0042 <0.0001 0.0024 <0.0001 0.0002 <0.0001 
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with RMR(0.0030, −4.5E−5), PPT(0.0034, −0.0005), OLMAR(0.0013, −0.0003) 
and TRLR(0.0031, 0.0001) on DJIA and HS300, respectively. The above results 
show that CPP is still able to achieve higher inherent excess return in the face of 
market volatility. In addition, the statistical t-test is used to determine whether 
α  is significantly lager than 0, proving that the inherent excess return is not 
achieved by luck. The results of p-value presented in Table 3 and the α  of CPP 
is significantly lager than 0 at a high confidence level of 99% (with all p-values < 
0.01). It shows that CPP achieves good inherent excess returns and the obtained 
results are not the result of luck.  

4.2.2. Risk Metrics 
1) Sharpe Ratio: In the real financial market, risks and returns coexist, and high 

excess returns often mean high risks. Wise investors will balance returns and 
risks before investing. Sharpe proposed SR [36] [39] to measure risk-adjusted 
return  

 
( )

SR
ˆ
s f

s

r r
s r
−

=                           (34) 

where fr  is the return of risk-free assets, and sr  and ( )ˆ ss r  are the average 
return and the standard deviation calculated from the daily return of n periods 
respectively. Note that, this article don’t consider risk-free assets. So let 0fr = . 

The results of SR for various PS systems are presented in Table 4. CPP stands 
out among commonly used systems and achieves the highest SR on all data sets. 
For example, CPP(0.1076, 0.0599) achieves the highest SR compared to AICTR 
(0.0995, 0.0555), OLMAR(0.0252, 0.0353), and SSPO(0.0919, 0.0192) on DJIA 
and HS300 respectively. The above results prove that CPP has an excellent abili-
ty to balance return and risk compared with commonly used systems.  

2) Information Ratio: Unlike SR, IR [40] does not directly measure the risk- 
adjusted excess return of a system, but measures it compared to the Market  

 
( )

IR
ˆ

s m

s m

r r
s r r

−
=

−
                         (35) 

 
Table 4. SRs and IRs of different PS systems on four data sets. 

System 
NYSE(N) DJIA SP500 HS300 

SR IR SR IR SR IR SR IR 

RMR 0.1033 0.0953 0.0763 0.1092 0.0600 0.0678 0.0473 −0.0061 

OLMAR 0.1050 0.0970 0.0252 0.0457 0.0682 0.0700 0.0353 0.0001 

PPT 0.1087 0.1008 0.0821 0.1176 0.0699 0.0728 0.0207 −0.0255 

TRLR 0.1086 0.1004 0.0750 0.1091 0.0738 0.0777 0.0463 0.0001 

SSPO 1.1060 0.0035 00919 0.00036 0.0791 0.0025 0.0192 0.0079 

AICTR 0.1056 0.0979 0.0995 0.1364 0.0763 0.0810 0.0555 0.0181 

CPP 0.1087 0.1012 0.1076 0.1471 0.0818 0.0872 0.0599 0.0259 
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The results of IR are presented in Table 4. CPP obtains the highest IR among 
commonly used systems on all data sets. For example, CPP(0.1012, 0.1417) out-
performs AICTR(0.0979, 0.1364), PPT(0.1008,0.1176), OLMAR(0.0970, 0.0457), 
RMR(0.0953, 0.1092) and SSPO(0.0979, 0.1304) on NYSE(N) and DJIA respec-
tively. Therefore, CPP is a robust system, which can obtain good excess returns 
and able to control risks effectively.  

4.2.3. Application Issues 
1) Transaction Cost: In the real-world financial environment, the transaction 

cost is a problem that cannot be ignored. Suppose that the transaction cost rate 
required to update the portfolio denoted as ( )0,1γ ∈ . The proportional trans-
action cost model [8] [10] [41] assumes that the final CW at the beginning of the 
tth period can be expressed as  

( ) ( )
0 11

1

ˆ ˆ1
2

dn ii
n t t t tt

i
W Wγ γΤ

−=
=

  = × − −  
  

∑∏ v s v v  

( )
( ) ( )

1 1
1

1 1

ˆ
ˆ

i i
i t t

t
t t

− −
− Τ

− −

∗
=

v s
v

v s
  

where ( )
1

i
t−v  represents the adjusted portfolio of the tth asset at the end of the 

( )1t − th period and let 0 0=v . ( )
11

ˆ
2

d ii
t ti

γ
−=

  − 
 

∑ v v  stands the proportional  

transaction cost used to update portfolios from the adjusted portfolio to the next 
portfolio tv . 
 

 
Figure 4. Final CWs of different PS systems in regard to transaction cost rate γ  on four 
data sets. (a) NYSE(N), (b) DJIA, (c) SP300, (d) HS300. 
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In the case of considering transaction costs, in order to better assess the in-
vestment performance of CPP, we let γ  change between 0% and 0.5% and carry 
out experiments to calculate the final CWs of different commonly used systems. 
The results are presented in Figure 4. CPP achieves the highest CW on all data 
sets when the transaction cost rate γ  fluctuates between 0% and 0.15%. In addi-
tion, even when γ  reaches a high value ( 0.15% 0.5%γ≤ ≤ ), CPP still outper-
forms other PS systems on three data sets. Therefore, it shows that CPP can bear 
moderate transaction costs and can be applied in real world financial markets.  

2) Running Times: Running Time is an important indicator to judge whether 
a system can be applied in a large-scale and time-limiting environment, such as 
High-Frequency Trading (HFT) [42]. We use a regular computer equipped an 
Intel Core i5-8250U CPU and 8GB DDR4 2400 MHZ memory card to perform 
CPP in the experiments. The average running times of CPP for one trading pe-
riod are 1.751e−4, 1.876e−4, 1.936e−4 and 1.876e−4 on NYSE(N), DJIA, SP500 
and HS300, respectively. Therefore, CPP has good computational efficiency and 
can be applied in large-scale financial markets.  

5. Conclusion  

In this paper, we proposed a new CPP system based on IMQ radial basis func-
tion with an integration of three different aggressive and moderate strategies 
for effective and robust PS. Instead of using a traditional GA function, here we 
chose a more stable and accurate function that is IMQ for the novel RBF system, 
which centers on multiple strategies. With regard to portfolio update, different 
from the traditional increasing factor, we propose a generalized growth factor 
based on a kernel and trace operation. And CPP is fast and can be applied in 
larger scale and limited time financial environment. Extensive experiments are 
performed on 4 worldwide benchmark data sets to indicate that CPP can effec-
tively integrate the advantages of different strategies and it was proved to be ef-
fective in PS. On the one hand, in most cases CPP outperforms other common-
ly used systems in performance indicators CW, MER and α  Factor. On the 
other hand, CPP achieves the highest SR and IR compared with other systems. 
The results show that CPP has not only excellent investing performance but al-
so good risk control ability. In addition, CPP can withstand reasonable transac-
tion costs and fast operation, which have to be considered in the real financial 
market. In conclusion, CPP is an efficient and robust PS system and deserves 
further investigation. Of course, the CPP system has its own shortcomings. On 
one hand, the problem of reducing transaction cost was not considered at the 
initial stage of modeling. On other hand, this paper considers only the three 
strategies. In the future, we can improve the performance of the system from 
these two aspects. 

6. Acknowledgements  

Thanks to Jinan University for the resources provided, and to tutors for their 

https://doi.org/10.4236/am.2021.1212076


M. M. Zheng 
 

 

DOI: 10.4236/am.2021.1212076 1207 Applied Mathematics 
 

valuable advice on this manuscript. This research is supported by the National 
Natural Science Foundation of China under Grants 61703182, the Science and 
Technology Planning Project of Guangzhou, China under Grants 202102021173 
and the Fundamental Research Funds for the Central Universities under Grants 
21617347.  

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Markowitz, H.M. (1952) Portfolio Selection. Journal of Finance, 7, 77-91.  

https://doi.org/10.1111/j.1540-6261.1952.tb01525.x  

[2] Kelly Jr., J. (1956) A New Interpretation of Information Rate. Bell System Technical 
Journal, 35, 917-926. https://doi.org/10.1002/j.1538-7305.1956.tb03809.x  

[3] Finkelstein, M. and Whitley, R. (1981) Optimal Strategies for Repeated Games. Ad-
vance in Applied Probability, 13, 415-428. https://doi.org/10.2307/1426692  

[4] Wilder, W. (2012) The ADAM Theory of Markets. Shanxi Peoples’s Publishing 
House. 

[5] Li, B. and Hoi, S.C.H. (2014) Online Portfolio Selection: A Survey. ACM Computing 
Surveys, 46, Article No. 35. https://doi.org/10.1145/2512962  

[6] Lai, Z.R., Dai, D.Q., Ren, C.X. and Huang, K.-K. (2018) A Peak Price Tarcking-Based 
Learning System for Portfolio Selection. IEEE Transactions Neural Newtworks and 
Learning Systems, 29, 2823-2832. 

[7] Borodin, A., EL-Yaniv, R. and Gogan, V. (2004) Can We Learn to Beat the Best Stock. 
Journal of Artificial Intelligence Research, 21, 579-694.  
https://doi.org/10.1613/jair.1336  

[8] Huang, D.-J., Zhou, J.-L. and Li, B. (2016) Robust Median Reversion Strategy for 
Online PS. IEEE Transactions Neural Newtworks and Learning Systems, 28, 2480-2493. 
https://doi.org/10.1109/TKDE.2016.2563433  

[9] Li, B., Hoi, S.C.H. and Zhao, P.-L. (2013) Confidence Weighted Mean Reversion 
Strategy for Online PS. ACM Transactions on Knowledge Discovery from Data, 7, 
Article No. 4. https://doi.org/10.1145/2435209.2435213  

[10] Li, B., Hoi, S.C.H., Sahoo, D. and Liu, Z.-Y. (2015) Moving Average Reversion Strate-
gy for Online Portfolio Selection. Artificial Intelligence, 222, 104-123.  
https://doi.org/10.1016/j.artint.2015.01.006  

[11] Gyorfi, L., Urban, A. and Vajda, I. (2007) Kernel-Based Semi-Log-Optimal Empiri-
cal Empirical Portfolio Selection Strategies. International Journal Theoretical and Ap-
plied Finance, 10, 505-516. https://doi.org/10.1142/S0219024907004251  

[12] Gyorfi, L., Lugosi, G. and Udina, F. (2006) Nonparametric Kernel-Based Sequential 
Investment Strategies. Mathematical Finance, 16, 337-357.  
https://doi.org/10.1111/j.1467-9965.2006.00274.x  

