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Abstract

Using the bifurcation theory of dynamical systems to a class of nonlinear fourth order analogue of
the B(m,n) equation, the existence of solitary wave solutions, periodic cusp wave solutions, com-
pactons solutions, and uncountably infinite many smooth wave solutions are obtained. Under dif-
ferent parametric conditions, various sufficient conditions to guarantee the existence of the above
solutions are given. Some exact explicit parametric representations of the above waves are deter-
mined.
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1. Introduction

Recently, Song and Shao [1] employed bifurcation method of dynamical systems to investigate bifurcation of
solitary waves of the following generalized (2 + 1)-dimensional Boussinesq equation

U, —au,, _ﬁuyy —]/(UZ)XX _5uxxxx =0, (11)

where «,,7 and & are arbitrary constants with 5 = 0. Chen and Zhang [2] obtained some double period-
ic and multiple soliton solutions of Equation (1.1) by using the generalized Jacobi elliptic function method. Fur-
ther, Li [3] studied the generalized Boussinesq equation:

s+ (L4 )u] =au, (1.2)
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by using bifurcation method. In this paper, we shall employ bifurcation method of dynamical systems [4]-[11] to
investigate bifurcation of solitary waves of the following equation:

(u"), = () + (), +alu) +ou), 13)

Numbers of solitary waves are given for each parameter condition. Under some parameter conditions, exact so-
litary wave solutions will be obtained. It is very important to consider the dynamical bifurcation behavior for the
travelling wave solutions of (1.3). In this paper, we shall study all travelling wave solutions in the parameter
space of this system. Let u(x,y,t)=¢@(x+y—ct)=g¢(&), where c is the wave speed. Then (1.3) becomes to

cz(¢m )" =2(¢" )” +a(¢2)” +b(u”)(4), (1.4)

is the derivative with respectto &. Integrating Equation (1.4) twice, using the constants of integration
to be zero we find

qo" + pg" + ¢ + r[n(n ~1)¢" % (') + n¢”’1¢”J -0, (1.5)

2
where p= E q= —C—, r= b . Equation (1.5) is equivalent to the two-dimensional systems as follows
a a a

dp_ dy _ a¢"+pg" +¢" +m(n-1)¢"7y’

dé Y. dé g™t (1.6)

with the first integral

H(#,y) = g™ + g [LW g +i} =h. (L7)
2 n+m 2n 2+n

System (1.6) is a 5-parameter planar dynamical system depending on the parameter group (m,n, p.q, r). For

different m, n and a fixed r, we shall investigate the bifurcations of phase portraits of System (1.6) in the phase

plane (¢,y) as the parameters p,q are changed. Here we are considering a physical model where only

bounded travelling waves are meaningful. So we only pay attention to the bounded solutions of System (1.6).

2. Bifurcations of Phase Portraits of (1.6)

In this section, we study all possible periodic annuluses defined by the vector fields of (1.6) when the parameters
p,q are varied.

Let d&=rng"'d¢, Then, except on the straight lines ¢ =0, the system (1.6) has the same topological
phase portraits as the following system

dy

3—?:rn¢"’1, E:_[ ¢"+¢2+rn(n—1)¢"’2y2] (2.1)
Now, the straight lines ¢ =0 is an integral invariant straight line of (2.1).
Denote that
t(p)=1+a¢" + pg"?, 1'(4)=¢"*[a(M -2)¢"" +p(n-2)] (2.2)

For m—n=2l(IeZ*),m—l=2m1—1,n—1=2n1—1,
When ¢ = ¢, :{_—p(n_z)}mn, f'(+4,)=0.

