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Abstract 
This paper presents the effect of magnetic field, indicated by Hartmann 
number (Ha), on the free convective flow of Magneto-hydro-dynamic 
(MHD) fluid in a square cavity with a heated cone of different orientation. 
Although similar studies abound, the novelty of this work lies in the presence 
of the heated cone, whose orientation is varied at different angles. The ma-
thematical model includes the system of governing mass, momentum and 
energy equations. The system is solved by finite element method. The calcu-
lations are performed for Prandtl number Pr = 0.71; the Rayleigh number Ra 
= 10, 1000, 100,000; and for Hartmann number Ha = 0, 20, 50, 100. The re-
sults are illustrated with streamlines, velocity profiles and isotherms. From 
the results, it is found that for the present configuration, magnetic field 
(Hartmann number) has no effect on the shape of the streamlines for low 
Rayleigh numbers. However, for high values of Ra, the effect of Ha becomes 
quite visible. Magnetic field affects the flow by retarding the fluid movement, 
and thus affects convective heat transfer. At low Ra, the fluid movement and 
heat transfer rate are already slowing, thus impressing a magnetic field does 
not produce much effect. At high Ra, fluid particles move at high velocity and 
change the stream lines, in absence of any magnetic force. Impressing mag-
netic field in this situation produced noticeable effect by slowing down the 
fluid movement and changing the streamlines back to low Ra situations. It is 
noted that a combination of low Ra with zero or low Ha produces similar ef-
fects with the combination of high Ra and high Ha. It can be concluded that 
with increasing Ha, heat transfer mode in MHD fluid gradually changes to-
ward conduction from convection. It can be surmised that sufficiently large 
Ha can potentially stop the fluid movement altogether. In that case, heat 
transfer would be fully by conduction. 

How to cite this paper: Mahjabin, S. and 
Alim, M.A. (2018) Effect of Hartmann 
Number on Free Convective Flow of MHD 
Fluid in a Square Cavity with a Heated 
Cone of Different Orientation. American 
Journal of Computational Mathematics, 8, 
314-325. 
https://doi.org/10.4236/ajcm.2018.84025 
 
Received: August 9, 2018 
Accepted: December 26, 2018 
Published: December 29, 2018 
 
Copyright © 2018 by authors and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

http://www.scirp.org/journal/ajcm
https://doi.org/10.4236/ajcm.2018.84025
http://www.scirp.org
https://doi.org/10.4236/ajcm.2018.84025
http://creativecommons.org/licenses/by/4.0/


S. Mahjabin, M. A. Alim 
 

 

DOI: 10.4236/ajcm.2018.84025 315 American Journal of Computational Mathematics 
 

Keywords 
MHD Free Convection, Hartmann Number, Square Cavity, Heated Cone,  
Finite Element Method 

 

1. Introduction 

Heat transfer and fluid flow in electrically conductive or Magneto-hydro-dynamic 
(MHD) fluids is an important area of research. It is connected to many scientific 
and engineering applications, such as plasma containment, liquid metal 
processing, power generation, cooling of electrical and electronic equipment, 
high energy wind tunnels, etc. The theory of MHD was introduced by Alfven 
Hannes in 1940, for which he was awarded the Nobel Prize for physics in 1970. 
The first practical application is attributed to Julian Hartmann who designed an 
electro-magnetic pump for liquid metals in 1937. Due to the theoretical com-
plexity and practical implications, MHD flow attracted many researchers, which 
is reflected by the volume of literature published on this subject. Chamkha [1] 
mentioned several reviews on the subject by different authors including Yang 
[2], Kulacki et al. [3], Moreau [4], Vives and Perry [5]. It appears that the re-
search works were mostly concerned with MHD flow in enclosures where the 
walls were subject to different kinds of thermal conditions. Few recent works are 
mentioned below. 