[13] Gyorfi, L., Udina, F. and Walk, H. (2008) Nonparametric Nearest Neighbor Based 
Empirical Portfolio Selection Strategies. Statistics & Decisions, 26, 145-157.  
https://doi.org/10.1524/stnd.2008.0917  

[14] Abbasbandy, S., Roohani Ghehsateh, H., Hashim, I. and Alsaedi, A. (2014) A Com-

https://doi.org/10.4236/am.2021.1212076
https://doi.org/10.1111/j.1540-6261.1952.tb01525.x
https://doi.org/10.1002/j.1538-7305.1956.tb03809.x
https://doi.org/10.2307/1426692
https://doi.org/10.1145/2512962
https://doi.org/10.1613/jair.1336
https://doi.org/10.1109/TKDE.2016.2563433
https://doi.org/10.1145/2435209.2435213
https://doi.org/10.1016/j.artint.2015.01.006
https://doi.org/10.1142/S0219024907004251
https://doi.org/10.1111/j.1467-9965.2006.00274.x
https://doi.org/10.1524/stnd.2008.0917


M. M. Zheng 
 

 

DOI: 10.4236/am.2021.1212076 1208 Applied Mathematics 
 

parision Study of Meshfree Techniques for Solving the Two-Dimensional Linear 
Hyperbolic Telegraph Equation. Engineering Analysis with Boundary Elements, 47, 
10-20. https://doi.org/10.1016/j.enganabound.2014.04.006  

[15] Ji, Y. and Kim, S. (2013) An Adaptive Radial Basis Function Method Using Weighted 
Improvement. Winter Simulation Conference Proceeding, Washington DC, 8-11 De-
cember 2013, 957-968. https://doi.org/10.1109/WSC.2013.6721486  

[16] Khan, M., Khan, Z. and Khan, H. (2020) Collocation Method for Multiplicative Noise 
Removal Model. Mehran University Research Journal of Engineering and Technol-
ogy, 39, 734-743. https://doi.org/10.22581/muet1982.2004.05  

[17] Ku, C.Y., Liu, C.Y. and Xiao, J.E. (2020) Multiquadrics without the Shape Parameter 
for Solving Partial Differential Equations. Symmetry, 12, Article No. 1813.  
https://doi.org/10.3390/sym12111813  

[18] Wang, S.Y. and Wang, M.Y. (2006) Structural Shape and Topology Optimization 
Using an Implicit Free Boundary Parametrization Method. Computer Modeling in 
Engineering & Sciences, 13, 119-147. 

[19] Tanbay, T. and Ozgener, B. (2014) A Comparison of the Meshless RBF Collocation 
Method with Finite Element and Boundary Element Methods in Neutron Diffusion 
Calculation. Engineering Analysis with Boundary Elements, 46, 30-40.  
https://doi.org/10.1016/j.enganabound.2014.05.005  

[20] Soley, F., Barf, M. and Hagh, F. (2018) Inverse Multi-Quadric RBF for Computing 
the Weights of FD Method: Application to American Options. Communications in 
Nonlinear Science and Numerical Simulation, 64, 74-88.  
https://doi.org/10.1016/j.cnsns.2018.04.011  

[21] Tan, R., James, R. and Nina, F. (2020) Nonstationary Discrete Convolutionnkenel 
for Multimodeal Process Monitoring. IEEE Transaction on Neural Networks and 
Learning Systems, 31, 3670-3681. https://doi.org/10.1109/TNNLS.2019.2945847  

[22] Buhmann, D., Marchi, S. and Perra, E. (2020) Analysis of a New Class of Rational 
RBF Expansions. IMA Journal of Numerical Analysis, 40, 1972-1993.  
https://doi.org/10.1093/imanum/drz015  

[23] Hardy, R.L. (1990) Theory and Application of the Multiquadric-Biharmonic Method 
20 Years of Discovery. Computers and Mathematics with Applications, 19, 163-208. 
https://doi.org/10.1016/0898-1221(90)90272-L  

[24] Franke, R. (1982) Scattered Data Interpolation: Tests of Some Methods. Mathemat-
ics of Computation, 38, 181-200.  
https://doi.org/10.1090/S0025-5718-1982-0637296-4  

[25] Cover, T.M. (1991) Universal Portfolios. Mathmatical Finance, 1, 1-29.  
https://doi.org/10.1111/j.1467-9965.1991.tb00002.x  

[26] Weiszfeld, E. (1937) Sur le point pour lequel la somme des distance den points donnes 
est minimum. Tohoku Mathematical Journal, 43, 355-386. 

[27] Vard, Y. and Zhang, C.H. (2000) The Multivariate L1-Median and Associated data 
Depth. Proceedings of the National Academy of Science of the United States of Ameri-
ca, 97, 1423-1426. https://doi.org/10.1073/pnas.97.4.1423  

[28] Boyd, J.P. (2011) The Near-Equivalence of Five Species of Spectrally-Accurate Radial 
Basis Functions (RBFs): Asymptotic Approximations to the RBF Cardinal Functions 
on a Uniform Unbounded Grid. Journal of Computational Physics, 230, 1304-1318. 
https://doi.org/10.1016/j.jcp.2010.10.038  

[29] Brahma, P., Wu, D.-P. and She, Y.-Y. (2016) Why Deep Learning Works: A Mani-
fold Disentanglement Perspective. IEEE Transaction on Neural Networks and Learn-

https://doi.org/10.4236/am.2021.1212076
https://doi.org/10.1016/j.enganabound.2014.04.006
https://doi.org/10.1109/WSC.2013.6721486
https://doi.org/10.22581/muet1982.2004.05
https://doi.org/10.3390/sym12111813
https://doi.org/10.1016/j.enganabound.2014.05.005
https://doi.org/10.1016/j.cnsns.2018.04.011
https://doi.org/10.1109/TNNLS.2019.2945847
https://doi.org/10.1093/imanum/drz015
https://doi.org/10.1016/0898-1221(90)90272-L
https://doi.org/10.1090/S0025-5718-1982-0637296-4
https://doi.org/10.1111/j.1467-9965.1991.tb00002.x
https://doi.org/10.1073/pnas.97.4.1423
https://doi.org/10.1016/j.jcp.2010.10.038


M. M. Zheng 
 

 

DOI: 10.4236/am.2021.1212076 1209 Applied Mathematics 
 

ing Systems, 27, 1997-2008. https://doi.org/10.1109/TNNLS.2015.2496947  

[30] Jenni, R., Serkan, K. and Mon, G. (2016) Training Radial Basis Function Neural Net-
works for Classification via Class-Specific Clustering. IEEE Transaction on Neural 
Networks and Learning Systems, 27, 2458-2471.  
https://doi.org/10.1109/TNNLS.2015.2497286  

[31] John, D., Shai, S.-S. and Yor, S. (2008) Efficient Projections onto the l1-Ball for Learn-
ing in High Dimensions. International Conference on Machine Learning, Helsinki, 
5-9 July 2008, 272-279. 

[32] Lai, Z.-R., Yang, P.-Y., Wu, X.-T. and Fang, L. (2018) Trend Representation Based 
Log-Density Regularization System for Portfolio Optimization. Pattern Recognition, 
76, 14-24. https://doi.org/10.1016/j.patcog.2017.10.024  

[33] Lai, Z.-R., Yang, P.-Y., Fang, L.-D. and Wu, X.-T. (2018) Short-Term Sparse Portfo-
lio Optimization Based on Alternating Direction Method of Multipliers. Journal of 
Machine Learning Research, 19, 63:1-63:28. 

[34] Lai, Z.-R., Dai, D.-Q., Ren, C.-X. and Huang, K.-K. (2018) Radial Basis Functions 
with Adaptive Input and Composite Trend Representation for PS. IEEE Transaction 
on Neural Networks and Learning Systems, 29, 6214-6226.  
https://doi.org/10.1109/TNNLS.2018.2827952  

[35] Jegadeesh, N. (1990) Evidence of Predictable Behavior of Security Returns. The Jour-
nal of Finance, 45, 881-898. https://doi.org/10.1111/j.1540-6261.1990.tb05110.x  

[36] Sharpe, W.F. (1964) Capital Asset Prices: A Theory of Market Equilibrium under Con-
ditions of Risk. The Journal of Finance, 19, 425-442.  
https://doi.org/10.1111/j.1540-6261.1964.tb02865.x  

[37] Lintner, J. (1965) The Valuation of Risk Assets and the Selection of Risky Invest-
ments in Stock Portfolios and Capital Budgets. The Review of Economics and Sta-
tistics, 47, 13-37. https://doi.org/10.2307/1924119  

[38] Mossin, J. (1966) Equilibrium in a Capital Asset Market. The Econometric Society, 
34, 768-783. https://doi.org/10.2307/1910098  

[39] Sharpe, W.F. (1966) Mutual Fund Performance. The Journal of Business, 39, 119-138. 
https://doi.org/10.1086/294846  

[40] Treynor, J.L. and Black, F. (1973) How to Use Security Analysis to Improve Portfo-
lio Selection. The Journal of Business, 46, 66-86. https://doi.org/10.1086/295508  

[41] Blum, A. and Kalai, A. (1999) Univeral Portfolios with and without Transaction Costs. 
Machine Learning, 35, 193-205. https://doi.org/10.1023/A:1007530728748  

[42] Aldrige, I. (2013) High-Frequency Trading: A Practical Guide to Algorithmic Strat-
egies and Trading Systems. 2nd Edition, Wiley, Hoboken.  
https://doi.org/10.1002/9781119203803 

 
 

https://doi.org/10.4236/am.2021.1212076
https://doi.org/10.1109/TNNLS.2015.2496947
https://doi.org/10.1109/TNNLS.2015.2497286
https://doi.org/10.1016/j.patcog.2017.10.024
https://doi.org/10.1109/TNNLS.2018.2827952
https://doi.org/10.1111/j.1540-6261.1990.tb05110.x
https://doi.org/10.1111/j.1540-6261.1964.tb02865.x
https://doi.org/10.2307/1924119
https://doi.org/10.2307/1910098
https://doi.org/10.1086/294846
https://doi.org/10.1086/295508
https://doi.org/10.1023/A:1007530728748
https://doi.org/10.1002/9781119203803


Applied Mathematics, 2021, 12, 1210-1215 
https://www.scirp.org/journal/am 

ISSN Online: 2152-7393 
ISSN Print: 2152-7385 

 

DOI: 10.4236/am.2021.1212077  Dec. 23, 2021 1210 Applied Mathematics 
 

 
 
 

Counting and Randomly Generating k-Ary 
Trees 

James F. Korsh 

Computer and Information Science Department, Temple University, Philadelphia, USA 

 
 
 

Abstract 
k-ary trees are one of the most basic data structures in Computer Science. A 
new method is presented to determine how many there are with n nodes. 
This method gives additional insight into their structure and provides a new 
algorithm to efficiently generate such a tree randomly. 
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1. Introduction 

The number, ,bn k , of k-ary trees with n nodes is well known and given in [1] 
as ( ) ( )( ), 1 1C kn n k n− +  where ( ),C n k  denotes the number of ways to choose 
k places from n places, which is ( )! ! !n k n k− . This paper generalizes the results 
from [2] on binary trees with n nodes to k-ary trees with n nodes by providing a 
simple direct approach to finding ,bn k  and a new method to generate a ran-
dom k-ary tree with n nodes efficiently. The direct approach here to finding 

,bn k  relies on the detailed structure of the trees developed here rather than the 
standard recursive description of the tree and solving the resultant recurrence 
relations. Another approach for the random generation is given in [3]. The nu-
meration of k-ary trees is done in [4]. The generation of binary and k-ary trees 
has been and continues to be of interest [5] [6] [7] [8].  

