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Abstract

We present a computational gas dynamics method based on the Spectral Deferred Corrections (SDC) time
integration technique and the Piecewise Parabolic Method (PPM) finite volume method. The PPM frame-
work is used to define edge-averaged quantities, which are then used to evaluate numerical flux functions.
The SDC technique is used to integrate solution in time. This kind of approach was first taken by Anita et al
in [1]. However, [1] is problematic when it is implemented to certain shock problems. Here we propose sig-
nificant improvements to [1]. The method is fourth order (both in space and time) for smooth flows, and pro-
vides highly resolved discontinuous solutions. We tested the method by solving variety of problems. Results
indicate that the fourth order of accuracy in both space and time has been achieved when the flow is smooth.
Results also demonstrate the shock capturing ability of the method.

Keywords: Gas Dynamics, Conservation Laws, Spectral Deferred Corrections (SDC) Methods, Piecewise

Parabolic Method (PPM), Godunov Methods, High Resolution Schemes

1. Introduction

In this paper, we present a conservative scheme based on
the SDC and PPM methods. The integration of the SDC
method to the PPM method was first carried out by Anita
et al in [1]. However, [1] is problematic in the sense that
it is oscillatory when it is applied to certain shock prob-

lems unless complicated extra repair steps are introduced.

The oscillations are developed around the shocks at ear-
lier times, then spread into entire computational region.
These oscillations are neutral oscillations (extraneous
wiggles) that pollute the solution and never disappear.
The main reason for having such wiggles is that the PPM
fluxes (without the time averaging in SDC framework)
are evaluated in a way to obtain sharper discontinuous
profiles, therefore lack of necessary numerical diffusion
mechanism. Here, we introduce a strategy that eliminates
the oscillatory behavior of [1].

The SDC-PPM method falls in to the class of higher
-order high-resolution-schemes. Here, we shall provide a
short historical perspective to higher-order high-resolu-
tion-schemes. High resolution schemes are designed to
solve gas dynamics equations (Gas dynamics equations
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are also referred to as the inviscid Euler equations or the
conservation laws. Hereafter, we will use all of three
terminologies interchangeably). In the last several dec-
ades, many numerical schemes were introduced for this
purpose. Godunov [2] initiated a novel approach that is
now accepted as one of the main building blocks for
construction of a high resolution scheme. Godunov sup-
posed that the initial data could be replaced by a piece-
wise constant set of states (i.e, cell averages of the initial
solution) with discontinuities located at computational
cell edges (cell faces in 3-D). He then found exact solu-
tions to this simplified problem by locally performing the
well-known Riemann solution theory. Finally, he re-
placed exact solutions by a set of piecewise constant ap-
proximations (i.e, exact solutions are averaged down to
the local cells). Godunov’s method revolutionized the
field of computational gas dynamics, by overcoming
many of the difficulties that have been persistent for
many years. However, Godunov’s method was only first
order accurate. The first major improvement to Godunov’s
work was made by van Leer [3] who approximated the
initial data and solutions at each subsequent time level by
piecewise linear segments allowing discontinuities be-
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tween the segments. Van Leer’s work, also known as the
MUSCL (Monotonic Upwind Scheme for Conservation
Laws) scheme, raised the order of accuracy of the Go-
dunov’s method to two. Later, van Leer’s MUSCL
scheme was reconsidered or revised by others [4-6]. For
instance, Colella’s MUSCL scheme [5] defines the
slopes for the linear reconstruction based on the average
values as oppose to van Leer [3] treats them as separate
variables. When the flow is smooth, Colella’s slope defi-
nition corresponds to a fourth order finite difference ap-
proximation to the derivative of a given state variable.
Colella’s work [5] was another step forward to increase
the accuracy of the Gudonov’s method. So far the
Godunov type methods used constant or linear piecewise
reconstructions. In [7], Colella and Woodward intro-
duced a new method which is based on a piecewise
parabolic reconstruction of solutions. Their method, fa-
mously known as the Piecewise Parabolic Method (PPM),
achieves more accurate (fourth order in space) solution
representations for smooth flows as well as it captures
steeper shock discontinuities.

The MUSCL schemes [4-6] or the PPM method [7]
are the few examples of higher order high-resolution-
schemes. There exists number of other high-resolution
schemes such as ENO[8], WENOI[9], TVDJ[10], FCT[11],
PHM[12], and LLR[13,14] methods. In several instances,
comprehensive studies have been carried out to compare
the performance of these schemes [15-19]. We remark
that these above cited studies mostly favor the PPM
method. A particularly attractive feature of PPM method
is that it can produce fourth order accurate calculations
as long as the solutions stay smooth. We exploited this
aspect when we studied zero Mach number flow prob-
lems (our collaborated work with M. Minion in [20]).
The drawbacks of the PPM method reveal mostly when it
is applied to shock problems. For instance, the PPM
method [7] needs several external repairs in order to
produce discontinuous solutions without spurious oscil-
lations. The oscillatory behavior is associated with the
method not having enough numerical diffusion (dissipa-
tion). In order to add appropriate numerical diffusion, the
fluxing steps are modified in a way that the so-called
smoothening and flattening algorithms have to be per-
formed. We note that the implementation of these addi-
tional steps can be complicated. In our work, we avoid
these external fixes by using a rather simple approach
which will be explained next.

