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Abstract

The modified simple e ployed to find the exact traveling wave solutions in-
volving parameters fi i volution equations namely, a diffusive predator-prey system,

ecial values, the solitary wave solutions are derived from the
. It is shown that the modified simple equation method provides an

1. Introduction

The nonlinear partial differential equations of mathematical physics are major subjects in physical science [1].
Exact solutions for these equations play an important role in many phenomena in physics such as fluid mecha-
nics, hydrodynamics, optics, plasma physics and so on. Recently many new approaches for finding these solu-
tions have been proposed, for example, tanh-sech method [2]-[4], extended tanh-method [5]-[7], sine-cosine
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method [8]-[10], homogeneous balance method [11], the Exp(—¢(§)) expansion method [12] and [13], Jacobi
elliptic function method [14]-[16], F-expansion method [17]-[19], exp-function method [20] and [21], trigono-

!

metric function series method [22], (%j -expansion method [23]-[26], the modified simple equation method

[27]-[32] and so on. The objective of this article is to apply the modified simple equation method for finding the
exact traveling wave solution of some nonlinear partial differential equations, namely the diffusive predator-
prey system [33], the Bogoyavlenskii equation [34], the generalized fisher equation [35] and the Burgers-Huxley
equation [36], which play an important role in mathematical physics.

The rest of this paper is organized as follows: In Section 2, we give the description of the
equation method. In Section 3, we use this method to find the exact solutions of the nop
tions pointed out above. In Section 4, conclusions are given.

modified simple

2. Description of the Modified Simple Equation Method
Consider the following nonlinear evolution equation

F(u,u,,ux,uy,un,uxx,uyy,-~-

M

where F is a polynomial in u(x,t) and its partial derivatives in derivatives and non-

Step 1. We use the wave transformation

u(x,y,t)=u(é) (2

©)

4)

into Equation (3), we calculate all the necessary derivative u’,u”,--- of the
we adcount the function y(&). As a result of this substitution, we get a polynomial of
. In thig’polynomial, we gather all terms of the same power of ™! (j =01 2) and we
icient of this polynomial. This operation yields a system of equations which can be
w (£) . Consequently, we can get the exact solution of Equation (1).

function “u
l//ij j :Oill ’

solutions’and then the solitary wave solutions for the following nonlinear systems of evolution equations.

3.1. Example 1: A Diffusive Predator-Prey System

We consider a system of two coupled nonlinear partial differential equations describing the spatio-temporal
dynamics of a predator-prey system [33],

{ut =Uy — Bu+(1+ B)u’ —u’ —uy,

V, =V, + KUV —mv —5V°.

®)

O,
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where x, 6, m and S are positive parameters. The solutions of predator-prey system have been studied in
various aspects [33] [37] [38]. The dynamics of the diffusive predator-prey system have assumed the following

. 1 . .
relations between the parameters, namely m= 4 and x+—= f+1. Under there assumptions, Equation (5)

NE

can be rewritten in the form:

1
u =u,—Au +(K+$ju2 —u®—uy,

(6)
V, =V, + KUV — BV -V,
We use the wave transformation u(x,t)=u(&),&=x—ct to reduce Equation (6) 46 @Wing nonli-
near system of ordinary differential equations:
" ! 1 2 3
u"+cu'-pu+| x+—[u"—u’—-uv=0
[ Vs ) (7)
V' oV + KUV — SV —ov: =0,
where C isa nonzero constant.
In order to solve Equation (7), let us consider the following trapsformation
®)
Substituting the transformation (8) into Equation (7),
9)
Balancing u” with u® in Equation (9) N =1. Consequently, we get the formal
solution
) (10)
where A, and A are consts D, determine that A =0. Itis easy to see that
11)
m 3 I} " ’ 3
R W__W_‘f+z(£j . 12)
4 4 4
0 Equation (9) and equating the coefficients of w2, w2, v, w° to zero, we
vy A (2-A)=0, (13)
vy A3 —(c—xA +3AA )y ]=0, (14)
v Aoy - (B-2h + 3K )y =0, (15)

yO i A [-BHrA -~ ]=0. (16)
From Equations (13) and (16), we deduce that

—k K’ —4p

A=+J2, A =00r A = >

where x° >4p.