2. Representation of k-Ary Trees with n Nodes 

For any n > 0, a k-ary tree with n nodes can be uniquely represented by a se-
quence of n k-tuples of 0’s and 1’s, one k-tuple for each node. In a node’s k-tuple, 
the ith entry specifies whether the node’s ith child is non-null or null: 1 for non- 
null and 0 for null. The k-tuples appear in the order in which the nodes are ac-
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cessed in a preorder traversal of the tree. The sequence for the 3-ary tree      
 

 
 

Define node i of a k-ary tree as the ith node accessed in a preorder traversal of 
the tree. The ith tuple corresponds to node i of the tree. The numbers are shown 
to indicate the node corresponding to each tuple, but only the sequence of n 
tuples is used to represent the tree. The tuples are written vertically rather than 
horizontally.  

3. Construction Procedure 

The unique k-ary tree that generated this sequence of tuples can easily be con-
structed by processing the tuples from left to right, effectively building the tree 
as it is being preorder traversed. This procedure builds the tree as shown below: 
 

 
 

We will call these spines 1 to 7 of the tree, where spine i contains nodes 1 to i 
and its branches. The number of unused branches in spine i is the number of 
branches—(i − 1). 

4. Valid Sequences 

Each node of an n node k-ary tree, except for the root, has a unique branch 
coming into it. Since each branch corresponds to a unique 1 in the tree’s n node 
k-ary sequence there must be 1n −  1’s in the sequence. Each of the tree’s null 
subtrees corresponds to a unique one of the ( )1 1k n− +  0’s in the sequence. 
There are ( ), 1C kn n −  of these sequences of n k-tuples, one for each way the 

1n −  1’s can be assigned to the kn places. Not all of these allow our procedure to 
construct an n node k-ary tree. Those that do we call valid sequences and the 
others invalid. 

5. A Look Ahead 

The approach here is to confirm two facts. First, that our construction procedure 
to generate a tree from a valid sequence establishes a 1-1 correspondence be-
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tween n node k-ary trees and valid sequences. 
Secondly, every invalid sequence is one of the distinct n − 1 rotations gener-

ated from a unique valid sequence, and each is also distinct from the valid se-
quence. Thus, each invalid sequence can be associated with a unique tree. It 
must then be the case that 

( ) ( ), 1 , , 1bn k n bn k C kn n+ − = − , 

since the number of valid plus the number of invalid sequences equals the total 
number of sequences. Solving for ,bn k  we obtain  

( ) ( ) ( )( ), , 1 , 1 1bn k C kn n n C kn n k n= − = − + . 

Rotation i of a valid sequence is obtained by shifting its first i tuples from the 
front to the rear of the sequence. For our example, rotation 3 is: 
 

 
 

Applying our construction algorithm to rotation 3 produces:   
 

 
 

Notice that the last, and incomplete tree is spine 3 of the original tree. If the 
first subtree is added to the first available branch of the spine and the second to 
the second available branch the original tree is obtained. We will see that our 
construction applied to rotation i of a tree will always produce r subtrees fol-
lowed by spine i and adding subtree j to the jth available branch for 1 ≤ j ≤ r 
produces the original tree. 

6. Excess Sequences and Valid Sequences Are the Same 

Let Ni be the number of 1’s in the first i k tuples of any n node k-tuple sequence. 
If ( )1Ni i> −  for all i < n and ( )1Nn n= −  we say the sequence is an excess 
sequence. In general, spine i + 1 is produced from spine i when node i + 1 is 
processed and added to spine i. When node i + 1 is processed it becomes the 
child of the first available branch encountered in the preorder traversal starting 
from node i. This branch must be available since the first i nodes used the first i 
− 1 available branches encountered and Ni was greater than (i − 1). Since this is 
true for each 1i n< −  the first n − 1 spines can be built. Since 1 2Nn n− > −  a 
branch is available for node n to be added to spine n − 1. However, since  

1Nn n= −  all the branches will then have been used and a tree has been con-
structed. This shows that an excess sequence is a valid sequence. 
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A valid sequence must have an unused branch to add node i+1 to in the con-
struction procedure. The first i nodes used i − 1 of the branches. So Ni must 
have been greater than (i − 1) for each i < n. When i is n, 1Nn n= −  so after the 
nth node is added all the n − 1 branches have been used. Consequently, a valid 
sequence is an excess sequence.  

7. Every Invalid Sequence Is One of the n − 1 Rotations of a  
Valid Sequence 

If a sequence, s, is not an excess sequence it must be an invalid sequence. All n 
node k-ary sequences satisfy ( )1Nn n= −  so for s to fail to be an excess sequence 
there must be a smallest n1 < n such that ( )1 1 1Nn n= −  with 1Ni i> −  for i < 
n1. Thus, the first n1 tuples of s must be an excess sequence and so represent an 
n1 node k-ary tree. In fact, the sequence must look like: 
 

 
 

just r consecutive excess sequences of lengths 1, 2, ,n n nr  with a last sequence 
of length ( )1 2n n n nr− + + + .   

Each of the first r sequences then has ni − 1 1’s, i ≤ i ≤ r, and represents an ni 
node tree and the last sequence must have  

( ) ( )1 1 1 2 1 1 1 2 1n n n nr n n n nr r− − − + − + + − = − + + + − +   1’s and has no 
head which is an excess sequence. Its length, N, is then ( )1 2n n n nr− + + +  
and we will refer to its nodes as node 1 to N. Now 1 2n n nr+ + +  cannot be n 
since, if it were, r must be 1 and n1 would contain all the nodes and be an excess 
sequence and would be the original invalid sequence. Also, r cannot be n, other-
wise each ni, 1 ≤ i ≤ r, must be 1 so 1 2n n nr+ + +  would be n, which we 
know cannot happen.    

Lemma. The construction procedure applied to a last sequence L produces 
spine N of a tree with r unused branches. 

Proof. Number the nodes of N from 1 to N and let ti be the number of 1’s in 
tuple i, 1 ≤ i ≤ N. After processing the first i nodes of L, the construction proce-
dure creates spine i of a tree with ( )1 2 1t t ti i+ + + − −  unused branches with 

1 2Mi t t ti= + + +  the number of 1’s in spine i. As long as each Mi is greater 
than (i − 1) node i can be added to the spine. If any Mi becomes equal to (i − 1) 
then nodes 1 to i are a head of L consisting of its first i tuples. Since L cannot 
have such a head, this cannot happen. So, spine N is produced and has  

( )1 2 1t t tN N r+ + + − − = , unused branches.   
Each of the nj sequences represent a subtree, 1 < j < r, and the first node of the 

jth subtree can be made the node to which the jth unused branch in spine N 
comes into. This effectively “hangs” the jth subtree from the jth unused branch, 
in preorder order. This means that the original invalid sequence was rotation r 
of the tree just created. Hence, every invalid sequence is one of the n − 1 rota-
tions of a valid sequence. 
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8. There Is a One-to-One Correspondence between n Node  
k-Ary Trees and Valid Sequences 

Spine i is generated by rotation i for 1 < i < n and these spines are all distinct. 
Consequently, the rotations that generated them must be distinct. Since each of 
the n − 1 spines is distinct, the n − 1 rotations that generated them must be dis-
tinct. A valid sequence generates spine n, which is the tree itself so each tree’s 
spine n must be distinct. This establishes a one-to-one correspondence between 
n node k-ary trees and valid sequences.  

9. Conclusions 

This confirms the two facts referred to earlier. The procedure described in the 
lemma allows us to construct the n node k-ary tree corresponding to any n node 
k-ary sequence and to do it in O(nk) time. 

To generate an n node k-ary tree at random, merely modify the algorithm in 
[9] so n − 1 integers are selected in step 1, let them determine where the n − 1 1’s 
are placed in the n k-tuples to give an n node k-ary sequence, and use our con-
struction specified in the lemma to find the unique tree it produces. Since all the 
sequences are equally likely to be produced in step 2 and each tree will be pro-
duced by an equal number of sequences, this modification generates an n node 
k-ary tree at random. It takes O(nk) time and uses integers no larger than kn. 
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Abstract 
Background: This paper is a follow up to an earlier one on a study that 
sought to determine the factors that, in general, influence Takoradi Technical 
University students’ selection of banks, given the keen competition in the 
banking sector in Ghana. Having found the said factors in the first study, and 
in the face of evidence of a difference in the factors that influence bank choice 
elsewhere with respect to sex, the study whose findings is the subject of this 
paper sought to establish whether there is any such dichotomy amongst Ta-
koradi Technical University students. Objectives: The study sought to 1) de-
termine the factors that influence the selection of banks by males, 2) deter-
mine the factors that influence the selection of banks by females, and 3) de-
termine whether there are any differences and similarities between male and 
female students with respect to the factors that influence bank selection. Me-
thods: Data was obtained from 545 students, comprising 364 male students 
and 181 female students through a cross-sectional survey and was analysed 
using the statistical method of factor analysis, having initially established 
through the chi-square test of independence that bank choice and sex are not 
independent. Results: Four (4) factors were identified as influencing bank se-
lection amongst the female students as against six (6) in the case of the male 
students. The factors identified for the female students are Customer Expe-
rience, Third Party Influence, E-banking, and Access to ATMs and that for 
the male students are Secure E-banking, Customer Experience, Promotion 
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Strategy, Intelligent Responsiveness, Access to ATMs and Third Party Influ-
ence. Conclusion: Male and female students of Takoradi Technical Universi-
ty differ with respect to some of factors that influence bank choice. Even for 
the factors that are common, the importance female students attach to them 
is not the same as that of male students. The factors male students consider 
when making bank choices appear to be more strategic and wide-ranging 
than the females, with the latter tending to place premium on customer expe-
rience more than the former. 
 

