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ABSTRACT

Exponential systems of the form { 1(x) ei"X}

nez,

are considered, where ,u(x) is a degenerate coefficient, Z is a set

of all integers and Z, = Z. The basis properties of these systems in L, (—n, n),l < p < +o0, when, generally speaking,

,u(X) doesn’t satisfy the Muckenhoupt condition are investigated.
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1. Introduction

Basis properties of classical system of exponents

int
{e }neZ
well studied (see e.g. [1-4]). N. K. Bari in her fundamen-
tal work [5] raised the issue of the existence of normal-

ized basis in L, , which is not Riesz basis. The first ex-
ample of this was given by K. 1. Babenko [6]. He proved

in Lebesgue spaces L, (-m,m),1< p <+, are

that the degenerate system of exponents {|x|a ei“‘}
nezZ

with |a|<% forms a basis for L,(-m,7), but is not

Riesz basis when « # 0. This result has been extended
by V. F. Gaposhkin [7]. In [8] the condition on the

weight p was found, which make the system {e‘“‘}n ,

form a basis for the weight space L, , (—n, n) with a norm

I, =(F1r0r o)

Similar problems are considered in [9-13]. Basis prop-
erties of a degenerate system of exponents are closely
related to the similar properties of an ordinary system of
exponents in corresponding weight space. In all the men-
tioned works the authors consider the cases, when the
weight or the degenerate coefficient satisfies the Muck-
enhoupt condition (see, for example, [14]).

In this paper the basis properties of exponential sys-
tems with a degenerate coefficient are studied in the
spaces L, (-m,m),1< p <+, when the degenerate co-
efficient does not satisfy the Muckenhoupt condition. A
similar problem was considered earlier in [15].
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2. Completeness and Minimality

We consider a system of exponents

(), ={u(0)e™] (1)

with a degenerate coefficient
r

ut)=IT-t" .
=0

where t, =0,0#t, (—n, n] k= 1,_r , are different points.
It is clear that {E,} <L, =L,(-%=x),1<p<+w0, if

and only if ¢, p>-1k= 1,r . Assume that the function

fel, (l+l= J cancels the system {E

P q

n }neZ Out’

that is
[ u(t)e™ f(t)dt=0,vyneZz, )

where (7) is a complex conjugate. It is clear that
Fel (-mn),where F=uf . Then, itfollows directly
from (2) that F =0 a.. on (-7n,7m) and, consequently,
f=0 ae on (-mmn). Thus, if

wie{)

then system {E,} _ iscomplete in

nezZ
L, (-m,m),1< p<+o0.

Now consider the minimality of system {E,} _ in

L, (-m,x) . If "
r 11
{ak}o C[_B’Ej’
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then it is minimal in L, (-7, ) and system
{En (,Lfl )} , is biorthogonal to it. So in this case

E . cl,(-mm). Let q e{l,1+lj. Consider the
“ q

q
system
{,u" ('[)(ei"t —1)}n¢0. ?3)
We have
]E ,U( )emtlu—l( )( —imt —l)dt
- n n (4)
= [ ™dt [ e™dt = 215, Vn,m = 0.

It is clear that in the neighborhood of zero it holds

nZ

e —1~——t.
2

Consequently, the following representation

qul (t)(eint

on (—m,m) is true.
From this representation directly follows that if

W
o, €| —,1+—
q q

then the system (3) belongs to the space L,(-m,m).
Then from the relation (4) we obtain that the system
{E, (,u)}mto is minimal in L, (-7,7).

Consider the completeness of system

futye"], . ®

m,m). Let for some function f e L, (m,

—1)~——21“° |t t|
2

in L, (-
have

m) we

[ ()" Tt =0,¥n 0.

Since uf el (-m,
that

n), then from this relation follows

c
uf=const= f =—,
U

where C is some constant. It is clear that

/[1 € Lq (—n,n) >
1
so «,>—. Consequently, c=0, hence f=0. As a
q

result we obtain that under the following conditions
a, e{l,l+lj,{ak}: C[—l,lj, 6)
q ! P q
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system (5) is complete and minimal in L, (-, 7). Thus,
the system (1) is complete, but it is not minimal in
L, (-7, 7).

Consider the basicity of system (5) in L, (-m,x). If

the conditions
r 11
a C __’_ b
{ k}o ( p CJ

satisfies, then it is known that (see. e.g. [9-13]) system (1)
forms basis for L,(-m,7),1< p <+, and in the case
p=1 itis complete and minimal in L, (—m,m). Then it
is clear that system (5) is minimal, but is not complete in
L, (-7, 7).