Wehave f(+4) =1+q{—%ﬁj + p{—;’((r:—:g}z

and which imply respectively the relations in the (p,q) -parameter plane
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m-n

m_njnz,p>0,q<0,

m-2

n-2 m-2
L,:q=— n-2
L (

n-2 m-2/ m—nn-2
q= —p)n-2 , p<0,g>0,
Ly :q (=p) (m_zj p<0.q

p(n—z)ﬁ ' = e have
q(m—Z)} , T'(¢,)=0. We h

For m—n=2(leZ"),m-1=2m,n-1=2n -1 when ¢:¢0:{—
m-2 n-2
p(n-2) |mn p(n—2) |m-n . ) L
f(4)=1+q| —————= +p|-——-= and which imply respectively the relations in the (p,q)-
e KT = ()
parameter plane

m_n)n_z ,p<0,q>0,
m-2

m-n

n-2 m=2/m-—n\n-2
L q=- —p)r- ,p<0,q<0,
a m—2( P) 2(m—2) P=Ras

Lia=n=2(-p)(

m-2

1

For m-n=2-1(1eZ"),m-1=2m -1 n-1=2n, When¢:¢0:{— p(n_z)}m_n,f'(qﬁo):o. We have

q(m-2)

p(n—2) |m-n p(n—Z)}m” . : o
f(4)=1+q| - +p|- , which imply respectively the relations in the (p,q)-
= R = (pa)

parameter plane

m-n

n-2 ™2/ m-n+4\n2
L,:g=- n-2 .
@ 4= 2P ( m-—2 j

For m-n=21-1(leZ*),m-1=2m,,n-1=2n, when ¢=¢0={—p(n—_2)}mn, f'(+4,)=0. We have

q(m-2)
p(n—2) |m-n p(n—Z)}m-n p(n—2) |m-n p(n—2) |m-n
f(g,)=1+q| - +p| - and f(-¢,)=1-q|- -p|- ,
O KT = e T M T
which imply respectively the relations in the ( P, q) -parameter plane
n-2 ™2 m_n\nz
L.:g=- 22— 0.
e -0 m—2p (m—zj pg <

Let M(¢.,y,) be the coefficient matrix of the linearized system of (2.1) at an equilibrium point (¢, y,).
Then, we have

J(¢,,0)=det(M(4,,0))= rn¢,“-3(q(m-2)¢{“-3 + p(n—2)¢,”-3).

By the theory of planar dynamical systems, we know that for an equilibrium point of a planar integrable sys-
tem, if J <0 then the equilibrium point is a saddle point; if J >0 and Trace(M (¢e,ye))=0 then it is a

center point; if J >0 and (Trace(M (¢§e,ye)))2 —4J(¢.,y.)>0,.then it is a node; if J =0 and the index of

the equilibrium point is O then it is a cusp, otherwise, it is a high order equilibrium point.
For the function defined by (1.7), we denote that
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m-2  p(m-n)
(n=2)(m+n) 2n(m+n)

hi=H(¢.,0)=¢."*{ ¢ﬁ.“}i=1-4-
We next use the above statements to consider the bifurcations of the phase portraits of (2.1). In the (p,q) pa-
rameter plane, the curves partition it into 4 regions for m—n=2I-1,m—-n=21 shown in Figure 1 (1-1), (1-2),
(1-3), and (1-4), respectively.

1) The case q =0, We use Figure 2, Figure 3, Figure 4, and Figure 5 to show the bifurcations of the phase
portraits of (2.1).

2) The case q=0.We consider the system

_:Zf =mg", —jz =—[pg" +4" +m(n-1)¢""y" | (2:3)
with the first integral
1 a0, 2 n+2|: P oo, 1 }
H(gy)=-= _ =h. 2.4
(¢y) =5 mg " y" =g o g o (2.4)

Figure 6 and Figure 7 show respectively the phase portraits of (2.3) for n=2n, and n=2n, +1.

3. Exact Explicit Parametric Representations of Traveling Wave Solutions of (1.6)

In this section, we give some exact explicit parametric representations of periodic cusp wave solutions.
1). Suppose that n=4,m=6,r < 0,( P, q) € A,, In this case, we have the phase portrait of (2.1) shown in Figure 2

— 2 —
(2-5). Corresponding to the orbit defined by H (¢, y) =0 to the equilibrium point S, [i “PrNP g “2p4qO] , the
q

arch curve has the algebraic equation

5P g (P° 4 @_5/F’i_4ﬂ
1
2 _ P 16 15| 4 16 15 | 3.1)

4(-r) 2q 2q

Thus, by using the first Equation of (1.6) and (3.1), we obtain the parametric representation of this arch as fol-

lows:
_SP _¢ /Fi_iq
4 V10 IS eni(aek), (32)

where Q) =

We will show in Section 4 that (3.10) gives rise to two periodic cusp wave solutions of peak type and valley
type of (1.3).