Keywords 
Bank Choice, Customers, Technical Universities, Students, Differences 

 

1. Introduction 

There are often, at least, subtle differences in the way males and females ap-
proach issues in many spheres of life. According to Mitchell and Walsh [1] and 
Kraft and Webber [2], gender plays a significant role in determining consumer 
behavior; males and females tend to have different interests, expectations and 
needs, and adopt different methods to satisfy these needs and interests. Heer-
mann [3] identified four areas in marketing communication alone, where men 
and women differ, they include: trust, use of language, lifestyle and decision 
making. While this paper is not concerned with marketing per se, the forgoing, 
nonetheless, should interest entities that would want to sell products and servic-
es to the public, and affirm that men and women differ with respect to some 
areas of life. Kraft and Webber [2] reports of a study at the University of Wis-
consin which found that women are far more likely to retain what exist and oc-
curs around them than men, and are as a consequence more receptive to brand-
ing messages that are tailored to their circumstances and natural inclinations 
than men [2]. It therefore makes sense to seek to appreciate what would work for 
males and females. As a result of the differences between males and females with 
respect to interests, expectations and needs, there is the need for organisations to 
identify and define the respective markets presented by males and females so the 
right products can be tailored for them [2].  

In particular, differences in the way males and females approach bank selec-
tion have been found in several places. Mokhlis [4] identified sex as a factor that 
influences bank selection in Malaysia. A study by Srivatsa and Srinivasan [5] in-
volving customers in the Indian banking sector showed gender differences among 
respondents. Their study found that males and females behaved differently in 
respect of the factors that influence their choice of banks and found that females 
prioritized convenience more than their male counterparts. Similarly studies in 
Bosnia-Herzegovina by Cicic, Brkic, and Agic [6] also found significant differ-
ences among the factors that influence the choice of banks by male and female 
students. Their study identified factors such as recommendations by family and 
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friends and conducive, relaxed and friendly environment as factors females con-
sider in bank selection, whiles males considered low-interest rate on loans, high-
er return on investment, reputation of bank and provision of credit cards as the 
factors that influence their preference in one bank over the other. Also, Mokhlis 
et al. [7] found statistically significant differences between males and females in 
bank selection criteria. Females consider factors such as the attractiveness of the 
bank, proximity, availability of Automated Teller Machines (ATMs), availability 
of the bank’s branches across different locations that enables easy access to their 
services, return on investments, and safety feelings. Male respondents tended to 
be influenced by financial benefits and marketing promotion of banks in choos-
ing banks as compared to their female counterparts [4].  

In Ghana, a number of factors (latent variables) have been put forward as in-
fluencing bank choice amongst potential customers of banks. They include “ease 
of transaction”, “professionalism of banking personnel”, “system efficiencies”, 
“proximity” and “originality of bank” [8]. A study of Takoradi Technical Uni-
versity (Ghana) students, which was published with the title “Determinants of 
technical university students choice of banks: empirical evidence from Takoradi 
Technical University” [9], a precursor of this article, found “robust e-banking”, 
“customer experience”, “accessibility of ATMs” and “third party influence” [9]. 
These factors (latent variables) express themselves in the form of indicator va-
riables that are measurable as opposed to the latent variables which are some-
what not directly measurable or observable. What appears not to have been ex-
plored locally, is whether there is evidence of a difference between males and 
females with respect to the factors that influence bank choice. In the face of evi-
dence of existence of differences between males and females relative to factors 
that influence bank choice elsewhere, the study reported in this paper was car-
ried out to fill the gap identified above with the following objectives: 1) deter-
mine the factors that influence the selection of banks by male students, 2) de-
termine the factors that influence the selection of banks by female students, and 
3) determine whether there are any differences and similarities between male 
and female students with respect to the factors that influence bank selection. 

As indicated by Mokhlis [4], after reviewing several studies on banking prefe-
rences, gender differences in retail banking are often considered as a side issue. 
This study on gender preferences among technical university students is an at-
tempt to understand the gender differences regarding banking preference among 
technical university students in Ghana. It will enable banks in Ghana to under-
stand the criteria used by young prospective customers in choosing banks, the-
reby enabling them to develop products, services and institute measures to satis-
fy the needs of both male and female (prospective) customers; and thus attract 
both male and female customers to their banks. Should the study results indicate 
that there exists segmentation in bank preferences with respect to males and fe-
males, it will help banks to prioritize their products and develop specific prod-
ucts along the lines of the segmentation.  
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As pointed out above, this study is a follow up to an earlier one that looked at 
what, in general, influences bank selection amongst Technical University stu-
dents, using Takoradi Technical University (TTU) as a case study.  

2. Review of Methods 

The data for the study reported in this paper was collected through a cross-sectional 
survey of students of Takoradi Technical University, Ghana. The data was ana-
lysed using the statistical methods of chi-square test of independence and factor 
analysis in the statistical programming environment of R [10]. A review of the 
major issues involved in the data collection and analysis are given below.  

2.1. Collection of Data 

The collection of the data took place over the months of July to November 2020. 
The government of Ghana suspended on-campus studies in the country’s educa-
tional institutions on March 15, 2020 due to need for physical distancing, to fo-
restall the possibility of spread of the COVID-19 pandemic. Following the sus-
pension, students were sent home while academic work continued online. Stu-
dents were asked to come back to campus for the end-of-second-semester ex-
aminations in batches, with the final-year students, the second-year students and 
other groups, and first-year students reporting to the campus in that order over 
the period specified above. The full complement of the student body was there-
fore not on campus at any point in time during this period. As many students as 
possible were interviewed when the various batches were on campus to take 
the end-of-semester exams. Twenty-five questions, each of which measures the 
responses on a 5-point differential scale ranging from 1—“strongly disagree” 
to 5—“strongly agree”, was administered to the respondents. Out of the 641 
students interviewed, 545 of them provided answers to all the questions. The 
remaining 96 of the respondents did not provide answers for all the questions. 
The analysis was carried out on the 545 complete questionnaires only. Of the 545 
respondents, 364 were male and 181 were female. The sample sizes of 364 and 
181 are individually adequate for factor analysis. In particular, Hair et al. [11] 
report that for factor analysis, the sample size should be at least five times the 
number of variables under consideration in a study. 

The original intention was to collect data from all ten Technical Universities 
in Ghana, so that the results of the study could be generalized. However, the 
study was limited to Takoradi Technical University to avoid the difficulties asso-
ciated with the COVID-19 disease. 

2.2. Statistical Methods 

A review of the statistical methods of chi-square and factor analysis is presented 
below: 

2.2.1. Chi-Square Test of Independence 
If a random sample of data has 1,2, , ,iA i r=   levels of one classification and 
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1, 2, , ,jB j c=   levels of another classification, then the Chi-square test of in-
dependence can be used to ascertain whether or not Classification A and Classi-
fication B are independent. Given that ijn  is the number of items possessing both 
attributes iA  and jB , then the total number of items with attribute  

1,2, , ,iA i r=   is given by .1
c

ij ij n n
=

=∑  and the total number of items with 
attribute 1,2, , ,jB j c=   is given by .1

r
ij ji n n

=
=∑  and the overall number of 

observations is given by ..1 1
r c

iji j n n
= =

=∑ ∑ . The entities .in  and . jn  are free to 
vary as they are subject to chance while ..n  is fixed. If the chance apportioning 
of the data over the various levels of A has no relationship with that over the 
various levels of B, then A and B are said to be independent. In which case the 
product rule of probability dictate that: 

( ) ( ) ( )i j i jP A B P A P B= ×  

Suppose ( )i j ijP A B P= , then 

( ) .1
c

i ij ijP A P P
=

= =∑  

and 

( ) .1
r

j ij jiP B P P
=

= =∑  

It follows that if A and B are independent, then   

. .ij i jP P P= ×   

Now 

.
.

..

ˆ i
i

n
P

n
=     

.
.

..

ˆ j
j

n
P

n
=     

and  

. .
ˆ ˆ ˆ
ij i jP P P= ×   

Given that ije  is the expected number of items with both attributes iA  and 

jB  when A and B are independent, then 

..ij ije n P= ⋅  

So  

. . ..
.. .. . . ..

.. .. ..

ˆ ˆ ˆˆ j i ji
ij ij i j

n n nn
e n P n P P n

n n n
×

= ⋅ = ⋅ × ⋅ ⋅ ==   

The Pearson’s statistic given by  

( )2

2

1

r c ij ij

i j ij

n e

e=

−
= ∑∑χ  

which is approximately Chi-square distributed with ( )( )1 1r c− −  degrees of 
freedom, provides a measure of how close the empirical data come to the ex-
pected distribution of the data when A and B are independent, and one would 
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reject the belief of A and B being independent when the chance of having a data 
as unusual as the current data is lower than some permissible threshold. 

The ije s are estimated by îje s as outlined above [12]. 
The statistic given by 

2

..

V
n m

=
×
χ , ( )min 1, 1m r c= − −  

and known as the Cramer’s V, is a measure of the strength of the association 
between A and B and varies between 0 and 1, taking the value 0 when A and B 
are independent and 1 when A and B are perfectly associated [13].  

2.2.2. Factor Analysis 
Often the nature of the variables of interest in an investigation is unknown or 
they are not directly measurable. However, these latent variables, otherwise known 
as factors may be correlated with other indicator variables that are measurable. 
The factors could be uncovered or measured by capitalizing on the correlation 
between the factors and the indicator variables once data on the indicator va-
riables are available, through the statistical technique of factor analysis [11] [14] 
[15] [16].  