Chamkha [1] investigated natural convection in a square cavity under the in-
fluence of a magnetic field, where the adjacent walls were uniformly heated. 
They reported that the presence of a magnetic field had significant effects on the 
local and average Nusselt numbers (Nu) for all wall heating scenarios considered 
by them. Bakhshan and Ashoori [6] investigated fluid behavior in a rectangular 
enclosure under the effect of magnetic field. They observed that Nu increased 
with increasing Grashof (Gr) and Prandtl (Pr) numbers, but increasing Hart-
mann number (Ha) showed the reverse effect. Öztop and Al-Salem [7] investi-
gated the effects of joule heating on natural convection in a non-isothermally 
heated enclosure. They observed that stream functions decreased and the ther-
mal boundary layer became thicker with increasing Ha. Taghikhani and Chavo-
shi [8] investigated free convection with internal heating in a square cavity. They 
observed that the effect of the magnetic field reduced the convective heat trans-
fer inside the cavity. Bhuiyan et al. [9] investigated the effect of Ha on free con-
vective flow in a square cavity with a heated square block inside the cavity. They 
reported that both the position of the heated square block and Ha had very sig-
nificant impact on flow pattern and heat transfer. Hossain et al. [10] investigated 
free convection in an open square cavity containing a heated circular cylinder. 
They observed that heat flux decreased with increasing Ha. The magnetic field 
retarded the fluid flow and the rate of heat transfer. 

The brief discussion above shows the wide variety of works undertaken by the 
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different researchers. The variations mainly involved thermal conditions of the 
walls, shape of the object in the cavity, and the fluid properties. It may be men-
tioned here that all of the above works were accomplished by using numerical 
methods or finite element methods. However, to the best of the authors’ know-
ledge, the issue of the present work, i.e., the effect of magnetic field on MHD free 
convection in a square cavity with a heated cone has not been reported. 

2. Model and Mathematical Formulation 

Figure 1 shows a schematic diagram of the model. The left and right vertical 
walls of the cavity are thermally insulated, while the bottom and top walls were 
kept at different high (Th) and low (Tc) temperatures respectively. The cone in-
side the cavity was oriented at three different angles: 1) the cone is vertical, 2) 
the cone is inclined to the left, and 3) the cone is inclined to the right. A mag-
netic field of uniform intensity B0 is applied on the fluid, perpendicular to the 
direction of flow. The gravitational force g, acts vertically downward. 

All the fluid properties are considered to be constant except the density. Radi-
ation heat transfer and Joule heating effects are neglected. Thus the governing 
equations for mass, momentum and energy are formulated as follows. 

1) Conservation of mass 0u v
x y
∂ ∂

+ =
∂ ∂

 (Continuity Equation) (1) 

2) Conservation of momentum: 

a) 
2 2

2 2

u u p u uu v
x y x x y

ρ µ
  ∂ ∂ ∂ ∂ ∂

+ = − + +  ∂ ∂ ∂ ∂ ∂   
 (x-momentum Equation) (2) 

b) ( )
2 2

2
02 2 c

v v p v vu v g T T B
x y y x y

ρ µ ρ β σ ν
  ∂ ∂ ∂ ∂ ∂

+ = − + + + − −  ∂ ∂ ∂ ∂ ∂     
(y-momentum Equation) (3) 

3) Conservation of Energy: 
2 2

2 2

T T T Tu v
x y x y

α
 ∂ ∂ ∂ ∂

+ = + ∂ ∂ ∂ ∂ 
 (Energy Equation) 

(4) 
 

 
Figure 1. Schematic diagram of the model. 
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The governing equations are made dimensionless using the following dimen-
sionless variables: 

2

2

x y uL vL pLX Y U V P
L L α α ρα

= = = = =  

2

2
c

h c p

T T k
T T CL

ρ α µθ σ α ν
ρ ρ

−
= = = =

−
 

Applying these definitions, the following dimensionless equations are ob-
tained. 

0U V
X Y
∂ ∂

+ =
∂ ∂

                        (5) 

2 2

2 2PrU U P U UU V
X Y X X Y

 ∂ ∂ ∂ ∂ ∂
+ = − + + ∂ ∂ ∂ ∂ ∂ 

              (6) 

2 2
2

2 2Pr Pr Pr
Pr

V V P V V RaU V Ha V
X Y Y X Y

θ
 ∂ ∂ ∂ ∂ ∂

+ = − + + + − ∂ ∂ ∂ ∂ ∂ 
      (7) 

2 2

2 2U V
X Y X Y
θ θ θ θ∂ ∂ ∂ ∂
+ = +

∂ ∂ ∂ ∂
                  (8) 

where, 

Prandtl number, Pr ν
α

= ; (ratio of viscous to thermal diffusion rates, which  

indicates the ratio or dominance of heat transfer mode-convection over conduc-
tion) 