2). Suppose that n=2,m=4,r >O,(p,q)e A;, In this case, we have the phase portrait of (2.1) shown in
Figure 2 (2-4). corresponding to the orbit defined by H(¢,y)=0 to the equilibrium point A(0,0), the arch

curve has the algebraic equation
21 z(q 2 p"'lj
=2 2P 3.3
y'=2915% " 33)

Thus, by using the first equation of (1.6) and (3.3), we obtain the parametric representation of this arch as follows:
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Figure 1. (1-1)m-n=2l,n=2n;; (1-2) m-n=21-1,n=2n;; (1-3) m-n =
2lbn=2n;+1;(1-4m-n=2l-1,n=2n; + 1.
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Figure 2. The phase portraits of (1.6) form—n=2l, n=2n,,l, ,€Z*. (2-1) r< 0, n,= 2, (p, q) € (A3); (2-2) r <
0, ng=> 2! (pi q) € (A3); (2'3) r> Or ng=> 2! (pl q) € (A3); (2'4) r> 0! n= 1, (p! q) € (A3); (2'5) r< O, ng = 2! (p1 Q) €

(A4): (2'6) r< O, nlZ 3! (pl q) € (A3)
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V1, ] !
(3-5) (3-6) @7 3-8

Figure 3. The phase portraits of (1.6) form-n=2l-1,n=2n;, |, ;E€Z". (3-1)r<0,n;=1,(p,q) € (By); (3-2)r<0,m
= 2! (pl q) € (Blu BZ)! (3'3) r> O! r'lz 2! (pl q) € (Bl) U(BZ)v (3'4) r> 0! nl2 21 (pl q) € (BS)v (3'5) r< 0! ng= 2! (pl q)
€ (B3); 36)r<0,m=2(p,q) € (BiUBy); (3-7)r<0,n=2,(p,q) € (Bs) U(By); (3-8)r>0,m=2,(p,q) € (Bs).

#(£) =J3( ol N—%é} (34)

We will show in Section 4 that (3.10) gives rise to a solitary wave solutions of peak type and valley type of
(1.3).

3). Suppose that n=3,m=5,r < 0,( p,q) € C,, In this case, we have the phase portrait of (2.1) shown in Fig-
ure 4 (4-5). corresponding to the orbit defined by H(¢,y)=0 to the equilibrium point A(0,0), the arch
curve has the algebraic equation

% =ﬁ(¢—¢1)(¢—¢2)(¢3 )4~ 9), (35)

where ¢ <¢, <¢3<¢4,¢,(%¢f+£¢, +%)=0,i=1—4.

Thus, by using the first equation of (1.6) and (3.5), we obtain the parametric representation of this arch as fol-
lows:

_ (¢4 _¢1)¢2 _¢1(¢4 _¢2)Sn2 (glzf,kz) (36)
(¢ —2)— (¢, —¢2)SHZ(Q§;k2) ,

where sn(x;k) is the Jacobin elliptic functions with the modulo k,

- l v ’
—6r (¢4_¢2)(¢3_¢1)
We will show in Section 4 that (3.6) gives rise to a smooth compacton solution of (1.3).
4). Suppose that n:2,m:3,r<0,(p,q)e B,. In this case, we have the phase portrait of (2.1) shown in
Figure 3 (3-1), corresponding to the orbit defined by H(¢,y)=0 to the equilibrium point A(0,0), the arch
curve has the algebraic equation