Suppose ( )1 2, , , PX X X X′ =   is the vector of observable (indicator) variables 
that are correlated with the vector of latent variables (factors) ( )1 2, , , mF F F F=′   
where m p

, with mean of X given by [ ] ( )1 2, , , pE X ′= = µ µ µ µ . Suppose 
also that the vector of possible error terms associated with each iX , 1,2, ,i p=  , 
is ( )1 2, , , p′ = ε ε ε ε  respectively. Then we are looking at a model in which the 
response variable is the mean corrected vector ( ) 1pX

×
− µ , given by  

( ) 1 11 p m m ppX L F× × ××
− = +µ ε  

where p mL ×  is a p m×  matrix composed of the coefficients  
, 1, 2, , ; 1, 2, ,ijl i p j m= =  , which are referred to as factor loadings [14]. 
A factor model that satisfies the following conditions are desired: 
1) the factors are uncorrelated;  
2) the specific error terms are uncorrelated;  
3) the specific error terms and the factors are uncorrelated.  
This implies that  

[ ] ( )1mE F O ×= , [ ] ( )1pE O ×=ε , ( ) ( )m mCov F I ×=  

( ),i jCov O=ε ε , ( ),i jCov F O=ε  

where O is a matrix of zeros.  
Such a factor model is referred to as the orthogonal factor model, and is such 

that the ijl ’s (also known as pattern loadings) are the simple correlations (struc-
tural loadings) between the indicator variables 1, 2, , ,iX i p=   and the factors 

1,2, , ,jF j m=  .  
The correlation amongst the indicator variables 1,2, , ,iX i p=   is as a result 

of the influence of the shared latent dimensions (factors). Indicator variables 
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that are influenced by the same latent factors tend to correlate highly amongst 
themselves and with those factors. Factor analysis capitalises on this situation to 
identify the latent factors.  

The variance variable iX  shares with factor jF  is 2
ijl . So the total variance 

(communality) iX  shares with all m factors is given by [14] [15] [16]: 
2 2 2
1 2i i iml l l+ + +  

2.2.3. Principal Component Factoring 
Principal Component Factoring (PCF) refers to factor analysis using principal 
component analysis—one of several but popular approaches by which factor 
analysis could be done. Principal Component Analysis facilitates the formation 
of a new set of uncorrelated variables (called principal components (PCs)), 
which are as many as the original (observable) variables from which they are 
formed. The first PC accounts for the highest of the variance in the data, the 
second PC accounts for the highest of the variance in the data unaccounted for 
by first PC, the third PC accounts for the highest of the variance in the data un-
accounted for by the first two PCs, and so on. Data reduction could be achieved 
by replacing the original set of observable variables with the first few PCs if they, 
together, happen to account for a significant portion of the variance in the data, 
as much of the information in the data would have been explained thereby. PCF 
uses this approach to explain the correlations among the indicator variables and 
in this manner identify the underlying dimensions answerable for the correla-
tions amongst the indicator variables [14] [15] [16].  

The PCs 1 2, , , pY Y Y , which are thought to be linear combinations of the in-
dictor variables iX , 1,2, ,i p=  , are given by  

1 11 1 12 2 1

2 21 1 22 2 2

1 1 2 2

p p

p p

p p p pp p

Y X X X

Y X X X

Y X X X

= + + +

= + + +

= + + +









β β β

β β β

β β β

 

where , 1, , ; 1, ,ij i p j p= = β , are coefficients (weights). The above set of li-
near combinations could be written as  

Y X= β  

where  

( )1 2, , , pY Y Y Y′ =  , 

11 12 1

21 22 2

1 2

p

p

p p pp

 
 
 =  
  
 

   







β β β
β β β

β

β β β

, ( )1 2, , , PX X X X′ =   

Depending on the choice of the coefficients, the cumulative variance of the PCs 

1 2, , , pY Y Y , could exceed the variance of the observed data, which is not realis-
tic. The situation is remedied by imposing the following conditions [14] [15] 
[16]: 

0i j′ ⋅ =β β  for all i j≠   
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and 

1i i′ ⋅ =β β   

where   

( )1 2, , ,i i i ip′ = β β β β  

If the standardized variables ( )1 2, , , PZ Z Z Z′ =   are used, where  

( ) ( )1
i ii i iZ X−= −σ µ , [ ]i iE X = µ  and ( ) 2

i iiVar X = σ  

We have 

[ ] 0iE Z = , ( ) 1iVar Z = , 1, ,i p=  , [ ] 0E Z =  and  

( ) ( ) ( )1 11 2 1 2Cov Z U U
− −
Σ= =ρ  

where ρ  and Σ  are the correlation matrix and variance-covariance matrix of 
X respectively and 1 2U  is a diagonal standard deviation matrix as specified be-
low: 

22 2
111 12

11 11 11 22 11

22 2
212 22

11 22 22 22 22

2 2 2
1 2

11 22

p

pp

p

pp

p p pp

pp pp pp pp

 
 
 
 
 
 =
 
 
 
 
 
 







   

σσ σ
σ σ σ σ σ σ

σσ σ
ρ σ σ σ σ σ σ

σ σ σ
σ σ σ σ σ σ

 

and 
2 2 2
11 12 1
2 2
21 22 2

2 2 2
1 2

p

p

p p pp

 
 
 Σ =  
 
  

  









σ σ σ
σ σ σ

σ σ σ

 

1

22

1

21

0 0
0 0

0 0 pp

U

 
 
 =
 
 
  











 

σ
σ

σ

 

Then the vector ( )1 2, , , pY Y Y Y′ =   of principal the components could be found 
by 

Y A Z′=  

where  

1 2 , ,, pA e e e =    

( ) ( )
11 2Z U X
−

= − µ  

and 

( )1 2, , , p′ = µ µ µ µ   
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with ( ), , 1, 2, ,i ie i p= λ  being the eigenvalue-eigenvector pairs of ρ  such 
that 

1 2 0p≥ ≥ ≥ ≥λ λ λ , 0i je e′ ⋅ =  and 1i ie e′ ⋅ = . 

( )i i i iVar Y e e′= =ρ λ  

and  

( ) ( )1 1
p p

i ii iVar Y Var Z p
= =

= =∑ ∑  

as in PCF, the initial communality of each indicator variable is one. Thus i pλ  
is the fraction of the variance in the data that can be ascribed to iY .  

The degree of correlation between jZ  and iY , otherwise referred to as the 
loading of jZ  on iY , given the effect of other variables ,kZ j k≠  is given by 
[14] [15] [16]: 

( ) ( )1 2,i j ij jCorr Y Z e= ⋅λ  

3. Results and Discussions 

The analysis of the data was done for the all-male and the all-female samples 
separately and the results compared. The rational for this approach, the results 
of the analysis and the discussion of the findings are as follows:  

3.1. Test of Independence of Sex and Bank Choice 

The question that arises, in the face of the evidence provided in the literature, is 
whether sex is associated with bank choice, in the case of TTU students. To ad-
dress this question, the chi-square test of independence was carried out on the 
composite data from the 545 respondents, as indicated above. As Table 1 shows, 
the results of the test indicate that there is an association between sex and bank 
selection as the p-value corresponding to the test is 0.006 (<0.05, the conven-
tional threshold for which the test of the hypothesis of an association between 
two variables A and B could be said to be not significant, if the p-value is great-
er), albeit a weak one given the low value (0.190) of the Cramer’s V coefficient. 

The above result is consistent with what was found by Amewu and Mensah 
[8], Owusu-Frimpong [17], Azumah, Rahman and Adzawla [18], who estab-
lished that there is a link between choice of bank and sex. Srivatsa and Srinivasan 
[5] also found that there is a difference between men and women with respect to 
banking preferences. Additionally, Mokhlis [4] found a link between sex and 
bank choice in Malaysia. Thus there is ample evidence pointing to an association 
between bank choice and sex, as the above test of independence suggest in the 
case of Takoradi Technical University Students. 

 
Table 1. Results of test of association between sex and bank choice. 

Chi-square value Degrees of freedom p-value Cramer’s V 

19.777 7 0.006 0.190 
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3.2. Factor Analysis Using the All-Male Sample and the All-Female  
Sample Separately 

Following the results from the test of independence of sex and bank choice, the 
data was split into two (as indicated above): an all-male sample and an all-female 
sample. The idea was to carry out separate analysis for the two samples and 
compare the results.  

3.2.1. Suitability of Data for Factor Analysis 
Table 2 shows the respective KMO values of 0.89 and 0.83 for the male and fe-
male samples (the least for the individual items of the questionnaire for the male 
and females samples are 0.70 and 0.67 respectively) and the p-values for the Bar-
tlett’s test of sphericity are both 0.000 (<0.05). It follows that both samples are 
not only adequate for, but lend themselves to statistical method of factor analysis 
as the p-values for the Bartlett’s test indicate there are significant correlations 
amongst the variables for both samples [11] [16]. 

The initial and final total communalities the manifest variables share with the 
common latent factors are as shown in Table 3 and Table 4 for the male and 
female samples respectively. In PCF, the initial variance an indicator variable 
shares with all associated underlying factors is one (1). Seventeen (17) and four-
teen (14) variables, respectively of the male sample and the female sample, re-
mained in the final factor solutions out of the twenty-five (25) variables that were 
initially entered into the analysis. Variables that were found to have communality  
 
Table 2. Results for the KMO measure and Bartlett’s test of sphericity for male and fe-
male samples. 

 Male Female 

Kaiser-Meyer-Olkin measure of sampling adequacy 0.890 0.830 

Bartlett’s Test of Sphericity: Approximate Chi-Square 2127.202 784.683 

Degrees of freedom 136 91 

Significance 0.000 0.000 

 
Table 3. Initial and final communalities of variables for the male sample. 

Variable Initial Extraction Variable Initial Extraction 

Availability of ATM on campus 1.00 0.76 Influence of parents 1.00 0.70 

Availability of 24 hours ATM service 1.00 0.71 The University uses the same bank 1.00 0.68 

Provision of fast and efficient service 1.00 0.69 
Service provision  
(Range of products on offer) 

1.00 0.63 

Convenient branch location 1.00 0.74 Promotion strategy 1.00 0.59 

Appropriate range of service offered 1.00 0.56 Convenience banking 1.00 0.62 

Pleasant bank atmosphere 1.00 0.64 Digital platforms 1.00 0.64 

Staff courtesy 1.00 0.65 Integration of mobile money services 1.00 0.53 

Professionalism of bank staff 1.00 0.62 Security 1.00 0.62 
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Table 4. Initial and final communalities of variables for the female sample. 

Variable Initial Extraction Variable Initial Extraction 

Availability of ATM on campus 1.00 0.69 Professionalism of bank staff 1.00 0.63 

Availability of 24 hours ATM service 1.00 0.70 Mobile banking facilities 1.00 0.63 

Appropriate range of service offered 1.00 0.59 The University uses the same bank 1.00 0.63 

Pleasant bank atmosphere 1.00 0.60 Financial benefits 1.00 0.63 

Staff courtesy 1.00 0.63 
Service provision  
(Range of products on offer) 

1.00 0.58 

Proximity to the University 1.00 0.63 Convenience banking 1.00 0.53 

Reputation of the bank 1.00 0.57 Integration of mobile money services 1.00 0.71 

 
less than 0.5 or loaded on more than one factor were dropped from the analysis, 
in assessing the viability of the variables. Hair et al. [11] recommend that only 
variables with communality greater than 0.5 should be retained in the analysis, 
as variables with communality less than 0.5 tend to contribute poorly to the fac-
tor solution.  