The SDC method is based on a number of deferred
corrections of a low order provisional solution, which is
predicted by forward or backward (depending on the
stiffness of the problem) Euler method in order to
achieve higher order of accuracy in time. In our case, we
perform three deferred corrections to obtain fourth order

Copyright © 2011 SciRes.

accurate solutions. The SDC-PPM method of [1] uses the
PPM fluxing procedure to evaluate the numerical flux
functions and employs the SDC method to integrate so-
lutions in time. We observed that the SDC-PPM method
develops neutrally stable oscillations at the prediction
step and maintains these oscillations during the deferred
correction iterations. The main reason for this behavior
(as mentioned above) is that the higher order flux evalua-
tion at the prediction step lacks of necessary numerical
diffusion so as the correction steps leading to unwanted
oscillations around discontinuities. We fix this behavior
with the following strategy. We know from our observa-
tion that one has to use more diffusive fluxes at the pre-
diction step to avoid potential oscillations. Thus instead
of full PPM fluxing, we employ an up-winding proce-
dure that is naturally more diffusive. On the other hand,
we let the correction iterations include the higher order
PPM fluxing. With this strategy, we found out that solu-
tions from the prediction step have enough numerical
diffusion so that potential oscillations that might come
from the correction steps are killed off. One question
about this strategy is that does the up-winding procedure
excessively smear the discontinuities? Our finding indi-
cates that although the shocks are smeared at the predic-
tion step, the correction iterations sharpen them back. In
fact, we have obtained the same sharpness (and same
shock amplitudes in that matter) as the full PPM would
predict. We remark that the full PPM method [7] as well
as the SDC-PPM method [1] has to make use of the
smoothening, flattening, and artificial diffusion steps in
order to keep solutions oscillation free. We avoid all of
these extra steps in our approach.

The organization of this paper is as follows. In Section
2, the governing equations are presented. In Section 3,
some notational conventions and the numerical algorithm
are described. In Section 4, the computational results are
presented. In Section 5, our concluding remarks are
given.

2. Governing Equations

The in viscid Euler partial differential equations are
widely used to model gas dynamics problems. These
equations describe the physical evolution of conserved
quantities such as mass, momentum, and total energy in
space and time. Therefore, they are often referred to as
the conservation laws. The conservation laws fall into
class of the hyperbolic partial equations that admit dis-
continuous solutions such as shock waves. Therefore
these equations are the best model for a gas problem in
which shock waves frequently occur.

We consider the following two dimensional conserva-
tion equations,
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ouU oF (U) . oG(U)
ot Ox oy
where U is the vector of conserved quantities, and F(U)

and G(U) are the flux functions in x- and y-directions. For
instance,

=0, (1

and
pv
puv
pv:+p
(E + p)v

where p,(u,v), p and E denote density, velocity, pres-
sure, and the total energy. E satisfies

G(U)=

p 1 2, .2
E 7_1+2p(u +v7). 2)

This equation is called the equation of state for an ideal
polytropic gas. An ideal gas obeying (2) is also referred to
as the gamma-law gas with » denoting the specific heat
ratio. Under ordinary circumstances air is composed
primarily of N, and O,, so y=1.4 . We will use
7 =1.4 1in all of our computations.

3. Numerical Algorithm
3.1. Notations and Formulation

In this section, we briefly review several notational con-
ventions that we have introduced in [20]. For ease of
presentation, we assume that the physical domain is
two-dimensional and divided into a uniform array of cells
of width and height 4. Let the cell with center at
(xi »Y; ) be denoted by the pair (i, j), and let the half integer
subscripts i+ 1/2 and j + 1/2 denote a shift by distance /4/2
in the x- and y-direction respectively. The extension to
rectangular cells and three dimensions is straightforward.

The PPM method or many other high resolution
schemes rely on the so called finite-volume approach. The
finite-volume approach is based on the evolution of cell
averages. A cell average for some quantity ¢(x,y,t) is
defined by
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Xi+1/2 Vj+1/2

a(xi,y‘i,t):?.[ I ¢(x,y,t)dydx. 3)

Xi-1/2 Y j-1/2

Similarly, cell edge averages of a quantity ¢(x,y,?)
are defined as

_ Yj/2

¢(xi+1/2ay,‘at)zz IJ‘ ¢(xi+l/2’y7[)dya (4)
Yj-1/2

and

Xi+1/2

¢(xi’y/+1/27t)zz J ¢(X,y,+1/2,t)dx. 5

Xi+1/2

Figure 1 gives a graphical illustration of the above
definitions. To specify the finite volume formulation of
the conservation law

U,+V.F(U)=0 (©6)

where U(x,y,t) is the vector of conserved quantities
and F(U) = (F(U),G(U)) is the flux function (notice
that Equation (6) is equivalent to Equation (1)), we inte-
grate Equation (6) over the computational cells and use
the divergence theorem to attain

ljl(x,y,t)+%IF(U(x,y,t))zO 7N
ij
where the flux integral above is defined as
Yjs/2
[FW)= | F(U(%2o0:1)) = F(U (% y200:1) ) dy
ij Yj-1/2

®)

Xi+1/2

+ I G(U(x,yjﬂ/z,t))— G(U(x,yjfl/z,t))dx

Xi-1/2

Using the definitions of the edge average in Equation

®-6)

al_ ’ ¢1+1/:. ;

Figure 1. Cell and cell-edge averaged representation of a
quantity ¢ .
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[F(U(xy0)

HEU s )0 o)) O

+h((~?(U<xi,yj+l/2,t))—G(U(x,.y_ifl/z,t))).