O,
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Let us discuss the following cases.
Case 1. If A, =0.
In this case, we deduce from Equations (14) and (15) that

and

where c#xA.
Equations (17) and (18) yield

%
where EO=—{0+ 3 J;to. @
C—kA

Integrating (19) and using (17) we deduce that

and consequently, we get

exp(Esé)+c, |

and from (8) we get

E[ exp(Ey&)
°Lexp(Epé)+c, |

while, if" ¢, = -1, we get

and

<
—~~~
NAN
SN—
Il
I+
@ dr
1
[EEN
+
O
=}
S
=0
7 N\
N |O|T|
NN
N
| I

a7

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

@7)
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Case 2. If A, #0.
In this case, we deduce from Equations (14) and (15) that
-3
= — |y 28
v [C—KAi+3AoA1jW )
and
y" oy —(B-2kA +3K )y’ =0. (29)
Substituting (28) into (29), we get
Y -k, (30)
174

c—xA +3AA
Integrating (30) and using (28), we deduce that

where E, = —[c+ 3([;_2’0% +Sh )] #0

(31)
and consequently, we get
(32)
| exp(E¢) |
| exp(E&)+c, | (33)
and from (8) we get
exp(E¢&)
—_—, 34
L exp(E)+¢, | 39
T[h tanh( ﬂ (39)

25 fon(3]

u(é) _TREINK AP Mi%[u coth (%gﬂ @37

while, if“c, = -1, we get

and

V(&)= _’”‘/f [1+ coth( gﬂ (38)
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3.2. Example 2: The Bogoyavlenskii Equation

We consider the Bogoyavlenskii equation [34] in the form

{4ut +U,, —4u’u, —4u,v =0, 39)

uu, =v,.

Equation (39) was derived by Kudryashov and Pickering [39] as a member of a(2 + 1) Schwarzian breaking
soliton hierarchy. The above equation also appeared in [40] as one of the equations associated to nonisospectral
scattering problems. Estevez et al. [41] showed that Equation (39) possesses the Painleve property. Equation (39)
is the modified version of a breaking soliton equation, 4u, +8u,u, +4u U, +U,, =0 (|

+ 1)-dimensional interaction of a Riemann wave propagation along the y-axis with a log

certain extent, a similar interaction is observed in waves on the surface of the seas that the
solution and its dynamics of the equation can make researchers.

In this subsection, we determine the exact solutions and the solitary wave s 89). To this
end, we use the wave transformation (2) to reduce Equation (39) to the fo j of ordinary
differential equations.

—4cu’+u" - 4uPu’ - 4u'
u? (40)
—=V
2
Substituting the second equation of (40) into the first
(41)

with zero constant of integration.
Balancing u” with u® in Equation (41) N +2=3N = N=1. Consequently, we get the same
formal solution (10).
Substituting (10)-(12) into Equation (41) and
obtain

(42)
(43)
(44)

(45)

(46)

and

y"—(6A +4c)y’' =0, (47)
Equations (46) and (47) yield

Y _E, (48)
174
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-6AZ —4c

where E, = =0,
2AA

Integrating (48) and using (46), we deduce that

—C,
w'= exp(E,& (49)

2ah 0D

exp(E Cs 50
y = ZEA\)AlXP( 26)+Cq (50)

where ¢, and cg are arbitrary constants of integration.
Substituting (49) and (50) into (10), we have the exact solution:

exp(E,&)
u(é)=+v-2c+E,| ——=——|, 51
(£) °{cs+exp(E2§) (1)
and
1
v(f)za{i —20+E2{ (52)
where ¢, =-2E;A/A .
If ¢, =1, we have the solitary wave solutions.
(53)
and
(54)
while, if ¢, =-1, we get
(55)
(56)
linear partial differential equation describing the generalized Fisher equation [35]
u, +cu, =Du, +au— pu® —yu®, (57)

where D is the diffusion coefficient, U is the concentration or density, C represent the convective velocity,
and a, p, y arethe constants in different contexts. Substituting the wave transformation
u(x,t)=u(¢&),&=x—kt into Equation (57), we get

