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Abstract

Anthrax is an infection caused by bacteria and it affects both human and an-
imal populations. The disease can be categorized under zoonotic diseases and
humans can contract infections through contact with infected animals, ingest
contaminated dairy and animal products. In this paper, we developed a ma-
thematical model for anthrax transmission dynamics in both human and
animal populations with optimal control. The qualitative solution of the
model behaviour was analyzed by determining R,,, equilibrium points and
sensitivity analysis. A vaccination class was incorporated into the model with
waning immunity. Local and global stability of the model’s equilibria was
found to be locally asymptotically stable whenever R,, <1 and unstable
otherwise. Analysis of parameter contribution was conducted to determine

the contribution of each to R,,. It was revealed that reducing animal and
human interaction rate, would decrease R,,. We extended the model to op-

timal control in order to find the best control strategy in reducing anthrax
infections. It showed that the effective strategy in combating the anthrax epi-
demics is vaccination of animals and prevention of humans.

Keywords

Anthrax Model, Stability Analysis, Sensitivity, Optimal Control, Cost
Effectiveness

1. Introduction

Anthrax is an infectious disease that is caused by the bacteria Bacillus anthracis.

The disease affects wild, domestic animals and humans. Susceptible individuals
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contract the anthrax disease if they interact with infected animals or consumed
contaminated dairy and animal products. Anthrax is a zoonotic disease found
naturally in the soil and it affects both animal and human populations world-
wide. Individuals can contract the disease from direct contact with animals or
from contaminated animal products [1] [2].

Mathematical models are capable of describing a natural phenomenon and the
transmission dynamics of infectious diseases. These models play a key role in
combating infectious diseases in epidemiology. These models can explicitly ex-
plain the transmission mechanism and dynamics of disease [3] [4]. Complex
models for transmission dynamics of diseases such as periodic orbits, Hoff bi-
furcations and multiple equilibrium have been proposed and worked on for
some time now. They give a concise qualitative illustration of the disease dy-
namics and better analysis and implications for disease prediction of [5] [6].

[1] investigated the effects of constant vaccination on anthrax model but never
considered effects of optimal control. From the theoretical results of their study
under constant vaccination, the transmission of the disease model is similar to
dynamics without vaccination. Moreover, [7] developed a model by considering
vaccine impact and concluded by establishing the optimal vaccine coverage thre-
shold required for disease eradication. However, [8] used optimal control in the
study of a nonlinear SIR epidemic model with a vaccination strategy.

[9] considered the application of optimal control to investigate the impact of
chemo-therapy on malaria disease with infection immigrants and [10] applied
optimal control methods associated with preventing exogenous reinfection
based on a exogenous reinfection tuberculosis model. Authors in [11], investi-
gated the essential role of three basic controls: personal protection, treatment,
and mosquito reduction strategies in combating an infectious disease.

However, [12] formulated a general epidemic model of a vector-borne disease

Anthrax outbreaks in Ghana between 2005 to 2006

12
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Figure 1. Cases of anthrax outbreaks in Ghana between 2005-2016.
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consisting two vertebrate host species and one insect vector species. The qualita-
tive analysis of the study revealed that model exhibited a multiple endemic equi-
librium. The spread of anthrax has an impact on the life’s of people and cost of
treatment is of concern in every human endeavour. Many studies in literature
have been performed to establish the role of vaccination and treatment on
transmission of diseases [13].

Some studies reveal the complex nature of the anthrax disease. The transmis-
sion dynamics of the disease varies depending on the prevailing conditions of
the country. There has not been any mathematical model developed to explain
the transmission dynamics of anthrax with optimal control and cost effective-
ness in Ghana. We therefore developed a model to investigate the dynamics of
anthrax with optimal control and cost effectiveness analysis using the anthrax

data between 2005 to 2016 as shown in Figure 1.

2. Model Formulation and Description

The model divides human and animal populations at any time, (4 into com-
partments with respect to their disease status as shown in Figure 2. Total animal
population, N, (t), is subdivided into Susceptible animals, (S,), Infectious
animals, (1,), Vaccinated animals, (V,), and Recovered animals, (R,).

Hence total animal population;
N, ()=, (0 +V, 0+ 1,0 +R, (0. 1)

Total human population denoted by N, , is subdivided into Susceptible hu-
mans, (S, ), Infectious humans, (1,),and Recovered, (R,).