The variables in Table 3 and Table 4 are, therefore, only those that have a fi-
nal communality of 0.50 or more; accounting for 50% or more of the initial total 
communality of one (1) in the final factor solution. The final factor solution for 
the male and female samples, respectively presented in Table 3 and Table 4, are 
thus deemed adequate.  

3.2.2. Number of Factors Extracted 
There are at least four criteria for facilitating the decision as to how many factors 
are to be retained to adequately account for the underlying factor structure of a 
given data. They include the eigen-value-greater-than-one rule, the scree plot, 
Horn’s parallel analysis and the cumulative percentage of variance explained by 
the retained factors (components) [11] [16]. For the male sample, the first five 
components (factors) have eigenvalues greater than one (see Column 2 of Table 
5), so going by the eigenvalue-greater-than-one rule, five factors are to be re-
tained for interpretation [11] [16]. The scree plot of Figure 1 shows that the plot 
line begins to straighten out from the seventh factor onwards, suggesting the re-
tention of six factors for interpretation [11] [16]. The results of Horn’s parallel 
analysis on the male data is presented in Table 6 and Figure 2. The scree plot of 
the empirical data (unadjusted EV in red, adjusted in black) is cut by the scree 
plot of the mean eigenvalues of simulated data (Random EV in blue) before the 
plot point of the seventh eigenvalue of the empirical data (Figure 2) and the ad-
justed eigenvalues of the first six factors are greater than zero (see Column 2 of 
Table 6), indicating the first six components can be retained for interpretation 
[16] [19] [20].  

The first five factors account for more than sixty percent (64.49%) of the va-
riance in the data, so going by the minimum cumulative variance suggested by 
Hair et al. [11], five factors can be retained. According to Sharma [16], the  
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Table 5. Total variance explained. 

Component 

Male Female 

Initial Eigenvalues Initial Eigenvalues 

Total 
%  

of Variance 
Cumulative 

% 
Total 

%  
of Variance 

Cumulative 
% 

1 5.912 34.776 34.776 4.695 33.536 33.536 

2 1.532 9.010 43.786 1.648 11.772 45.308 

3 1.405 8.265 52.051 1.347 9.619 54.926 

4 1.111 6.536 58.587 1.067 7.624 62.550 

5 1.004 5.907 64.494 0.790 5.640 68.190 

6 0.761 4.474 68.968 0.714 5.100 73.290 

7 0.671 3.947 72.915 0.639 4.567 77.858 

8 0.622 3.659 76.574 0.580 4.143 82.001 

9 0.590 3.469 80.043 0.542 3.874 85.875 

10 0.515 3.031 83.074 0.502 3.588 89.463 

11 0.498 2.931 86.005 0.428 3.054 92.517 

12 0.457 2.686 88.691 0.418 2.982 95.499 

13 0.434 2.555 91.246 0.342 2.441 97.941 

14 0.411 2.420 93.666 0.288 2.059 100.000 

15 0.384 2.258 95.924    

16 0.358 2.108 98.032    

17 0.335 1.968 100.000    

 

 
Figure 1. Plot of eigenvalues against factor number for the male sample. 
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Table 6. Results of Horn’s parallel analysis for 5000 iterations using the mean estimate for 
the Male and female samples. 

Factor 
Male Female 

Adjusted 
Eigenvalue 

Unadjusted 
Eigen value 

Estimated 
Bias 

Adjusted 
Eigenvalue 

Unadjusted 
Eigenvalue 

Estimated 
Bias 

1 4.891 5.337 0.447 3.531 4.116 0.585 

2 0.532 0.893 0.361 0.570 1.025 0.455 

3 0.517 0.815 0.298 0.357 0.716 0.359 

4 0.206 0.449 0.243 0.119 0.396 0.277 

5 0.198 0.392 0.194 −0.029 0.174 0.203 

6 0.043 0.191 0.148 −0.022 0.112 0.135 

7 −0.073 0.032 0.105 −0.044 0.029 0.072 

8 −0.046 0.019 0.065 −0.028 −0.015 0.013 

9 −0.051 −0.025 0.026 0.004 −0.040 −0.044 

10 −0.062 −0.074 −0.011 0.007 −0.092 −0.098 

11 −0.071 −0.119 −0.048 −0.036 −0.188 −0.152 

12 −0.036 −0.121 −0.085 −0.002 −0.208 −0.206 

13 −0.029 −0.150 −0.121 0.008 −0.255 −0.262 

14 −0.004 −0.161 −0.157 0.048 −0.279 −0.327 

15 0.007 −0.188 −0.195    

16 0.025 −0.210 −0.236    

17 0.016 −0.269 −0.285    

 
Adjusted eigenvalues > 0 indicate  

dimensions to retain; 6 factors retained. 
Adjusted eigenvalues > 0 indicate  

dimensions to retain; 4 factors retained. 

 

 
Figure 2. Plot of adjusted, unadjusted and random eigenvalues against factor number, 
depicting the factors to be retained for further interpretation, for the male sample. 
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Horn’s criteria has been found to perform creditably well in simulation studies, 
in deciding how many component to retain. Thus putting the results of the four 
criteria together and given the performance of the Horn’s criteria, one is per-
suaded to retain the first six factors to account for the structure of what account 
for bank selection amongst male TTU students. More so, when the cumulative 
variance (68.97%) of the first six factors is higher than that (64.49%) of the first 
five factors, even though the sixth factor’s eigenvalue (0.761) is less than one. 
Additionally, the six factor solution appear to be more plausible than the five 
factor solution, from the perspective of the manifest variables loading on the 
factors. Going by the same token as above and using Figure 3, Figure 4, Table 5 
and Table 6, four factors were retained for the female sample. 

3.2.3. Final Factor Solution 
A recommended factor solution is one in which the factors are orthogonal, with 
each indicator variable in the final factor solution loading highly on only one 
factor. This was achieved for both the male and female data sets through a Va-
rimax rotation of the factor solutions described above [11] [16]. The final factor 
solution for both sets of data, after the varimax rotation, is as shown in Table 7 
and Table 8. The absolute values of the loadings indicate the degree of correla-
tion between the indicator variables and the factors and hence the extent to 
which the former impacts the latter [14] [15] [16]. Loadings of 0.30 and 0.45 or 
higher are deemed significant for the male and female sample sizes of 364 and 
181 respectively [11]. However, a minimum loading threshold of 0.50 was used 
to screen the indicator variables in order to ensure that the final factor solution 
is of practical significance. The indicator variables loading on the various factors 
in the final factor solution were sorted in descending order of the absolute value  
 

 
Figure 3. Plot of eigenvalues against factor number for the female sample. 
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Figure 4. Plot of adjusted, unadjusted and random eigenvalues against factor number, 
depicting the factors to be retained for further interpretation, for the female sample. 
 
Table 7. Rotated component matrix showing the loadings of the variables on the factors, 
for the male sample. 

Variables 
Components (factors) 

1 2 3 4 5 6 

V1 Internet banking 0.78      

V2 Digital platforms 0.68      

V3 Integration of mobile money services 0.67      

V4 Security 0.63      

V5 Staff courtesy  0.74     

V6 Professionalism of bank staff  0.74     

V7 Pleasant bank atmosphere  0.73     

V8 Promotion strategy   0.73    

V9 Service provision (range of products on offer)   0.71    

V10 Convenience banking   0.70    

V11 Convenient branch location    0.80   

V12 Appropriate range of service offered    0.68   

V13 Provision of fast and efficient service    0.68   

V14 Availability of 24 hours ATM service     0.84  

V15 Availability of ATM on campus     0.81  

V16 Influence of parents      0.77 

V17 The university uses the same bank      0.77 
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Table 8. Rotated component matrix showing the loading of the variables on the factors 
for the female sample. 

Variable 
Components (factors) 

1 2 3 4 

V1 Professionalism of bank staff 0.78    

V2 Pleasant bank atmosphere 0.72    

V3 Reputation of the bank 0.72    

V4 Staff courtesy 0.71    

V5 Appropriate range of service offered 0.64    

V6 The university uses the same bank  0.76   

V7 Financial benefits  0.69   

V8 Service provision (range of products on offer)  0.65   

V9 Proximity to the university  0.65   

V10 Integration of mobile money services   0.81  

V11 Mobile banking facilities   0.78  

V12 Convenience banking   0.62  

V13 Availability of ATM on campus    0.81 

V14 Availability of 24 hours ATM service    0.80 

 
of the loadings, so that those with higher loadings take precedence of over those 
with lower loadings in the arrangement of the variables for each factor. 

Factor 1 of the male final factor solution has V1—internet banking, V2—digital 
platforms, V3—integration of mobile money services and V4—security—loading 
on it. Looking at the loadings and the nature of these variables, Factor 1 was 
named “secure e-banking” as the variables associated with it suggest the use of 
digital technology to offer services that are insulated against digital banking 
fraud. The indicator variables V5—staff curtesy, V6—professionalism of bank 
staff and V7—pleasant bank atmosphere, express Factor 2. These variables con-
cern the way customers are treated or the impression they get when they interact 
with the bank. Factor 2 was therefore named “customer experience”. Factor 3 
was named “promotion strategy” as the variables loading on it, V8—promotion 
strategy and V9—service provision (range of products on offer) and V10—con- 
venience banking, have to do with creating products and services that come at 
the convenience of customers in order to entice and retain their custom. The va-
riables V11—convenient branch location, V12—appropriate range of service of-
fered and V13—provision of fast and efficient service, concern cleverly proffering 
customers products and services that meet their expectations. While what these 
indicator variables together express (Factor 4) is similar to Factor 3, it differs 
from Factor 3 in the clever way the needs of customers are responded to. Factor 
4 was thus named “intelligent responsiveness”. The two variables loading on 
Factor 5, V14—availability of 24 hours ATM service and V15—availability of 
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ATM on campus, have to do with the handiness of ATMs in terms of proximity 
and time. Factor 5 was therefore named “access to ATMs”. Factor 6 was named 
“third party influence” because V16—influence of parents and V17—the universi-
ty uses the same bank, which load on the factor, describe the effect of third par-
ties on the decision of students in selecting one bank over the other.  