Du”+au—Bu? —yu®+(k—c)u'=0, wherek =c, (58)

where k is arbitrary constant.
Balancing u” with u® in Equation (58) yields, N +2=3N = N =1. Consequently, we get the same formal

solution (10).
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Substituting (10)-(12) into Equation (58) and equating the coefficients of 2, w2, v, w° to zero, we
respectively obtain

wAp°[2D-yA ] =0, (59)

w7 Ay'[ 3Dy —(BA +3yAA +k—c)y'] =0, (60)
l,z/’l:Ai[Dt//”'+(a—2[)’AD—37A)2)w’+(k—c)t//”]=0, (61)
A a-pA-yA]=0. ©2)

From Equations (59) and (62), we deduce that
A= / and Ay =0or A, = pt “ﬂ +4705

where D, y are nonzero real constants.
Let us now discuss the following cases.
Case 1. If A, =0.
In this case, we deduce from Equations (60) and (61) that

-3D

- 63
v BA k= (63)
and
Dy" +ay +[k— (64)
Equations (63) and (64) yield
(65)
where E, =[ﬂ+k
BA +k-c
Integrating (65) and usi
E
et S —3£, 66
ﬁA1+k—c6Xp[ D 5} (66)
3D’ -E,
- g SR = , 67

5Y and (67) into (10), we have the exact solution:

_E3
5 exp(D 5}
u(é) =%k, /— — (68)
Dy -E
c8+exp(D 5]

E(fA+g-c) and —> >0
3D? Dy

where ¢, =

E : .
If ¢,=+1 and 33 >0, we have the solitary wave solution.
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ug)== ZEE)y {1—tanh(§—3ffﬂ, (69)
u(é)=7 ;337 {l—coth(;—éfﬂ, (70)

E, E
u =F 1+tanh (—3 j ) 7
€) W{ o (72)
E, E
u(é)=x 1+coth(—3 J : 72
(<) W[ ot (72)
Case2.If A #0.
In this case, we deduce from Equations (60) and (61) that
-3D
BA+3yAA +k-
and
Dy "+ (k—c)y" +(a—2A -3y A )y’ =0. (74)
Equations (73) and (74) yield
v _ & (75)
-3aD(a—28A -3yA})
where E, = +
LA ++3yAA +k -8
Integrating (75) and using (7,
-E,
ex , 76
. P( D 5) (76)
and consequently, w get
2
5 exp[ < §j+cm, 77
E,(BA +3yAA +k-c) D
where ¢, al , arearfitrary constants of integration.
into (10), we have the exact solution:
ex ;E4§
LS +hay 2 P D
u(@)="—o —FE, 5> : (78)
-2y Dy E

Cpo +eXp(D4§j
E,(BA +3yAA +k—c) 2

and —>0.

where ¢, = 3D D
v

E . .
If ¢, =+1 and —* >0, we have the solitary wave solution.
D

=L VB +hay _ E, {1—tanh(igﬂ, (79)
-2y J2Dy 2D

O,

u(é
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_,Bi\/ﬁ2+4ay_ E, B E,
u(é)= +m{l coth(ZDcfH, (80)

_2}/

while, if ¢, =+1 and %<0, we have

u(g)BENS thar B, {1+tanh(E4 gﬂ (81)
y

-2y J2D 2D

_ﬁi\/ﬂ2+4a7_ E, E,
u(é)= P +m{l+coth(2D§ﬂ. (82)

3.4. Example 4. The Burgers-Huxley Equation

We consider a nonlinear partial differentail equation describing the burgers- ion [3

U, +auu, —Vvu,, = Au(l-u)(u-y), (83)

where U is the concentration or density, C represents the co i i a, p, y are real
i . Note that Equation (83)

transformation u(x,t)=u(¢),&=x—kt into Equation
Bu(l-u)(u-y)+k

where k is arbitrary constant.
Balancing between u” and u® in Equatign (84) yie 3N = N =1. Consequently, we get the
same formal solution (10).
Substituting Equations (10)-(12) into Equati
to zero, we respectively obtain.