Hartmann number, 
2 2

2 0B L
Ha

σ
µ

= ; (ratio of electromagnetic force to the 

viscous force) 

Grashof number, 
( )3

2
h cg L T T

Gr
β

ν
−

= ; (ratio of the buoyancy to viscous 

force acting on a fluid) 

Rayleigh number, 
( )3

2

Prh cg L T T
Ra

β
ν
−

= ; (product of Gr and Pr. It also in-

dicates the ratio or dominance of heat transfer mode-convection over conduc-
tion, but incorporates the buoyancy force) 

The dimensionless boundary conditions become: 
0, 1U V θ= = =  at bottom wall and heated conical body (at higher constant 

temperature) 
0, 0U V θ= = =  at top wall (at lower constant temperature) 

θ0, 0U V
N
∂

= = =
∂

 at side walls (thermally insulated)  

0P =  Fluid pressure at the inside and on the walls of the cavity 

3. Numerical Procedure 

The above system of equations is solved along with the boundary conditions 
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shown above, by finite element method. This technique is described various re-
searchers such as Taylor and Hood [11], Reddy [12], and Dechaumphai [13]. In 
this method, the solution domain is discretized into finite element mesh. Then 
the nonlinear governing equations are transferred into a system of integral equa-
tions by applying the Galerk in weighted residual method. Gauss quadrature 
method is used to perform the integration involved in each term of these equa-
tions. The nonlinear algebraic equations thus obtained are modified by imposing 
boundary conditions. Then Newton’s method is used to transform these mod-
ified equations into linear algebraic equations, and then these linear equations 
are solved by applying the triangular factorization method. 

4. Results and Discussions 

The calculations are performed for Prandtl number Pr = 0.71, the Rayleigh 
number Ra = 10, 1000, 100,000; and for Hartmann number Ha = 0, 20, 50, 100. 
The results are illustrated with streamlines, velocity profiles, and isotherms. Sev-
eral observations can be made from the results, which are discussed next, ac-
cording to the orientation of the cone. 

4.1. Vertical Orientation 

Streamlines: Figure 2 shows the streamlines for vertical orientation of the cone. 
At first there is no magnetic field impressed (Ha = 0), and Ra is increased from 
10 to 100,000. The streamlines look almost the same for Ra = 10 and Ra = 1000. 
However, the velocities increased by order of magnitude, as indicated by the 
color legend (Figure 2(a) and Figure 2(b)). At Ra = 10, the velocity range is 
0.0005 - 0.004 m/s, whereas for Ra = 1000, the range is 0.05 - 0.40 m/s. The 
streamline pattern is symmetrical, and there are two vortices on the left and 
right side of the cone. The maximum velocity occurs at the narrowest passage 
between the cone and the cavity wall. At Ra = 100,000 two additional vortices 
appear on the top-left and top-right corner of the cavity. The velocity range in-
creased to 10 - 60 m/s (Figure 2(c)). Keeping Ra fixed at 100,000; a magnetic 
field is impressed with increasing intensity. At a modest magnetic field of Ha = 
20, the velocities reduced somewhat, but there is a noticeable change in the 
streamline pattern. The additional two vortices disappeared (Figure 2(d)). At 
Ha = 50, the velocities reduced further, and the streamlines look very similar to 
the first case (Figure 2(a) and Figure 2(e)). However, the position of the vortic-
es is noticeably different than the first case. Further reduction of velocity is at-
tained by increasing Ha to 100, but the streamlines remained almost the same 
(Figure 2(f)). 

Velocity profiles: The y-component of velocity along two different lines paral-
lel to the x-axis (y = 0.15 and y = 0.50) are presented. Figure 3 shows the effect 
of Ra and Ha on y-component of velocity at y = 0.15. First, the effect of Ra is 
studied while keeping Ha = 0. The resulting velocity profiles are shown in Fig-
ure 3(a) and Figure 3(b). The velocity is zero at x = 0 and x = 1, which indicate 

https://doi.org/10.4236/ajcm.2018.84025


S. Mahjabin, M. A. Alim 
 

 