#($)
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Figure 4.(4-1) r>0,n=1,(p,q) € (C1); (4-2)r>0,n=21,(p. a) € (Cp); (4-3)r>0,n=1,(p,q) € (Cy); (4-4)
r> 01 nl2 2! (p! q) € (C2)1 (4'5) r< 0! ni= 1! (pl q) € (CZ)v (4'6) r< 0! nl2 21 (pl q) € (C2)1 (4'7) r> 0! nl2 2! (p!
q) = (C3), (4'8) r< O! ni= 1! (pi q) = (C3), (4'9) r> 0, ni= 11 (p1 q) € (C4), (4'10) r< 01 ni= 1! (pl q) S (C4)1
(4'11) r> O! ng= 2! (p! q) € (C4), (4'12) r< 0! ng= 2! (pl q) € (C4)
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Figure 5. The phase portraits of (1.6) form-n=2l-1,n=2n;+ 1,1, n;€Z" (5-1) r>0,n;>2, (p, q) € (D); (5-2)
r>0,m=1(p.q € (Dz); 5-3)r>0,m>2 (p,q) € (D3) U(Dy); (5-4)r>0,n =1 (p,q) € (D3) U(Dy); (5-5)
r<0,n=2(p.a) €(D3) U(Dy); (5-6)r<0,n; =1 (p,q) E(D3) U(Dy); (5-7)r<0,n=2 (p,q) € (Dr); (5-8) r<
0,m=1(pq € (D).

2_ A of, 5(p+1)
yi=—f [¢+ 4 j (3.7)

Thus, by using the first equation of (1.6) and (3.7), we obtain the parametric representation of this arch as fol-
lows:

5(p+1)
4q

¢(§)=l_tanh2[ @é}
©

(3.8)
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0.5

-0.5 X

- -1
(6-1) (6-2) (6-3)

Figure 6. The phase portraits of (1.6) for n = 2n;, n, €Z*. (6-1) r<0,n;=2, my; >ny, p<0; (6-2) r <0, ny>2, my> ny,
p<0;(6-3)r>0,m;>n;, p<0.

(7-4)

Figure 7. The phase portraits of (1.6) forn=2n,+1,n, € Z*. (7-1)r>0,m=1,m;>n, p>0; (7-2) r<0,n;=1, m>ny, p
<0;(7-3)r<0,n;>2,my>ny, p>0,(7-4)r<0,n;>2,my>ny, p<0.

We will show in Section 4 that (3.8) gives rise to a solitary wave solution of peak type or valley type of (1.3).
5). Suppose that n=3,m=4,r>0,(p,q)e D,UD, ,in this case, we have the phase portrait of (2.1) shown

in Figure 5 (5-4). corresponding to the orbit defined by H (¢,y)=0 to the equilibrium point

p— 2_
S,| % {p+— V2p4q,0 , the arch curve has the algebraic equation
B q
2_ 2 P 7 [p® 4q P_7 [p*_4q
=—(¢-0)| g—| ——+———— ||| ~——=——|[——— - . 3.9
V=g )[¢ [ 12 2qV36 35 || 12 2qV36 35 7 39

Thus, by using the first equation of (1.6) and (3.9), we obtain the parametric representation of this arch as fol-

lows:
7p 7 [p® 49 [7p 7 |P® 44| oA
__Ip_7 |p°_4 T T |P°_4q k), 3.10
#(<) 129 2q\ 36 35+[12q+2q 3% 35| (Q3k) (3.10)

where sn(x;k) is the Jacobin elliptic functions with the modulo k and

We will show in Section 4 that (3.10) gives rise to a smooth compacton solution of (1.3).

()
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6). Suppose that n=3,m=4,r< O,( p,q) e D,UD,, In this case, we have the phase portrait of (2.1) shown in
Figure 5 (5-6), corresponding to the orbit defined by H (¢, y) =0 to the equilibrium point

— 2_
S, [J_r‘ )pi— *‘2p4qOJ , the arch curve has the algebraic equation
B q
2 2 P 7 [P 4q P 7 |p* 4q
=—(0- |t = ||| === . 311
V=5 ¢)[¢ [ 12 2qV36 35 || 12 2qV36 35 7 31

Thus, by using the first equation of (1.6) and (3.11), we obtain the parametric representation of this arch as fol-

lows:
7 p2_4q(7p_7 /p2_4q)
¢(§):_7_p_l p_2_4_q+q 36 35|129 2qV36 35 | (3.12)
o TR e k)
129 2q\V36 35
Where Q4= k4: _++1'
P _4q
36 35

we will show in Section 4 that (3.20) gives rise to a smooth compacton solution of (1.3)

7). Suppose n=4,m=5r<0,(p,q)eB UB,UB, that. In this case, we have the phase portrait of (2.1)
shown in Figure 3 (3-2) and (3-7), corresponding to the orbit defined by H (¢, y) =0 to the equilibrium point
A(0,0), the arch curve has the algebraic equation

2 1 (9. p,., 1
_ Y = 3.13
y _Zr[gqﬁ +2y +6) (313)

Thus, by using the first equation of (1.6) and (3.13), we obtain the parametric representation of this arch as fol-
lows:

¢(§)=%+go( —%é,gl,gz), (3.14)

27p° g - 27p°
16q 7% 128q¢°
solution of (1.3).