We now turn our attention on the final factor solution of the female sample 
(Table 8). Factor 1 is named “customer experience” as the first two of the va-
riables (V1—professionalism of bank staff, V2—pleasant bank atmosphere), which 
are more consistent with the proposed name for the factor, load highly on it than 
the other three variables (V3—reputation of the bank, V4—staff courtesy, V5— 
appropriate range of service offered) loading on the factor. It is also worthy of 
note that V3, V4 and V5 are in some sense related to the highest loading variable 
V1, in particular V4. Factor 3 and Factor 4 are, mutatis mutandis, named 
“e-banking” and “access to ATMs” for similar reason as those adduced for ana-
logous factors identified for the male factor solution. It was not easy to name 
Factor 2 as it is loaded on by an eclectic mix of variables. However, going by the 
fact that the highest loading variable on a factor is the most influential, Factor 2 
was named “third party influence”. Thus for the male and female samples, the 
factors that are thought to influence bank choice are as shown in Table 9. 

The results show that while both males and females place importance on 
e-banking, it is more important to the males than the females as it has more 
prominence (the first factor) in the male sample than in the female sample (the 
third factor), and (as the names of the factors exemplify: “secure e-banking” for 
males and “e-banking” for females) the males tend to be more concerned with 
the security aspect of the facility than the females. “Customer experience” ranks 
second in the male sample but first in the female sample. This is not surprising 
as evidence from the literature appears to lend credence to the view that females 
tend to be more attracted to the “softer side” of their dealings with banks than 
males; Cicic, Brkic, and Agic [6] found that relaxed and friendly environment at 
banks mattered more to females than males. “Third party influence” also presents 
another instance where a factor rates higher on the female side than on the male  
 
Table 9. Factors that influence bank choice by male and female students, presented in 
order diminishing influence. 

 Male  Female 

No. Factors No. Factors 

1 Secure E-banking 1 Customer Experience 

2 Customer Experience 2 Third Party Influence 

3 Promotion Strategy 3 E-banking 

4 Intelligent Responsiveness 4 Access to ATMs 

5 Access to ATMs   

6 Third Party Influence   
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side. It is the second ranking factor for the female sample and sixth for the male 
sample. Again, this is consistent with the finding of Cicic, Brkic, and Agic [6] 
that females attach importance to recommendations by family and friends. There 
is yet another instance where females place premium on a factor more than do 
their male counterparts. “Access to ATMs” is fourth on the female side and fifth 
on the male side. This is in line with what Mokhlis et al. [7] found, that females 
see availability of Automated Teller Machines (ATMs) as key in making bank 
choice.  

As can be seen in Table 9, the males have two more factors than the females: 
namely, “promotion strategy” and “intelligent responsiveness” which are placed 
third and fourth in terms of prominence, higher than “access to ATMs” and 
“third party influence”. The range of factors adduced for the males and their rel-
ative importance, appear to suggest the males are relatively more broad-based 
and tactical in terms of what motivates bank choice than the females, having in 
mind “promotion strategy” and “intelligent responsiveness” in particular. In-
deed, this is buttressed by Mokhlis [4], who observed that males tended to be 
more attracted to marketing promotions and financial benefits compared with 
females.  

The results confirms the view that sex plays a significant role in determining 
consumer behavior and has an effect on banking preferences [1] [2]; male and 
female students of TTU appear to differ in what motivate their choice of banks 
in some respects.  

4. Conclusion 

A major objective of the study reported herein was to establish whether or not 
what motivates bank choice amongst male TTU students differed from that of 
the females. The foregoing results and discussions support the view that male 
Takoradi Technical University students differ from their female counterparts 
with respect to the factors that determine bank choice. While the females at-
tached importance to relationships and the “softer side” of banking when select-
ing banks the males tended to be more strategic and more broad-based in their 
approach to selecting banks. The findings from the study indicate that there is 
the possibility of differences in banking preferences between male and female 
students in the broader technical university community. Finally, there is the 
need for further investigation into these bank selection preferences, focusing on 
the entire population of technical university students and possibly exploring 
further these differences among the wider population of Ghanaians, beyond the 
students segment. Banks, can then consider the differences in male and female 
preferences and design products and services along these preferences for them. 
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Abstract 
Numerical diffusion and oscillatory behavior characteristics are averted ap-
plying numerical solutions of advection-diffusion equation are themselves im-
mensely sophisticated. In this paper, two numerical methods have been used 
to solve the advection diffusion equation. We use an explicit finite difference 
scheme for the advection diffusion equation and semi-discretization on the 
spatial variable for advection-diffusion equation yields a system of ordinary 
differential equations solved by Euler’s method. Numerical assessment has 
been executed with specified initial and boundary conditions, for which the 
exact solution is known. We compare the solutions of the advection diffusion 
equation as well as error analysis for both schemes. 
 

Keywords 
Advection Diffusion Equation, Finite Difference Scheme, 
Semi-Discretization, Rate of Convergence, Error Analysis 

 

1. Introduction 

The advection diffusion equation (ADE) is the model that can be used for simu-
lation natural processes. Two categories of the advection-diffusion equation: ad-
vection is first due to the movement of materials from one region to another; the 
second category is called diffusion which is due to the movement of materials 
from higher concentration to low concentration. This mathematical model has a 
wide range of applications in natural science and engineering. These applica-
tions include where simulation techniques are useful for transport of air, river 
water, adsorption of pollutants in soil, food processing, modeling of the biologi-
cal system, finance, electromagnetism, fluid mechanics structural dynamics, 
quantum physical process, etc. The analytical and numerical solutions along 
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with an initial and two boundary conditions help to comprehend pollutant con-
centration distribution behavior through an open medium like rivers, air, lakes, 
and porous medium. Various works have been appeared to solve and use this 
equation in their simulation using finite difference methods [1] [2] [3]. Numer-
ical Solution of the 1D advection-diffusion Equation solved using standard and 
nonstandard Finite Difference Schemes [4]. The significant application of the li-
near advection diffusion equation lies in fluid dynamics, heat transfer, and mass 
transfer [5]. Researchers examine numerical solution of Advection Diffusion 
Equation using operator splitting method [6]. These methods have been imple-
mented by a characteristic method with cubic spline interpolation (MOC-CS) 
and Crank-Nicolson (CN) finite difference scheme. Obtained results were com-
pared with analytical solutions. It is seen that the implemented method has low-
er error than other methods also produces accurate results even when the time 
steps are great. The linear advection diffusion equation (ADE) is a model which 
describes the contaminant transport due to the combined effect of advection and 
diffusion in a porous media [7]. In this study, the advection diffusion equation is 
solved by explicit finite difference schemes and investigates a different approach, 
the semi-discretization method: a spatial variable which yields a system of ODE 
with the temporal independent variable. We solve this system of ODE’s by Eu-
ler’s method and develop an algorithm of the Euler method for the system of 
ODE’s and implement it for the computation of the concentration ( ),u x t . 

2. Advection Diffusion Equation 

We consider the following partial differential equation, which has both an ad-
ventive and diffusive terms together. 

( ) ( ) ( ) ( ), , , ,t x xxu x t c x t u x t Du x t+ =                (1) 

with initial condition: 

( ) ( )0, ;u x t f x a x b= < < . 

And boundary conditions:    

( ) ( ) 0, ;au a t u t t T=   

( ) ( ) 0, ;bu b t u t t t T= < <  

where ,a bu u  are concentration values and ( ),u x t  is the unknown solution 
being investigated which indicates concentration, ( ),c x t  is the velocity of the 
medium in the x direction, ( ),D x t  is the diffusion coefficient. To introduce 
numerical scheme for Equation (1), an advection diffusion problem whose gen-
eral solution [8] [9] [10] is (Figure 1) 

( )
( )2

41, e
4

x ct
Dtu x t

Dt

−
−

=
π

                    (2) 

3. Numerical Methodology 

In mathematics, our goal is to approximate the solution of the differential equations.  
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Figure 1. The general solution of the advection diffusion equation. 

 
This gives a large algebraic system of equations to be solved in replace of the dif-
ferential equation, which can be easily solved [11] [12] on a computer by Matlab 
code. 

3.1. Computational Grid 

We consider some simple space discretization on a uniform grid. We divide the 
spatial interval [ ]0, L  into 1M +  equal sub-interval such that  

1 2 3x x x L< < < <  with ( )1 , 1,2,3, , 1mx m x m M= − ∆ = +  and Lx
M

∆ = .  

Approximations ( ) ( )0
,mu t u x t≈  are found by replacing the spatial derivatives by 

difference quotients. we also divide the time interval [ ]0,T  into 1N +  equal sub- 
interval such that 1 2 3t t t T< < < <  with ( )1 , 1,2,3, , 1nt n x n N= − ∆ = + ,  

and Tt
N

∆ = . For purpose of the notation x h∆ =  and t k∆ = . 

This gives a finite difference discretization in space. Setting  

( ) ( ) ( )( )T
1 , , mu t u t u t=  . 

Therefore, we get a system of ordinary difference equations (ODEs) of (1.1)       

( ) ( )( ) ( ) 0, , 0, 0u t F t u t t u u′ = > =                 (3) 

with a given initial value ( )0u .  

3.2. Discretization of Explicit Finite Difference Scheme (ECDS) 

To approximate the solution to Equation (1) using the Explicit Centered Differ-
ence Scheme, we use the following approximations  

( )
1

,
n n

n m m
t m

u u
u x t

t

+ −
≅

∆
                     (a) 

( ) 1 1,
2

n n
n m m

x m
u u

u x t
x

+ −−
≅

∆
                    (b) 

( )
( )

1
1 1

2

2
,

n n n
n m m m

xx m
u u u

u x t
x

+
+ −− +

≅
∆

                 (c) 

where x∆  is the spatial step, t∆  is the time step, m and n is spatial and temporal 
node respectively. Substituting Equation (a), (b), (c) in Equation (1) and solving  
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for unknown 1n
mu + . We obtain ( )1

1 11 2
2 2

n n n n
m m m mu u u uα αγ γ γ+

− +
   = + + − + −   
   

 

where c t
x

α∆
=

∆
 and 2

D t
x

γ∆
=

∆
. Stability condition 1c t

x
∆

≤
∆

 & 2

1
2

D t
x
∆

≤
∆

. 

3.3. Spatial Discretization Technique for ADE and Solved by Euler  
Method 

We consider the following figure for ADE (Advection Diffusion Equation). 
 

 
 

We draw vertical grid line as shown in the picture. These lines are parallel to 
the t-axis and cross the x-axis in mx x= , 1, , 1m M= + . mx m x= ×∆ ,  

1
1

x
M

∆ =
+

. 