Therefore,

U,(xl.,y/.,t)+

F(U(xm/by/’t))_ﬁ(U(xf-l/Z’y/’t))

+G( X5 Y 2ot ) ( z’yj—l/Z’t))zo.

(10)

=

Furthermore, if we let Ui/' =U (xl.,y/,t) s
2 (U(x,.+l/2,yj,t)) and
éi,j+1/2 =G (U(xi,yj+l/2,t)) , then we arrive at

ﬁ;‘/t " F;+1/2,/ ;E—l/z,/ 4 ng_,'+1/2 }_ZF;"_j—l/2 -0. (1 1)

3.2. The Fourth Order Spectral Deferred
Corrections (SDC) Time Integration
Algorithm

The construction of stable and accurate numerical meth-
ods for solving initial value problems is a well studied
subject [21-23]. Runga-Kutta methods or linear multi-step
methods are highorder discretization schemes by con-
struction. On the other hand, Richardson extrapolation or
deferred correction methods are based on increasing the
accuracy of a low order method through iterations. The
second group is also known as the predictor-corrector
techniques. High order direct discretization schemes can
be expensive due to the stability constraint. In this case,
most practitioners recommend the predictor-corrector
techniques.

In this paper, we consider the spectral deferred correc-
tions method. The spectral deferred corrections (SDC)
method, introduced in [24], is a known stable numerical
technique with, in principle, arbitrarily high order of ac-
curacy. The SDC method proceeds by first using a simple
low order numerical method to compute a provisional
(predicted) solution at a set of sub-steps within a given
time step. Then, an equation for the correction to this
provisional solution is constructed and also approximated
on the sub-steps with the same numerical scheme. Each
iteration at the correction step increases the accuracy of
the provisional solution by one.

We briefly describe the SDC procedure here, for details
see [24-26].

Consider the initial value problem,
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#(1)=F(p(1).1) telan]. (12)
#(a)=4¢, (13)

The SDC method is based on the observations con-
cerning the integral form of the solution to Equations

(12)-(13)
=4, +[F(4(r).7)dz. (14)

E(&,t):¢a+tF(&(r),r)dr—&(t) (15)

]
Since ¢(t)=¢(¢)+5(¢), Equation (14) is simply

b(1)+5(t) %+IF( )+8(z).7)dz,  (16)

which then can be combined with Equation (15) to give

5(t) = j[ (6(z)+8(z),7)-F((z),7) [dr
+E(¢,t).

This equation is referred to as the correction equation.
Now given Equations (12) and (13) and time interval
[t,.t,.;] in which the solution is desired, the SDC
method proceeds by first dividing [z,,z,,,] into p subin-
tervals by choosing points ¢, for m=0..p, with

<t,<t,, (18)

(17)

L=ty <t <ty

Here, the interval [z,,z,,,]will be referred to as a time
step while a subinterval [¢,.,,,]=[,.t, + Az, ] will be
referred to as sub step. Then an approximate solution
¢°(t,) is computed for m=0---p using a standard
forward Euler method. Next, a sequence of corrections
5*(t,) is computed by approximating Equation (17) to
provide an increasingly accurate approximation to the
solution ¢""' =¢" +5* . To achieve this, the function
E (¢k (t),t) in Equation (17) must be calculated with
spectral accuracy, i.e, by a Gaussian quadrature. Our
choice of quadrature nodes is the Gauss-Lobatto nodes.
This is because the Gauss-Lobatto nodes already include
the end points, therefore, one does not have to do ex-
trapolations of the final solution to those points. See [25]
for different choices of quadrature nodes.

A discretization for Equation (17) based on the forward
Euler method is given by

(4n)]

Sh = Op+ AL, [ F (040t ) F
+Em+l (¢ )_Em(¢k)a

' (t,) #,=9¢"(t,) and
E(¢m,tm). Each iteration for Equation (19)

(19)

where 0, = k

B(¢)-
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raises the formal temporal order of accuracy of the
scheme by one, therefore for a fourth order method, three
iterations (e.g, k = 3) of the correction equation are
needed. Also, for a fourth order method, four Gauss-
Lobatto points are necessary, i.e, p = 3 in Equation (18).
Now reconsider Equation (11) in the following form

Uy =1 (U.1), (20)

where

_F;'—I/Z,j _ Gi,j+1/2 E —1/2

h h

Here we skipped the bar convention, but U, will al-
ways represent cell averages. Let Ul _ Tepresent the nu-
merical solution of Equation (20) at m sub step and k"
iterate. Then the SDC algorithm can be summarized as:

Basic structure of the SDC algorithm:

While <t final

Define the Lobatto points, #,,,--,¢ in [t,.1,,],

Define U,,=U(z,),

Prediction step:

Compute the provisional solutions using the forward
Euler method, i.e,

Ul

ij,m+1

+1/2,/

f(U,t)l.j =

1
_Ut/m+At f( ij,m?> m)
for m=0,---,2
Correction step:
Correct the provisional solutions by solving the cor-
rection equation for three iterations,