8). Suppose n=4,m=6,r <0,(p,q)e A, . In this case, we have the phase portrait of (2.1) shown in Figure 2
(2-1), corresponding to the orbit defined by H (¢, y) =0 to the equilibrium point A(0,0), the arch curve has

the algebraic equation
2 2
yZZL @ +5_p+i )p__4_q @ +5_p_i P _4q ) (3.15)
—4r 89 2qV16 15 8g 2q\V16 15

Thus, by using the first equation of (1.6) and (3.15), we obtain the parametric representation of this arch as fol-

lows:
5p, 5 [p*_4q
89 2q\V16 15

p(&)=+ o(aik) (3.16)

()

where g, =

2 We will show in Section 4 that (3.14) gives rise to a smooth compacton
q
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We will show in Section 4 that (3.16) gives rise to two periodic cusp wave solutions of peak type and valley
type of (1.3).

9). Suppose n=3,m=5r> O,( p,q) € C,. In this case, we have the phase portrait of (2.1) shown in Figure 4
(4-5), corresponding to the orbit defined by H(¢,y)=0 to the equilibrium point A(0,0), the arch curve has
the algebraic equation

V= (8= )8 ) () (6~ ). (3.17)

where ¢ <@, <d, <d,, ¢ (—%ﬁ —%qﬁ, —%) =0,i=1-4. Thus, by using the first equation of (1.6) and (3.17),

we obtain the parametric representation of this arch as follows:
(¢4 _¢3)¢2 _¢3 (¢4 _¢2)Sn2 (Qaf;ka)
(¢4 _¢2)_(¢4 _¢3)5n2 (Qeg;ke)

where sn(x;k) is the Jacobin elliptic functions with the modulo k and

_ (¢4_¢2)(¢3_¢1) _ (¢4_¢3)(¢2_¢1)
Qe_ 6r 7 ke (¢3_¢2)(¢3_¢1),

We will show in Section 4 that (3.6) gives rise to a smooth compacton solution of (1.3).

#(&)= (3.18)

4. The Existence of Smooth and Non-Smooth Travelling Wave Solutions of (1.6)

In this section, we use the results of Section 2 to discuss the existence of smooth and non-smooth solitary wave
and periodic wave solutions. We first consider the existence of smooth solitary wave solution and periodic wave
solutions.

Theorem 4.1

1). Suppose that m—n=2,n=2n,+1>5,I,n, e Z*,r>0,(p,q)eC,: Then, corresponding to a branch of the
curves H(g,y)=h,(h;) defined by (1.7), Equation (1.3) has a smooth solitary wave solution of peak type,
corresponding to a branch of the curves H (¢, y) =h,he (hg, hz) defined by (1.7), Equation (1.3) has a smooth

family of periodic wave solutions (see Figure 4 (4-4)).
2). Suppose that m—-n=2,n=3,meZ*,r > 0,( p,q)eC2: Then, corresponding to a branch of the curves

H (¢, y) =h, defined by (1.7), equation (1.3) has a smooth solitary wave solution of peak type, corresponding
to a branch of the curves H(g¢,y)=h,he(h,h,) defined by (1.7), Equation (1.3) has a smooth family of pe-

riodic wave solutions (see Figure 4 (4-3)).
3). Suppose that m—-n=2,n=2n,+1>5,,n,€Z",r>0,(p,q) e A,, Then, corresponding to a branch of the

curves H (¢, y) =0 defined by (1.7), equation (1.3) has a smooth solitary wave solution of peak type, corres-

ponding to a branch of the curves H (¢,y)=h,he(h,h,) defined by (1.7), equation (1.3) has a smooth family

of periodic wave solutions (see Figure 4 (4-12)).
4). Suppose that m—-n=2l,n=3meZ",r>0,(p,q)eC,, Then, corresponding to a branch of the curves