In semi-discretization method (SDM), we assume that the PDE system with 
its boundary conditions has spatially discretized, and thus we focus on ODE sys-
tem ( ) ( )( ),u t F t u t′ = , representing semi-discrete advection-diffusion prob-
lems.  

This equation is same as Equation (2). Now Consider ADE (1) with 0c >  
and 0D > . 

We introduce the function of one variable: ( ) ( ),m mu t u t x≈ , 1, , 1m M= + . 
Now approximate the first derivative and second derivative x∂  and xx∂  re-

spectively as: 

( ) ( ) ( )1 1,
2

m m
x m

u t u t
u x t

x
+ −−

≅
∆

                      (d) 

( ) ( ) ( ) ( )
( )

1 1
2

2
, m m m

xx m

u t u t u t
u x t

x
+ −− +

≅
∆

                  (e) 

This gives the semi-discrete form of (1) 

( ) ( ) ( )
( )

( ) ( )
( ) ( )

( )

1 1 1 1
2

1 0

1 1

2

2d
d 2

2, , ; &
2

m m m m mm

M

u u u u uu t
t x x

u t f t

u t f t
c Dm M

x x

α γ

α γ

+ − − +

+

− + +
= − +

∆ ∆

=

=

= = =
∆ ∆



             (4) 

x1 x2 x3 xm xm+1

u1 =0  u2 u3 um um+1 =1
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Setting ( ) ( )0 , 2, ,m mu f x m M= =   
We get, ( ) ( ) ( ) T

2: , , mu t u t u t=   
  

2 2

2 1 1

1 1

0 1 0

1 0
d 0
d

0 1 0

1 0 1
2 1 0

1 2

0

2 1 0

1 2 1

M M

M M M

u u

t
u u

u u u

u u u

α

α γ

γ

α γ+ +

 
 
−    

    = −    
        

 − 
− 
 

−−       
      + + +      
       −−       

 − 

 

  

 

So, we obtain a linear system of ordinary differential equations (ODE’s) of the 
type. 

( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( ) ( )

T
0 1

0

d , 0 , ,
d

, , 0 , where and , are vector

M

f t

uu t Au b t u u f x f x
t

u t F t u u u u F t u

= = + = =   

∴ = =








 

Now, we get with time step t∆  for the numerical solution  

( )
( )

1

1

,

,

n n
n

n

n n n
n

u u F t u
t

u u t F t u

+

+

−
=

∆
= + ∆

 

which is the semi discretization using Euler method of ( ) ( ),F t u Au b t= + . 

4. Numerical Result’s and Discussion 
4.1. Algorithm for the Semi Discretization of ADE Solved by Euler  

Method  

To approximate the solution to the partial differential equation  

( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )

2

02

0

0

0

, , , 0,  and 

Subject to the boundary condition

, ,

, ,

And Initial condition,

, ;

a

b

u u ux t c x t D x t a x b t t T
t x x

u a t u t t t T

u b t u t t t T

u x t f x a x b

∂ ∂ ∂
+ − = < < < <

∂ ∂ ∂

= < <

= < <

= < <

 

Input: dt, dx, constant co-efficient ,C D , 0t , the left and right end point ft  
of ( )0,T ; dx , the right end point of ( )0,b . 

Output: approximation mmu  to ( ), n
mu x t  for each 2, ,mm m=  ,  

1, ,n N=  . 
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Step 1: set 

0 0

2

; ;

,
2

xd x tf f
nx nt

dx dt
c D
dx dx

α λ

− −
= =

= − =
 

Step 2: for 2, ,m nx=   
( ) ( ),1

,1

Set     Initial value
       ;

m

m

u f x
un u

=

=
 

Step 3: 
( )
( )

1,

1,

Set,            left boundary condition
         ;    right boundary condition

n a

nx n b

u u
u u+

=
=

 

Step 4-Step 6: (solve a tri-diagonal linear system) 
Step 4: Construct matrix A and B 
Set, ( ) ( )1T A Bα β= ∗ + ∗  
( ) ( )
( ) ( )
1 1,1

1 ,1

b u

b nx u n

= 


− = 
 Boundary  

( )1unew un dt T un b= + ∗ +  (Unknown solution for first time step) 

Step 5: For 1, , 1n nt= +  
Set , ; ;mm nu unew un unew= =  

( )1unew un dt T un b= + ∗ + ; 
Output ( ),, m nx u ,  
Step 6: Stop (the procedure complete) 

4.2. Case Study 

Numerical implementation of Euler method [10] [11]: our solving equation (1): 

t x xxu cu Du+ =  initial condition: ( ) ( )0 , 0m mu f x u x t= = =  

Boundary condition: 
( ) ( )
( ) ( )

0 10,

,

n
n

n
b b n

u x t u f t

u x b t u f t

= = =

= = =
  

We will solve numerically for the concentration u using matrix system of equ-
ation. 

 

 
 

Suppose we use 4 grid points 1 2 3 4 1, , , mx x x x x +=  i.e. 3m =  in this example. 

We let, 2

3

n
n

n

u
u

u
 

=  
 

 , Solution for concentration vector nu  at time nt .  

The boundary condition gives  

( )1 0,n
nu u x t= =  and ( )1 4 ,n n

m bu u u x b t+ = = = . 

We can rewrite general nth term in Equation (4) to required Euler method of 
advection diffusion equation.

 1 2 2 2 1 1

3 3 3 4 4

0 1 2 1
1 0 1 2

n n n n n
n

n n n n n

A B

u u u u u
u

u u u u u
α λ α λ+          −   

= − + − +            − −            



 

 

1 0x a= = 2x 3x 4 1mx x b+= =
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( )

1 2 2 2 1 1

3 3 3 4 4

1 2
2

3

; ; &
2

n n n n n
n

n n n n n

P

n
n

n

u u u u u
u t A B

u u u u u

u c Du t P
xu x

α λ α λ

α λ

+

+

 
           = + ∆ − + − +          

         
  

 
= + ∆ = = 

∆ ∆ 









 

4.3. Semi Discretization Scheme for ADE Solved Using Euler  
Method 

For this case the time step is increased to 0.008t∆ = , 0.1x∆ = , and the para-

meter 0.2c =  and 0.02D = , c t
x

α∆
=

∆
 known as advection equation number 

and 
( )2

D t
x

γ∆
=

∆
 known as diffusion term. Regarding this application, (Figure 2) 

0.2 0.008 0.0160 1,
0.1

α ×
= = ≤  

2

0.02 0.008 0.0160 0.5
0.1

γ ×
= = ≤  

Summary of elapsed time for different temporal grid point present below:  
 

∆t ∆x nt nx ECDS (E.T. sec) Euler (E.T. sec) 

0.014 0.1 10,000 500 1.121698 20.768796 

0.010 0.1 14,000 500 1.495759 46.085011 

0.008 0.1 17,500 500 1.330302 34.216212 

0.0031 0.1 16,000 500 1.346320 31.355717 

0.001 0.1 140,000 500 5.814469 270.811288 

 

 
Figure 2. The concentration distribution for 0.1x∆ =  at different time of Euler and ECDS. 
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5. Error Analysis and Convergence 
5.1. Error Analysis 

The comparison of relative error for two finite difference schemes as a function 
of time is shown in Figure 3. Two different curves show relative error for Expli-
cit (red) and Euler (blue). We found the relative error for ECDS remains below 
0.0009 and the relative error for Euler remains below 0.0011.  

5.2. Convergence 

Figure 4 illustrates the convergence of relative error by the scheme FTCS tech-
niques. In this figure, numerical computation of ADE is presented by using ex-
plicit finite difference methods by FTCS and compared with an exact solution of  
 

 
Figure 3. Plot shows Relative error of ADE for both schemes. 
 

 
Figure 4. Plot shows Convergence of relative error for ECDS. 
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the ADE. A good agreement between the numerical solutions and the analytical 
solutions is obtained and the error becomes clear when using large size step for 
the time.  

Figure 5 presents the convergence of semi discretization by Euler for ADE 
with respect to time. It can be seen that, the relative error rate of the convergence 
curves for the Euler scheme with respect to time. This figure shows a very good 
rate of convergence. 

5.3. Problem Discussion  

Figure 6 describes the concentration distribution profile as a function of dis-
tance. Different curves represent concentration distribution profiles at different 
times starting from 10 sect =  to 50 sect = . The plot marked by “red curved”  
 

 
Figure 5. Plot shows error rate of convergence for Euler scheme. 
 

 
Figure 6. Plot shows concentration distribution at different time. 
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represents the concentration is high for 10 seconds and the green curve shows 
that concentration is decreased for 20 seconds. The curve marked by “blue” 
represents concentration is high for 30 seconds and. The plot marked by “yellow” 
represents concentration is high for 50 seconds we can see that when time is in-
creased concentration profile is decreasing. As can be seen in Figure 6, five 
curves show concentration distribution profiles for different times, advection, 
and diffusion parameter as a function of distance. 

Similarly, we observe the above figure with the concentration distribution pro-
file for different distances is decreased in a position with respect to time in Fig-
ure 7.  

Figure 8 represents the concentration profile for different velocities and dif-
ferent diffusion coefficients regarding distances. Different curves show concen-
tration profiles for different applied velocities and diffusion rates. If we vary  
 

 
Figure 7. Plot shows concentration distribution at different position. 

 

 
Figure 8. Plot demonstrated varying advection & diffusion rate a time 20 sect = .  
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Figure 9. The plot demonstrated varying diffusion rate a time 20 sect = . 

 
both velocity and diffusion coefficient at t = 20 secs, the solutions appeared 
which can be seen in Figure 8. 

Similarly, concentration profile by solving numerically at a different diffusion 
rate can be seen in Figure 9 where the maximum concentration profile is shown 
at time 20 sect = .  

6. Conclusion  

We present numerical solutions with exact solutions for the advection-diffusion 
equation with an initial condition and two boundary conditions by using ECDS 
and semi discretize method. A numerical study of the ADE has been presented 
graphically for two different schemes. The numerical solution of ADE by 
semi-discretization scheme shows a good agreement with the exact solution as 
well as for ECDS. Though, ECDS seems a more efficient scheme in terms of 
elapse timing; we compute the relative errors for two different schemes, both 
schemes show a very good rate of convergence. In comparison to Euler’s method, 
ECDS shows less error, which is obvious. Semi discretize methods have to deal 
with a large number of systems of ordinary differential equations in comparison 
with ECDS. In our next work, we would like to upgrade this work with high-
er-order accuracy. 
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