307

_5k

k
o; ij,m

ij,m+1

8, [ f (U, 88 t,) = £ (Ut

|
k k
+J‘ f( ym’ )dT Uym+1+Uij,m

tm

sz-:nlﬂ = U:mﬂ +5Ifm+l’ fOr m= 0’.”’2
end
Copy U (tn+1 ) U: 3
End

3.3. The Fourth Order PPM Oriented Flux
Calculations

In this section, we define the cell edge averaged quantities
that will be used to calculate the numerical flux functions,
ie, FHI/Z\/ and G, sz 10 (11) or in (20). The procedure
is based on Colella and Woodward [7]. In [7], cell edge
averages are calculated by interpolating quartic polyno-
mials which are constructed through cell averages. For-
mulae, in [7], are given for one dimensional non-equally
spaced mesh. The formulac below are the two dimen-
sional versions of [7] in a uniformly spaced mesh. Below,
we systematlcally describe the steps to calculation of
E. p,; and G, 2 - First, evaluating the interpolation

functions ( the construction of interpolation functlons and
more detall can be found in [7]) at the (z+1/ 2 ]) and

fork=1,3 (i) +1/2) edges of (i, )h cell gives the following
set &;,=0 edge formulae:
e 1 X7 7 XyT
UH—]/Z J 2 (Ut+l J +U ) 6 (5 Ui,j _5 U[+],‘/') (21)
R e .
U\ :E(U,.’ w0, j)+g(5in’ =0T, ) (22)
where
(1= - . -
5T - o) sgn(E(UHL ; —UI.L_,.)J if (T, -0, )T,,-T.,)>0 @)
0 otherwise,
. (1= =
Oy :mm(zkjm,]‘ “Uii;52|Ui; Ui i- 1,0 (24)
1,- - .
5},(7[.\/ _ O-; sgn(E<Ui,j+l _Ui,jfl )j lf <Ul Jj+l Ul_])(U Ul J— 1) O (25)
0 otherwise,
, (1=
o} =min (E|U,.X/.+1 200 -0,,),200,, -0, ,|j 26)
Copyright © 2011 SciRes. AJCM



308 S. Y. KADIOGLU

Equations (21) and (22) are the slope limited edge
quantities. Notice that if §U,; :(1/2)(17[“’]. —UH,].),
then Equation (21) simplifies into

-U_,+70,,+U,,,-U

;1/2,,/' = B i+l,j i+2, ) (27)
.. . ,_ 1,— _ '
Similarly if 6°U,; :E(Ui’jﬂ—Ui,j_l) then Equation
(22) becomes
5 U, ,+70, . +U, ., -U, .
Uijﬂ/z = i,j-1 1,‘/12 i,j+1 i,j+2 . (28)

Equations (27) and (28) are fourth order extrapolations
to the edge quantities. Consequently, this makes the PPM
scheme fourth order accurate in space in regions where
the solution is smooth. To prevent possible overshoots or
undershoots, the slope limited edge quantities are further
monotonized with the monotonicity algorithm.

Monotonicity algorithm:

Initialize
UiL,j :Ui—lk,j :Uix-l/zsj’ Ui,jL :Ui,j—IR :Uli,j-l/l (29)
Modify
UIL = _,,jaUl.R .= _l]a
J 3 ,]_ (30)
1f(UR —U,.j)( U, )<0,
i, > LY
Ul L= _i,j7Ul- R = _,]5
J sJ B (31)
i (Ul . U,.’j)(U,j—U”L)ﬁo,

if(UiR,j U, )(Ui’j _%(U"RJ U, )j 2

if (U, -U L)(U,.J—%(Ui’jk U, )) (33)

(34)
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Ul;jR =3U,; —ZUW,L ,

2
(UW_R U, )
6

.
(U, -V, )(U,.,j —E(Ui’j,e +U, ))

We note that the aim is to construct the Riemann vari-
ables, with which the numerical flux functions are evalu-
ated. To define the point-wise Riemann variables, first
we set

if — (35)

L _ R _ L
Ui+1/2,j = Zik’j’UM/z,j = U[+]L‘j’Ui,j+1/2 (36)
=U o Uiinp =U, e

Then the slope limited and monotonized corner points
at each direction can be calculated through following
Equations (21)-(35). At this point we have the right/left

corner values, i.e,
L,y R,y L,x R.x
Ui i Ui, oy Uiiya e a0d ULy, o

Now we can define the Riemann variables along cyell
edges by taking the two corner values and a cell edge
averaged quantity. First we construct a quadratic poly-
nomial along each cell edges. For instance, along the
(i+1/2,)" edge, for given Uit Ulis sy, and
U ~L+1/z,‘/ , we determine the coefficients of the quadratic

1

polynomial (i.e., U(y)=ay’+by+c) with,

U,ﬁ’i‘/’z,,«m = ayjz--l/z + byjz'_l/z +c (37)
1 Yj+1/2
Ulyey =7 | U)dy (38)
,V_,—l/z
Uk =ay’ by? 39
2,412 = Wi TOV i € (39)

After constructing the quadratic polynomial, we define
the two left point-wise Riemann variables at the two
Gauss points, i.e., for y,,y,,in [yj_l/z, yjH/Z] interval,

UM =ay} +by! +c, (40)
Uy’ =ay; +by; +c. (41)

The right point-wise Riemann variables, U, U
can be defined similarly.