H (¢, y) =0 defined by (1.7), equation (1.3) has a smooth solitary wave solution of valley type, corresponding

to a branch of the curves H (¢, y) =h,he (hl,h3) defined by (1.7), equation (1.3) has a smooth family of peri-
odic wave solutions (see Figure 4 (4-3)).
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5). Suppose that m—-n=2l,n>4,meZ"*,r>0,(p,q)eA,, Then, corresponding to a branch of the curves
H (¢, y) =h, defined by (1.7), equation (1.3) has a smooth solitary wave solution of peak type, corresponding
to a branch of the curves H(g,y)=h,he(h,h,) defined by (1.7), Equation (1.3) has a smooth family of pe-
riodic wave solutions (see Figure 2 (2-3)).

6). Suppose that m—-n=2l,n>4,meZ"*,r>0,(p,q)eA,, Then, corresponding to a branch of the curves
H (¢, y)= h, defined by (1.7), equation (1.3) has a smooth solitary wave solution of peak type, corresponding
to a branch of the curves H (¢,y)=h,he(h,h,) defined by (1.7), Equation (1.3) has a smooth family of peri-
odic wave solutions (see Figure 2 (2-3)).

7). Suppose that m—n=2l,n=3meZ",r>0,(p,q)eC,, Then, corresponding to a branch of the curves
H (¢, y) =0 defined by (1.7), Equation (1.3) has a smooth solitary wave solution of valley type, corresponding
to a branch of the curves H (¢,y)=h,he(h,h,) defined by (1.7), Equation (1.3) has a smooth family of peri-
odic wave solutions (see Figure 2 (2-3)).

8). Suppose that m—n=2I-1,n=4,1€Z"*,r>0,(p,q)<eB,, Then, corresponding to a branch of the curves
H (¢, y)= h,h e(h3,h2) defined by (1.7), Equation (1.3) has a smooth family of periodic wave solutions (see
Figure 3 (3-5)).

9). Suppose that: m—-n=2l-1,n>4,1eZ",r> 0,( p,q) € B,, Then, corresponding to a branch of the curves
H (¢, y) =h, defined by (1.7), equation (1.3) has a smooth solitary wave solution of valley type, corresponding

to a branch of the curves H(¢,y)=h,he(h,h,) defined by (1.7), Equation (1.3) has a smooth family of peri-
odic wave solutions (see Figure 3 (3-4)).
10). Suppose that m—-n=2I,n=2,1eZ",r <O,(p,q)e B,, Then, corresponding to a branch of the curves

H (¢, y)=0 defined by (1.7), equation (1.3) has a smooth solitary wave solution of valley type, corresponding

to a branch of the curves H(¢,y)=h,he(0,h;) defined by (1.7), Equation (1.3) has a smooth family of peri-
odic wave solutions (see Figure 2 (2-4)).
11). Suppose that m—n=2l-1,n=2,1eZ"r< 0,( P, q) e B, : Then, corresponding to a branch of the curves

H (¢, y) =0 defined by (1.7), Equation (1.3) has a smooth solitary wave solution of valley type, corresponding
to a branch of the curves H(¢,y)=h,he(0,h;) defined by (1.7), Equation (1.3) has a smooth family of peri-

odic wave solutions (see Figure 3 (3-1)).

We shall describe what types of non-smooth solitary wave and periodic wave solutions can appear for our
system (1.6) which correspond to some orbits of (2.1) near the straight line ¢ =0. To discuss the existence of
cusp waves, we need to use the following lemmarelating to the singular straight line.

Lemma 4.2 The boundary curves of a periodic annulus are the limit curves of closed orbits inside the annulus;
If these boundary curves contain a segment of the singular straight line ¢ =0 of (1.4), then along this segment
and near this segment, in very short time interval y =4, jumps rapidly.

Base on Lemma 4.2, Figure 2, and Figure 3, we have the following result.