(85)
(86)
(87)
(88)
o+ 2
L T RN PN 4 P
-2p 2 7
nonzero real constants.
ss the following cases.
& A, =0.
In th 3, we deduce from Equations (86) and (87) that
, ah +3v ”
e (89)
BA +BAY -k
and
vy +ky" = Bry' =0, (90)
Equations (89) and (90) yield
'//_” = __ES’ (91)
17 v
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where E, =[W+ k} #0.

BA+BAY -k
Integrating (91) and using (89), we have
-E

y'=Fc, exp (Ts ‘5]’ (92)

where, F = M,

BA+BAy-k
—Fvi -E

B e e, =

where ¢, and c,, are arbitrary constants of integration.
Substituting (92) and (93) into (10), we have the exact solution:

€, (-t a3

u(é)= oYY (94)
EZ
where Ciy :E
If c,=+1 and —
(95)
(96)
while, if ¢, =+1 dnd
“E, (—a-_h/az +8ﬁv) E
u(é)= Yy {1+ tanh (Eéﬂ 97)
—Es(—ai\/a2+8ﬁv) e
u(é)= Yy {1+ coth (Efﬂ (98)
If A =0
, we deduce from Equations (86) and (87) that
y'=Fy’ (99)
where F, = ah +3v .
“3BAA +BA +BAY -k+ah
and
vy "+ (k—ah )y + (28 —3B8A +2BAy - By )y' =0. (100)

Equations (99) and (100) yield

O,
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n _E
V =, (101)

where E, =[(k—aA)+F, (288 ~35A +28Ay - Br)|#0.
Integrating (101) and using (99), we deduce that
' _EG
y' =F,Cexp T§ ) (102)
and consequently, we get

-VvF -E
y=—n eXp(Teéj +Cuy (103)

6
where ¢, and c,, are arbitrary constants of integration.
Substituting (102) and (103) into (10), we have the exact solution:

U(f)%{u\/@}_%(‘“im)

EYY (104)
(105)
(106)
= (—aiqla2+4ﬂy) E
{1+ tanh [—5 §H (107)
_4ﬂ\/ 2V
Es (—aiw/az +4,B;/) E
[l+ coth [—5 cfﬂ (108)
—48v 2v

Let us compare between our results obtained in the present article with the well-known results obtained by other
authors using different methods as follows: Our results of a diffusive predator-prey system and Bogoyavlenskii
equation are new and different from those obtained in [42]-[44] and also our results of the generalized Fisher
equation and Burgers-Huxley equation are new and different from those obtained in [45]. It can be concluded
that this method is reliable and propose a variety of exact solutions NPDEs. The performance of this method is
effective and can be applied to many other nonlinear evolution equations. Figures 1-3 represent the solitary
traveling wave solution for a di usive predator-prey system and Bogoyavlenskii equation and the generalized

Fisher equation and Burgers-Huxley equation.
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Equation (72).

on

(b) Equati

f Equations (69)-(72). (a) Equation (69)

Figure 2. Solution o

()
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O

%5

97)

1on

(96); (c) Equati

on

(95); (b) Equati

on

(95)-(98). (a) Equati

ion of Equations

Figure 3. Solut

(d) Equation (98).
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Finally, the physical meaning of our new results in this article can be summarized as follows: the solutions
(24), (25), (35), (36) (53), (54), (68), (69), (79), (81), (95), (97), (105), (107) represent the kink shaped solitary
wave while the solutions (26), (27), (37), (38), (55), (56), (70), (71), (3.76), (80), (82), (96), (106), (108)
represent the singular kink solitary wave.
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