Using these Riemann variables, we calculate the Rie-
mann solutions at the two Gauss points, i.e.,

U’ =yt (UIL,y’UlR,y)’ Uy =U"™" (UzL»y’UzR,y)’ (42)

where U"™ (U LU R) represents the Riemann solution.
An example of a Riemann solution to the Burgers equa-
tions will be given below.

Finally, using these point-wise Riemann solutions, we
calculate the average F flux along the (i+1/2, )th cell
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edge as,
- F(UY)-F(Uy
Fip, = % (43)
Similarly we calculate G fluxes along the
(i,j+1/ 2)”' cell edges using Equations (37)-(42) with y
replaced by x, i.e.,
o 6u)-ofw)
',j+l/2 - 2 °

1
Remark: One observation about using the SDC strat-
egy is that the numerical variables representing cell av-
erages and cell edge fluxes are always computed at the
same time level (i.e. there is no time-centering of fluxes
as in most second-order Godunov type schemes).

(44)

A Riemann Solution to the Burgers Equation

Consider,
u,+| —u | +|-u" | =0. (45)
2 ), \2 ),

Characteristics speed in both x and y directions is u,

ie., % =u and % =u . Thus we have to consider the
following four cases in both coordinate directions.
x-direction:
Case 1: If " and u® >0, then the wave (either shock
or rare-faction wave) moves from left to right. Therefore
the Riemann solution becomes

T (uL,uR):uL. (46)

Case 2: If u* and u® <0, then the wave (either
shock or rare-faction wave) moves from right to left.
Therefore the Riemann solution becomes

T (uL,uR):uR. 47)

Case 3: If u* <0<u®, then we have a rare-faction
wave. Therefore the Riemann solution becomes
" (ut,ut) = 0. (48)

Case 4: If u*>0>u" then we have a shock wave.
The shock speed is calculated by

F(uL)—F(uR) _ ut +uk '

s = 49
ut —u® 2 “9)
Then the Riemann solution is given by
L .
rim{ L R u ifs>0
u u-ul )= 50
( ) {uR if <0, (50)

The Riemann solution in y-direction is calculated si-
milarly.

Copyright © 2011 SciRes.

Remark: We employ an up-winding flux procedure at
the SDC’s prediction step. In other words, we define the
left and right values in (36) by using the left and right
state of the solution vector, e.g., U/, n =U
Uﬁl/z’ ;=U,, ;. This provides more diffusive numerical
flux evaluation for Equations (43) and (44).

4. Numerical Results
4.1. Solving the Linear Advection Equation

We consider,
u +u,+u, =0, 0<x<1,0<y<1 (51)
As a first test, we use a smooth initial solution;
u(x,,0)=sin(2mx)+2cos(2my). (52)

In this test, the solution stays smooth in time. We
solve this test problem to demonstrate the fourth order of
accuracy of our method. We apply periodic boundary
conditions in both x and y-coordinate directions. Notice
that the edge average formulae for the state variable sim-
plifies into (27) and (28). Also one doesn’t have to apply
the monotonicity algorithm for this specific test case.

Figure 2 shows the L, norm of the absolute error for
different meshes. The error grows linearly in time indi-
cating the stability of the numerical scheme, and de-
creases by the factor of sixteen for a finer mesh indicat-
ing the fourth order convergence. Tables 1-3 show the
convergence rates with different norms. The convergence
rate 77 is estimated using the two finest grids according
to the following formula

1 error(Ax)
7 =——In| S22 | (53)
In2 | error(Ax/2)
L.,-norm
0.06 — — — . .
—+—h=1/10
<—-=h=1/20
= —=-=h=1/30
0.05F| — =140
0.04} ,
-
o
g
m
10.03F .
|
1
0.02} 1
0.01} .
0001 02 03 04 05 06 07 08 09 1

Figure 2. Demonstrating the fourth order of accuracy of the
method with the L,-norm when solving Problem (4.1).
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Table 1. Error table in terms of max norm for the linear ad-
vection Problem (4.1). The final time is setto t=1.0. Here
the solution uses the smooth initial Function (52).

Mesh ct ) mm
—u
refinement H max Between mesh Con;/:tregsence
h=1/10 9.43x10°
h=1/20 6.18x107 1/10 - 1/20 3.93
h=1/40 3.94x10" 1/20 - 1/40 3.97
h=1/80 2.48x10° 1/40 - 1/80 3.98

Table 2. Error table in terms of L, norm for the linear ad-
vection problem (4.1). The final time is set to t=1.0. Here
the solution uses the smooth initial Function (52).

Mesh

refinement Hu - HLx Between Convergence
mesh rates
h=1/10 430%10°
h=1/20 2.82x10° 1/10 - 1/20 3.93
h=1/40 1.78 x10™* 1/20 - 1/40 3.98
h=1/80 1.11x10° 1/40 - 1/80 4.00

Table 2. Error table in terms of L, norm for the linear ad-
vection Problem (4.1). The final time is setto t=1.0. Here
the solution uses the smooth initial Function (52).

Mesh Hum, —u H B c
refinement L etween onvergence
h=1/10 5.04x10° mesh rates
h=1/20 3.29x10° 1/10 - 1/20 3.93
h = 1/40 2.08x10° 1/20 - 1/40 3.98
h=1/80 130x10° 1/40 - 1/80 4.00

Tables 1-3 also indicate the fourth order of accuracy
of our method. When performing the convergence analy-
sis, Ar is set to equal to (Ax=Ay)and the mesh is
refined half for consecutive runs.