Theorem 4.3

1). Suppose that m—n=2l,n=4,1eZ".

a). For r<0,(p,q)e A, corresponding to the arch curve H(¢,y)=0 defined by (1.7), Equation (1.3) has
two periodic cusp wave solutions; corresponding to two branches of the curves H(¢#,y)=h,he(h,0) defined

by (1.7), Equation (1.3) has two families of periodic wave solutions. When h varies from h, to O, these periodic
travelling waves will gradually lose their smoothness, and evolve from smooth periodic travelling waves to pe-
riodic cusp travelling waves, finally approach a periodic cusp wave of valley type and a periodic cusp wave of
peak type defined by H(¢4,y)=0 of (1.7) (see Figure 2 (2-5)).
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b). For r>0,(p,q)e A, corresponding to the arch curve H(g,y)=h,he(0,h,) defined by (1.7), Equation
(1.3) has two periodic cusp wave solutions; corresponding to two branches of the curves H (¢,y)=h,he(h;,0)

defined by (1.7), Equation (1.3) has two families of periodic wave solutions. When h varies from h to O, these
periodic travelling waves will gradually lose their smoothness, and evolve from smooth periodic travelling
waves to periodic cusp travelling waves, finally approach a periodic cusp wave of valley type and a periodic

cusp wave of peak type defined by H(¢,y)=0 of (1.7) (see Figure 2 (2-1)).

2). Suppose that m—n=2l-1,n=4,1eZ".

c). For r<0,(p,q)eB, corresponding to the arch curve H(¢,y)=0 defined by (1.7), Equation (1.3) has
two periodic cusp wave solutions; corresponding to two branches of the curves H (¢, y) =h,he (0, hl) defined

by (1.7), Equation (1.3) has two families of periodic wave solutions. When h varies from 0 to h,, these periodic
travelling waves will gradually lose their smoothness, and evolve from smooth periodic travelling waves to pe-
riodic cusp travelling waves, finally approach a periodic cusp wave of valley type and a periodic cusp wave of
peak type defined by H(¢4,y)=0 of (1.7) (see Figure 3 (3-7)).

d). For r<0,(p,q)eB, corresponding to the arch curve H(¢,y)=0 defined by (1.7), Equation (1.3) has

two periodic cusp wave solutions; corresponding to two branches of the curves H (¢, y)=hhe (0, h3) defined

by (1.7), Equation (1.3) has two families of periodic wave solutions. When h varies from 0 to h,, these periodic
travelling waves will gradually lose their smoothness, and evolve from smooth periodic travelling waves to pe-
riodic cusp travelling waves, finally approach a periodic cusp wave of valley type and a periodic cusp wave of

peak type defined by H(¢4,y)=0 of (1.7) (see Figure 3 (3-5)).
d). For r<0,(p,q)eB,UB, corresponding to the arch curve H(¢,y)=0 defined by (1.7), Equation (1.3)

has two periodic cusp wave solutions; corresponding to two branches of the curves H(¢4,y)=h,he(0,h) de-

fined by (1.7), Equation (1.3) has two families of periodic wave solutions. When h varies from 0 to h,, these
periodic travelling waves will gradually lose their smoothness, and evolve from smooth periodic travelling
waves to periodic cusp travelling waves, finally approach a periodic cusp wave of valley type and a periodic
cusp wave of peak type defined by H (¢, y) =0 of (1.7) (see Figure 3 (3-3)).

We can easily see that there exist two families of closed orbits of (1.3) in Figure 2 (2-6), Figure 3 (3-6) and
in Figure 6 (6-2). There is one family of closed orbits in Figure 3 (3-3), (3-8), Figure 4 (4-2), (4-5) - (4-7),
(4-9), (4-11) and in Figure 5 (5-3), (5-5) - (5-7) and in Figure 7 (7-3), (7-4). In all the above cases there exists
at least one family of closed orbits (1.3) for which as whichh from H (¢e,0) to 0, where ¢, is the abscissa of

the center, the closed orbit will expand outwards to approach the straight line =0 and |y|=|¢'| will ap-

proach to . As a result, we have the following conclusions.