Now, let the condition (6) holds. It is easy to see that
the system

h, (t):—zn:l(t)(e ~1),vn =0,

is biorthogonal to the system (5) in L, (-m, 7). Let us
show that in this case the system (5) does not form a ba-
sis for L, (-m,7). Let it forms a basis for L, (-m,m).

At first consider the case ¢, e{l,l+lj. Then it is
a q

known that (see e.g. [16]) should fulfilled the following
conditions

0 <inf[[E, |, [, < sup|E, |, [l <+

n=0

where |||| )
have

is an arbitrary norm for L, (-m,7). We

1
IE., [Iu dt] >0,Vn=0.

Regarding biorthogonal system we get the following
condition

0<1nr;1£||h || <sup||h || <400, @)
So
T 1 b ~ " q
A LAC o U
a
. nt|2
i sm;
=cp£ ,uq(t) dt,

where ¢, is a constant depending only on p ( in se-

quel also) Choose >0 as small as the interval [0,5]
does not contain the points {ak} Then it is absolutely
clear that Im, >0:

]L[|t—tk|"”kq >m,,Vte[0,5].
k=1
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Consequently

a
. ntf2
5 sin—

dt 2cpmpj o
0

q
2

5sn—

In>cpj

dt
o 1(

n
EN |sinz'|5 2
=C,m, ,[ TNl

209
0 2 z_aroq n
n

q
2 1 o
Sin 7|2
— aoq—lj | |
= Cpmpn

It is clear that for sufficiently great n we have

E>1.Thus
2

I, >c,m,n“""! dr —>oo,n > o,

. a
L |sm Z'|2
.[ Taoq

so ,0—1>0. And it contradict the condition (7).

. 1
Consider the case ¢, =—. In the absolutely same way
q

as in the previous case, we get

ns q

3 [sinz2
I,=2c m _[ dr

n
T

Hence it directly follows that

| 1’lz-| !

supl, >c,m dr>zc,m, | ——
np _[ pp _!‘
Consider the case 1<q<2.We have

supl, =
n

Let g>2.Take me N :q<2".Consequently

i |sin 2'|7 |s nz’|
supl, =c,m, f—dr> c,m f—dr
n 1 T T
In the sequel we should pay attention to the following
identities

. 1
sin’ 7 = E(l —c0s27),(1-cos 22’)2
:é—Zcos2r+lcos4r .
2 2
From these relations and from the fact that the product

of cosines expressed in terms of cosines, it directly
follows

. om
sin” 7=a,+a coshr+--+a, cosh,7,
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where a,; bk =1,2", are some constants. It is easy to
see that a,,b, > 0. Taking into account the expressions
above we have

400
supl, 2 Cpm{f
n 1

r 2 ”cosbz'
+k2 f }
=1

osb,

. . T cosh, 7
It is clear that integrals I ¥~ dr converge. Then

1
from the previous inequality follows that supl +00 .
Thus, the following theorem is true.
Theorem 1. Let the following condition be satisfied

whel43)

Then the system ({E,(u)j , forms a basis for
L, ( , n) 1< p<+oo. If the relation (6) holds, then this
system is complete, but is not minimal in L, (-m,7),
l<p<+4owo. In this case system (5) is complete and
minimal in L, (-m,7) but does not form a basis for it.

The following theorem is also true.

Theorem 2. Let the conditions

(&, = (-1,0], ®)

be satisfied. Then the system {E, (x)} _ is complete
and minimal in L, (—m,x), but does not 'Torm a basis in
it. If the conditions

e(0.1],{a}; =(-1,0], )

hold, then system (5) is complete and minimal in
L, (-, ), but does not form a basis for it.

Proof. If the conditions (8) holds then the system
{En (,u)} 2 is complete and minimal in L (-m,7).
Indeed, it is clear that

x L]
Po G

30, < (10)s o -

Consequently, the system {E (u )}n forms a basis
for L, (-=,m),and as a result it is complete in L, (—m,7).

{En (/[1 )}n _ is a biorthogonal system to {En ()}

nez

It is clear that the system {En (,u'1 )} , belongs to
ne

L, (—n,n) , and consequently, it is minimal in

L, (—m,m) . So the singular operator with the Hilbert ker-
nel is not bounded in L, (—n,n), then as a result it fol-
lows that this system does not form a basis for
L, (—m,m). If the conditions (9) hold then in the abso-
lutely same way as in the previous case we establish that
the system (5) is complete and minimal in L, (—n,n),
but does not form a basis for it. Consequently, the system

{En (/“)}nez

and has a defect equal to 1.

is complete, but is not minimal in L, (-, 7),
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The theorem is proved.
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