In the second test, we solve Equation (51) with an ini-
tial discontinuity, i.e.,

1.0 if03<x<0.7,03<y<0.7
u(x,y,O):{ . (54)
0.0 otherwise,
in the same doubly periodic domain. Figure 3 illustrates
the solution after one period in time. Figure 3 is pro-
duced using Ax=Ay=1/80 and Af=0.5Ax. Clearly,
we don’t see any over/under shoots in the solution indi-
cating that the PPM fluxing procedure works quite well.

4.2. Solving the Burgers Equation

4.2.1. 1-D Burgers Test Problem
We consider the one dimensional Burgers equation;

Copyright © 2011 SciRes.
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Figure 3. Propagation of the initial square pulse after one
period (t = 1.0). 80 grid points are used for this computa-

tion.
1,
ut+ EM :0, (55)

with u(x,0)=u,(x). The following test case is con-
sidered in [27,15] and follows as setting the initial solu-
tion to a smooth parabolic profile. For instance,

y)] if y=20.0
) if y<0.0

max[O,y(l -

”o(y)z y (

(56)

where y = 5x — 2.5 and x belongs to [0, 1]. Periodic
boundary conditions are applied at both x = 0 and x = 1.
At t = 0.2, shock waves start forming in the solution near
x = 0.3 and x = 0.7. After this time, the shock waves

propagate in the solution with s = %(u Lt ug).

To be consistent with [15], we use the same number of
grid points (e.g., 40) to produce our computational re-
sults. The time stepping criteria uses Equation (59) ex-
cept omitting the c, since the only characteristic speed is
the solution u itself. We set ¢fl = 1.0 in (59). Figure 4
represents the computed solutions at t = 0.5 and t = 2.4.
The reference solutions are calculated by running the
code with 200 grid points. Comparing our results to the
results reported in [15], we observed that our results are
better or comparable to the most of the high resolution
schemes (e.g., ENO, WENO, FCT, PPM, TVD-MUSCL
etc). Notice that there is no over/under shoots around the
shock profiles.

4.2.2. 2-D Burgers Test Problem
We consider the two dimensional Burgers equation;

ut+[%u2]x+(%u2]y=0,0£x§1,0£yﬁl 57
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We solve (57) with u(x,,0)= %+sin(2n(x+y)).

We apply periodic boundary conditions in both coor-
dinate directions. Again the time steps are calculated by
(59) with ¢fl = 0.8. The smooth initial solution turns into
a diagonally propagating shock wave around 7 = 0.05.

Figure 5 shows the time history of the numerical solu-
tions. The solutions are calculated with 80 grid points in
each coordinate directions. From Figure 5, we observe
that the shock discontinuities are captured sharply with-
out excessive oscillations. The long time run (e.g. £ = 3.0
in Figure 5) indicates the stability of our scheme. Tables
4-6 are created at ¢ = 0.05 while the solution is still
smooth. We note that the limiting procedure was off when
producing the Tables 4-6. These tables clearly indicate
the fourth order convergence of our scheme.

4.3. Solving the Euler Equations

4.3.1. Sod’s Shock Tube Problem
The shock tube problem considers a long, thin, cylindri-
cal tube containing a gas separated by a thin membrane.
The gas is assumed to be at rest on both sides of the
membrane, but it has different constant pressures and
densities on each side. At time ¢ = 0, the membrane is
ruptured, and the problem is to determine the ensuing
motion of the gas. The solution to this problem consists
of a shock wave moving into the low pressure region, a
rare-faction wave that expands into the high pressure
region, and a contact discontinuity which represents the
interface.

The shock tube problem of Sod [28] solves the one
dimensional Euler equations with the following initial

0.3 T T T T
numerical sol.
reference sol. |

0.2 |

0.1t o/ |

-0.1f | /

-0.2f ,

—-0.31

70‘4 1 1 1 1
0 0.2 0.4 0.6 0.8 1

data,

(L0.)  ifx<05
(p(x,O),u(x,O),p(x,O)):{(0.125’070.1) if x> 0.5

This problem is well studied over the years, ie., in
some cases an exact solution can be constructed. Thus it
became a benchmark problem in scientific community to
test new numerical schemes. We solve this problem in
[0,1] interval with inflow boundary conditions. Our com-
putational results are produced using 400 grid points.
The time step is calculated by

At=efl—2E (59)

max |u + c|
where ¢ represents the sound speed and ¢fI = 0.3. Figure
6 shows the numerical solution at ¢ = 0.15. Figure 6
clearly indicates highly resolved discontinuous solutions

(e.g, sharp shock and contact discontinuities) with cor-
rect shock locations.

4.3.2. Interaction of Shock-Acoustic Waves

This problem is first studied in [8] and describes the in-
teraction of a shock wave with a smooth acoustic entropy
wave. The problem solves the one dimensional Euler
equations with

(p(x.0).u(x.0). p(x.0))
(3.857143,2.629369,10.333333)
(1+0.2sin(5(10x-5)),0,1)

if x<0.1 (60)
if x>0.1.