Theorem 4.4

1). Suppose that m—n=2l,n=2n+11I,n eZ".

a). If r<0,n,>1,(p,q)eC,; then when he(h,0) in (1.7), Equation (1.3) has a family of uncountably in-
finite many periodic traveling wave solutions; where h varies from h to 0, these periodic traveling wave so-

lutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 4 (4-2)).

b). If r<0,n,>2,(p,q)eC;; thenwhen he(0,h) in(1.7), Equation (1.3) has a family of uncountably in-
finite many periodic traveling wave solutions; when h varies from 0 to h,, these periodic traveling wave solu-

tions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 4 (4-7)).

c). If r<0,n,>2,(p,q)eC,; then when he(0,h,) in (1.7), Equation (1.3) has a family of uncountably in-

finite many periodic traveling wave solutions; when h varies from 0 to h, , these periodic traveling wave so-
lutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp

traveling waves (see Figure 4 (4-6)).
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d). If r>0,n,>2,(p,q)eC,;thenwhen he(h,,0) in(1.7), Equation (1.3) has a family of uncountably in-

finite many periodic traveling wave solutions; when h varies from h, to 0, these periodic traveling wave so-
lutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 4 (4-11)).

e). If r<0,n,=1,(p,q)eC,; thenwhen he(0,h,) in(1.7), Equation (1.3) has a family of uncountably in-

finite many periodic traveling wave solutions; when h varies from 0 to h, , these periodic traveling wave so-
lutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 4 (4-5)).

f). If r>0,n,=1(p,q)eC,; then when he(0,h,) in (1.7), Equation (1.3) has a family of uncountably in-

finite many periodic traveling wave solutions; when h varies from 0 to h, , these periodic traveling wave so-
lutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 4 (4-9)).

2). Suppose that ,then when h e(O,hl) in (1.7), Equation (1.3) has two family of uncountably infinite many

periodic traveling wave solutions; when h varies from 0 to h, these periodic traveling wave solutions will
gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp traveling
waves (see Figure 2 (2-6)).Parallelling to Figure 2 (2-6), we can see the periodic travelling wave solutions im-
plied in Figure 3 (3-6) and Figure 6 (6-2) have the same characters.

3). Suppose that m—-n=2l-1L,n=2n+1l,n eZ".

g). If r<0,n,=1,(p,q)eD,UD,; then when he(0,h,) in (1.7), Equation (1.3) has a family of uncounta-
bly infinite many periodic traveling wave solutions; when h varies from 0 to h,, these periodic traveling
wave solutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to peri-
odic cusp traveling waves (see Figure 5 (5-6)).

h). If r<0,n,>2,(p,q)eD,;thenwhen he(0,h) in (1.7), Equation (1.3) has a family of uncountably in-
finite many periodic traveling wave solutions; when h varies from 0 to h,, these periodic traveling wave solu-
tions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp
traveling waves (see Figure 5 (5-7)).

i). If r<0,n,>2,(p,q)eD,UD,, then when he(h,0) in (1.7), Equation (1.3) has a family of uncounta-
bly infinite many periodic traveling wave solutions; when h varies from h to O, these periodic traveling
wave solutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to peri-
odic cusp traveling waves (see Figure 5 (5-3)).

j). If r<0,n,>2,(p,q)eD,UD,, then when he(0,h,) in (1.7), Equation (1.3) has a family of uncounta-
bly infinite many periodic traveling wave solutions; when h varies from 0 to h,, these periodic traveling
wave solutions will gradually lose their smoothness, and evolve from smooth periodic traveling waves to peri-
odic cusp traveling waves (see Figure 5 (5-5)).

4). Suppose that n=2n, +11,n,eZ*,q=0.

k). If r<0,n,>2,p>0,thenwhen he(h,0) in (1.7), Equation (1.3) has a family of uncountably infinite

many periodic traveling wave solutions; when h varies from h to O, these periodic traveling wave solutions
will gradually lose their smoothness, and evolve from smooth periodic traveling waves to periodic cusp travel-
ing waves (see Figure 5 (5-5)).

Equation (1.3) has one family of uncountably infinite many periodic traveling wave solutions; when h va-
ries from 0 to h;, these periodic travelling wave solutions will gradually lose their smoothness, and evolve from
smooth periodic travelling waves to periodic cusp travelling waves (see Figure 7 (7-4)).
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