DOI: 10.4236/ajcm.2018.84025 319 American Journal of Computational Mathematics 
 

no-slip condition at the cavity wall. Velocity becomes maximum at two loca-
tions, at x = 0.20 and x = 0.80. The profile remains the same with increasing Ra, 
however, the velocity increases by orders of magnitude. It shows the very strong 
influence of Ra on the velocity field, as one should expect. Next, keeping the Ra 
constant at 100,000; Ha is increased from 0 to 20, 50, and 100. Figure 3(c) shows 
the four profiles corresponding to the four values of Ha. It can be clearly seen 
that increasing Ha suppressed the velocities and eventually the profile lost its 
original shape. These observations fully agree with the observations on the 
streamlines as discussed in the previous section. It can be surmised that by ap-
plying a sufficiently strong magnetic field, the fluid movement can be stopped 
altogether. 

Figure 4 shows the effect of Ra and Ha on y-component of velocity at y = 
0.50, which passes through the cone. The velocity becomes zero at four locations 
(x = 0, 0.4, 0.6 and 1), indicating no slip condition at the cavity walls and on the  
 

 
Figure 2. Streamlines for different values of Ra and Ha for vertical orientation of the cone. 
(a) Ha = 0; Ra = 10; (b) Ha = 0 Ra = 1000; (c) Ha = 0; Ra = 1e5; (d) Ha = 20; Ra = 1e5; (e) 
Ha = 50; Ra = 1e5; (f) Ha = 100; Ra = 1e5. 
 

 
Figure 3. Effect of Ra and Ha on y-component of velocity at y = 0.15. (a) Ha = 0; Ra = 1000; (b) Ha = 0; Ra = 1E5; (c) Different Ha 
with Ra = 1e5. 
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Figure 4. Effects of Ra and Ha on y-component of velocity at y = 0.50. (a) Ha = 0; Ra = 1000; (b) Ha = 0; Ra = 1E5; (c) Different 
Ha with Ra = 1e5. 

 
conical body. Here also it is seen that the velocity increases by orders of magni-
tude with increasing Ra. Velocity peaks at four locations approximately at x = 
0.1, 0.3, 0.7, and 0.9 (Figure 4(a) and Figure 4(b)). It is also seen that increase of 
Ha has retarding effect on the velocity (Figure 4(c)), similar to the effects ob-
served in Figure 3(c). 

Isotherms: Figure 5 shows the isotherms for different values of Ra and Ha. 
The legend shows the values of θ, the dimensionless temperature whose value 
range is 0 - 1. At first Ha is kept at 0 and Ra is increased from 10 to 100,000. The 
isotherms show clear differences in shape as well as in spread (Figure 5(a) and 
Figure 5(b)). Next, Ra is kept constant at 10, and Ha is increased all the way to 
100. There is no noticeable difference between Ha = 50 and 100 (Figure 5(c) and 
Figure 5(d)). The calculations are repeated with Ra = 100,000. Now the differ-
ences are clear between Ha = 20 and Ha = 100 (Figure 5(e) and Figure 5(f)). 
For high Ra, the isotherms become smoother, closer to one another, and more 
uniformly spread with increasing Ha. The reason for this behavior is that the ap-
plication of magnetic force on the MHD fluid retards the fluid flow, so the fluid 
particles are slowed down. This same phenomenon was observed with stream-
lines and velocity profiles as well (Figures 2-4). Since convective heat transfer 
mainly depends on the fluid movement, any restriction on the fluid movement 
will influence the heat transfer. The heat transfer mechanism becomes more like 
conduction than convection. The temperature distribution thus becomes more 
even, which is seen in the isotherms. It is also observed that the isotherms are 
symmetric around the cone. It can be said that Ha does not have much effect on 
heat transfer with low Ra, but has very visible effects with high Ra. Moreover, 
high Ra with high Ha results in the same isotherm pattern and consequently 
same heat transfer which could be achieved with low Ra and low Ha. 

4.2. Left Inclined Orientation 

Streamlines: Figure 6 shows the streamlines for left inclined orientation of the 
cone. The results are presented in the same sequence as that for the vertical 
orientation of the cone. At first Ha = 0, and Ra is increased from 10 to 100,000. 
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There is no appreciable change in the streamlines between Ra = 10 and Ra = 
1000; but the velocities increase by an order of magnitude, as indicated by the 
color legend (Figure 6(a) and Figure 6(b)). The streamline pattern is not sym-
metrical, and there is only one vortex on the right side of the cone. At Ra = 
100,000; one additional vortex appear on the top-left corner of the cavity (Figure 
6(c)). Keeping Ra fixed at 100,000; Ha is increased to 20, 50, and 100. The addi-
tional vortex vanishes with increasing Ha and the streamlines become very simi-
lar to ones developed before (Figure 6(a) and Figure 6(b)). However, the re-
ductions in velocities are significant at each step.  
 