The shock wave interacts with the acoustic wave. As a
result, the post-shock acoustic profile is amplified (Fig-
ure 7). We solve this problem in [0, 1] interval with in-
flow boundary conditions. We used 400 grid points and

0.2 T T T T

numerical sol]

reference sol.

0.15¢ R

0.1 :
0.05} I
b Lo
-0.05f | 1
oaf | -

-0.15¢ 1

-0.2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 4. Solution to the one dimensionalBurgers equations, t = 0.5 for the left figure and t = 2.4 for the right figure.
Numerical solutions are produced with 40 grid points. Solid lines represent reference solutions.
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Figure 5. The time evolution of the solution to the 2-D Burgers equation. t

AJCM

Copyright © 2011 SciRes.



S. Y. KADIOGLU 313

Table 4. Error table in terms of L, norm for Problem
(4.2.2). The final time issetto t=0.05.

Table 6. Error table in terms of max norm for Problem
(4.2.2). The final time issetto t=0.05.

fMeSh Hu" _uz"HL Between Convergen fMeSh Hu" ™2 Convergen
refinement fn esehe o r:t egse ce refinement Between mesh Y r:t fse ce
2h=1/20 1.60 x107 2h=1/20 7.20x10°
2h=1/40 1.25x10™ 1/20 - 1/40 3.67 2h=1/40 1.60x107 1/20 - 1/40 2.16
2h=1/80 9.01x10° 1/40 - 1/80 3.79 2h=1/80 1.75x10™ 1/40 - 1/80 3.19
2h=1/160 6.31x107 1/80 - 1/160 3.83 2h=1/160 1.47x10° 1/80 - 1/160 3.57

Table 5. Error table in terms of L, norm for Problem
(4.2.2). The final time issetto t=0.05.

cfl = 0.3 in (59) to generate our results. The reference
solution is produced with 1600 grid points. Figure 7
shows our computational result. We obtained highly re-

Mesh _ . Y
refinement e, =, Between Convergence solved solution comparable to [8] and [12,14]. This is an
2h = 1/20 250x10° mesh rates important problem to study, since the solution has some

structure in the smooth region. As noted in [8], higher
— —4 . .
h=1/40 3.58x10 120 - 1/40 280 order methods perform better in such regions. Our results
2h=1/80 2.85x10° 1/40 - 1/80 3.65 confirm this. In other words, our results are comparable
to higher order ENO [8], higher order PHM (Piecewise
2h=1/160 2.11x10° 1/80 - 1/160 3.75 . .
Hyperbolic Methods) [12], or higher order LLR (Local
1 DENSITY 1 VELOCITY
) ) ) nulmcrical sol | numclrical sol ) )
09 reference sol. | 0.9F reference sol. 1
0.8 0.8 )
0.7} : 0.7[ ]
0.6} [ 0.6 ]
0.5F 0.5
0.4} 1 0.4
0.3} ! 03] |
0.2¢ 0.2} 4
0.1 . . . L 0.1 . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1 PRESSURE
) ) ) Tumerical sol
09} reference sol. |4
0.8F 4
0.7}¢ 4
0.6F 4
0.5¢ 4
0.4}F 4
0.3F 1
0.2}¢ 4
0. 1 A A A
0 0.2 0.4 0.6 0.8 1

Figure 6. Sod’s shock problem.
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Figure 7. Shock-acoustic wave problem. t = 0.18.

Logarithmic Reconstructions Method) yet better than the
second order MUSCL-type schemes.

4.3.3. Interaction of Blast Waves

This problem is introduced by Woodward and Colella
[17] and is often referred to as the Woodward-Colella
blast-wave problem. The problem solves the one dimen-
sional Euler equations with

(P(x,0),u(x,0), p(x,0))

@ﬁJW) if0<x<0.1
= (1,0,10-2) if0.1<x<0.9 (61

(1.0,10°)  if0.9<x<I

The two discontinuities in the initial data each have
the form of a shock-tube problem and yield strong shock
waves and contact discontinuities going inwards and
rare-faction waves going outwards. The boundary condi-
tions at x = 0 and x = 1 are reflective solid wall condi-
tions, i.e.,

Copyright © 2011 SciRes.

n n n n n n )
Plia=pisulyy =—u;, plyy = p; fori=1---,r  (62)

n _ n n g n o
Pusi = Pyisto Yari = “Upr i1 Pyuvi = Payrinto (63)
fori=1,---,r

We used 400 grid points in the [0, 1] interval and cf] =
0.3 in (59) to generate our results. The reference solution
is produced with 1600 grid points. Figure 8 shows the
numerical results at 7 = 0.38. It is clear from Figure 8
that we obtained sharp discontinuities without spurious
oscillations.