 
Figure 5. Isotherms for different Ha and Ra for vertical orientation of the cone. (a) Ha = 0, Ra = 10; (b) Ha = 0, Ra = 
1e5; (c) Ha = 50, Ra = 10; (d) Ha = 100, Ra = 10; (e) Ha = 20, Ra 1e5; (f) Ha = 100, Ra = 1e5. 
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Figure 6. Streamlines for different values of Ra and Ha for left inclined orientation of the 
cone. (a) Ha = 0; Ra = 10; (b) Ha = 0 Ra = 1000; (c) Ha = 0; Ra = 1e5; (d) Ha = 20; Ra = 
1e5; (e) Ha = 50; Ra = 1e5; (f) Ha = 100; Ra = 1e5. 
 

Isotherms: Figure 7 shows the isotherms for different values of Ra and Ha. At 
first Ha is kept at 0 and Ra is increased from 10 to 100,000. The isotherms show 
clear differences in shape as well as in spread (Figure 7(a) and Figure 7(b)). At 
high Ra, the distortion is more prominent, and isotherms closer to the hot body 
are developed (Figure 7(b)). Next, calculations are repeated for Ha = 20, 50, and 
100, with Ra = 100,000 (Figure 7(c) and Figure 7(d)). For high Ra, the iso-
therms become smoother, closer to one another, and more uniformly spread 
with increasing Ha. The same reasoning, discussions and conclusion presented 
for the vertical cone are also applicable here. 

4.3. Right Inclined Orientation 

The results are very similar to those for the left inclined orientation. Both the 
streamlines and isotherms look almost like mirror image of the left inclined 
orientation. Therefore detailed discussions will be redundant. However, the fig-
ures are presented for the sake of completeness. 

Figure 8 shows the streamlines and Figure 9 shows the isotherms. The same 
reasoning, discussions and conclusion presented in the previous sections are also 
applicable here. 

5. Conclusions 

The effects of Ra and Ha on the fluid flow and heat transfer are investigated in a 
square cavity filled with MHD fluid, with a heated conical object inside the cavi-
ty. With increasing Ra, the velocity of the fluid particles increases significantly 
and the streamlines also show visible changes in shape. Ha affects the flow by 

https://doi.org/10.4236/ajcm.2018.84025


S. Mahjabin, M. A. Alim 
 

 

DOI: 10.4236/ajcm.2018.84025 323 American Journal of Computational Mathematics 
 

retarding the fluid movement. Therefore, increasing Ha influences the stream-
lines, fluid velocities, and heat transfer. However, the effect of Ha is not signifi-
cant for low values of Ra. It is also noted that the combination of low or zero Ha 
with low Ra produces very similar results with high Ha and high Ra. It can be said  

 

 
Figure 7. Isotherms for different Ha and Ra for left orientation of the cone. (a) Ha = 0, Ra 
= 10; (b) Ha = 0, Ra = 1e5; (c) Ha = 50, Ra = 1e5; (d) Ha = 100 Ra = 1e5. 
 

 
Figure 8. Streamlines for different values of Ra and Ha for right inclined orientation of 
the cone. (a) Ha = 0; Ra = 10; (b) Ha = 0 Ra = 1,000; (c) Ha = 0; Ra = 1e5; (d) Ha = 20; Ra 
= 1e5; (e) Ha = 50; Ra = 1e5; (f) Ha = 100; Ra = 1e5. 
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Figure 9. Isotherms for different Ha and Ra for right orientation of the cone. (a) Ha = 0, 
Ra = 10; (b) Ha = 0, Ra = 1e; (c) Ha = 50, Ra = 1e5; (d) Ha = 100 Ra = 1e5. 
 
that the heat transfer mode in MHD fluid gradually changes toward conduction 
from convection with increasing Ha. A sufficiently large magnetic field can po-
tentially stop fluid movement altogether. In that case, heat transfer would be 
fully by conduction. 
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