4.3.4. Smooth Euler Solution

We solve this problem to verify the fourth order conver-
gence of our scheme for the Euler equations. The prob-
lem consists of an initial value problem with a smooth
solution [29]. The problem considers the gas initially at
rest and

2
p(5,.2.0) = E(x,7,2,0) =1+0.1e "™ (61)

where r=4/x"+)*+2z>. The solution of this problem
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DENSITY PRESSURE
7 : : : . 450 : : : :
numerical sol | numerical sol,
reference sol. \ L reference sol. k d
ol N 400 '
| \
l i 350 - .I‘ -
A {
5 [ \ |’
L 300 | .
\ :
4t R ‘ 250 1
5l 200 :
) | 150 1
? ‘J‘ / IV\.
. 100 f I - 1
f g M
1 ! = 50 1
| .
) P— n i . | 0 : . ; : |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Figure 8. Colella’s double blast wave problem. t = 0.38.
remains spherically symmetric. Therefore, the three di- 107 ’ DENSITY .
mensional Euler equations reduce to the one dimensional
K K rererence sol.
conservation laws with a source term [29]. 1.06 .
The problem is solved in a [0, 1] domain. On the left ['§
end, the reflective wall boundary conditions are used as 1.OSF 1
in Section 4.3.3. On the right end, the outflow boundary L |
conditions are imposed. The numerical solution in Fig- '
ure 9, produced at ¢ = 0.15 with 160 mesh points, is su- 103+ ]
perimposed on a reference solution produced with 1280
points. Table 7 shows convergence rates for the density 1.02 1
field. Clearly, it is fourth order. Since we don’t have an
exact solution for this problem, the convergence analysis oS i
is done similar to the one described in Section 4. We also bt ‘ , — ‘
note that since the solution is smooth, again no limiting 0 0.2 0.4 0.6 0.8 1

procedure is performed.
5. Conclusions

We have presented an improved gas dynamics method
based on the Spectral Deferred Correction (SDC) time
integration technique and the Piecewise Parabolic Method
(PPM) finite volume method. Our method introduces
significant improvements to [1] such as the removal of
unphysical oscillations due to flux treatments. The source
of these oscillations is that [1] uses the same higher order
less diffusive fluxes at all SDC steps (prediction plus
deferred correction steps). In order to cure the oscillatory
behavior, [1] has to employ couple of external fixes such
as the smoothening, flattening, and artificial diffusion
algorithms which are not straightforward to implement in
a computer code. We avoid all of these extra steps by
making use of an up-winding flux procedure at the pre-
diction step. This brings sufficient amount of numerical dif-

Copyright © 2011 SciRes.

Figure 9. A smooth solution of the Euler equations t = 0.15.

Table 7. Error table in terms of L, norm the smooth Eu-
ler solution. The final time issetto t=0.15.

Mesh
refinement il Convergence
Between mesh rates
2h=1/80 8.87x107
2h=1/160 6.33x10°° 1/80 - 1/160 3.81
2h=1/320 4.29x107 1/160 - 1/320 3.89
2h = 1/640 2.74x10°* 1/320 - 1/640 3.97

fusion so that the deferred correction steps can use less
diffusive higher order flux evaluations. With this strategy,
we have obtained oscillation-free discontinuous solutions
with the quality comparable to the original PPM [7]. We
have also demonstrated the fourth order of accuracy of this
method in both space and time for smooth flow problems.
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Appendix

Here we define stencils for multiplication and division of
the cell averaged (also cell edge averaged in 2-D) quanti-
ties in order to compute higher-order accurate numerical
flux functions. The primary reason for this is that an av-
eraged value of a product (or quotient) is not equal to the
product (or quotient) of averaged values. The goal here is
to express averaged values of quotients or products as the
quotient or product of the averaged values plus a correc-
tion term which must be computed by applying a stencil
to neighboring averaged values.

If we were to derive formula for an averaged value of
a product, i.e., (pu), onthe i, cell, we first consider

the following local series expansions

p(x)=p(x)+(x-x)p(x)

e (65)
L) ()
u(x)=u(x)+(x—x)u(x,)
C (66)
+('x xi) uxx(xi)—‘r'“’
2
Recalling that
Xi+1/2
E:L .[ p(x)dx. (67)

Xi-1/2

Evaluating this integral with (65)

sz 4
Pi:Pi"‘EPW‘FO(Ax ) (68)
Now consider

('D_u); :LXii[l/zp(x)u(x)dx. (69)

Xi-1/2

Evaluating this integral with (65), (66), and using (68)
we obtain
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2

(pw), = pi, +A2x—4px[_uxi +0(Ax*). (70)

To derive a stencil for p_, we consider

2Ax) 2AxY
p,-+2=p,-+2Axpx,+( 2) pﬂ,+( 6) Py, T (T1)

(&) (&)
Pia =P+ Axp, + 3 Pu T P (72)
_ (Ax)2 _(Ax)3 3
Pt = P AXPy T P =T P s (T3)
oA (2ax)  (2Ax) s
pi—z pi px,- + 2 pxx,- 6 pm, + ’( )

Summing the above four expressions we get
=5(71)+34(72)-34(73) +5(74) = 48Axp, —2Ap,

or

2

=5p. 34p... —34p.  +5p.
px‘ — pz+2+ p1+1 pz—1+ pl_2++%pm,-' (75)

: 48Ax
Using (68) in (75) we obtain

_ TPin +340,, =340, 450,

P 48Ax
_ﬂz _Sp)“HZ + 34p)"“i+l - 34,0)0(‘.4 + prx;,z (76)
24 48Ax
sz
+— .
24 P

Considering series expansions (71), (72), (73), and (74)
for p. terms in (76) and carrying out the similar alge-
bra, we arrive the following fourth order expression

—5p.,, +34p..,~34p,, +57, , ’
=l o : =+ 0(Ax 77
Py o (ar') @

Derivation of an averaged value for a quotient and
several more details can be found in [20].
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