Hence, total human population:
Ny (t) =S, (t) + 1, (t) + Ry (t). )

Susceptible humans to are recruited at a rate A, . Humans acquire anthrax
through direct contact, inhalation and ingestion of contaminated animal prod-
ucts at a rate (I, +1,)/. Infected humans recover from anthrax disease at a
rate y . Humans infected with anthrax die at a rate 6, and the recovered hu-
mans may loose immunity and return to the susceptible class at a rate o, . The
entire human population has a natural death rate of .

Susceptible animals are recruited at a rate A, , only a fraction of the animals
are successfully vaccinated at a rate Uy, where u, €[0,1]. The disease can be
obtained through contacts with infectious animals and humans at a rate
(1,+1,)4 . Natural death rate of all animal compartments is £, and death rate
as a result of anthrax infections is &, . Animal recovery rate is « and vacci-
nated animals may move to the infected class at a rate b, A due to waning ef-
fect. Where (1-b)e[0,1] is the efficacy of the vaccine. Rate at which animals
may loose immunity and join susceptible class is 7. Where S, =1, +1,

The system of ordinary differential equations obtained from the model in

Figure 2 are as follows:
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Figure 2. Flow diagram for the anthrax disease transmission dynamics.

ds .
d_:zAh-'—o-th_ﬁmﬁSh_:uhSh
dl .
d_:zﬂmﬂsh_ylh_(ﬂh+§h)lh
dr
d_thzﬂ’lh_(o'h“‘ﬂh)Rh
ds .
dtv =(1—u3)AV - B AS, — 1S, +o R, +1V, (3)
C:jlt —ﬂmﬂS +bﬁmﬂV |V—(,uv+5v)|v
drR
—=al,- (o, +4,)R
dt al, (O-v /‘lv) v
d(;i" =u3AV—(‘[+,uV)VV—b/1ﬁ;VV

3. Model Analysis

3.1. Positivity and Boundedness of Solutions

In epidemiological models, conditions under which the system should have
non-negative solutions is paramount. The model would be biologically mea-
ningful if all the solutions with positive initial conditions remain positive at

every point in time.

IT={(S, (8), 1, (£). Ry (1).5, (£), 1, (t) V, (8). R (1)) e R :
(81(0).1,(0).R, (0).5,(0).! (o>v (0).R,(0))>0}
then the solution of {(S () () (),Sv() ( )} are

non-negative for all time t>0.
Hence, if S, (0),1,(0),R,(0),S,(0),1,(0).V,(0),R,(0), then
Sy (t), 1, (1), Ry (1), S, (t),1,().V, (t),R,(t) are also non-negative forall t>0.

Theorem 1. Let
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Human total population at any given time:

N, (t) =S, (t)+ 1, (t)+ Ry (t). (4)
% = di + % + dﬁ (5)
dt dt dt dt
dN,
TzAh = Sy = (#y + S 1y = (0 + 4y ) Ry
In the absence of mortality due to Anthrax infections, the above equation be-
comes;
dN
d_thSAh_/uhNh' (6)
. . L Ay
Solving the equation and as t — o0, the population size, N, —>—".
Hy
0<N, <M ond Nh(t)Sﬁ.
h Hy
Also, if
Nh(O)Sﬂ,then Nh(t)Sﬁ.
Hy Hy
3. Ay
I, =4(Sy 1y, Ry ) eR3: S, + 1, + Ry <— (7)
Hn
However, for total animal (vector) population at any given time:
N, (1) =S, (1) +V, (t) + 1. (1) + R, (t). (8)
dN, dS, dv, dl, dR,
e e 9)
dt dt dt dt dt
dN,
dt = Av _lquv _5v|v
dN
dtv <A, -uN,. (10)
. . . . Lo A
Solving the differential equation and as t — o0, the population size, N, - —*-.
Hy
0<N, <M g Nv(t)sﬂ.
Hy A,
Also, if
A
N,(0)<—~,then N, (t)<—~.
Hy Hy
4 A
HV:{(SV,IV,RV,VV)EI&:SV+IV+RV +VVS—V}. (11)
Hy
Hence, feasible region for the dynamical system in (1) is given by:
=11, xIT, c R xRj. (12)
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nh:{(sh,lh,Rh)eRg:sh+|h+Rhsﬂ} (13)
Hi
s A
I, =4(S,. I,,R,.V, ) e R} : S, + 1, +R, +V, < =%+ (14)
“,

where II is positively invariant.

3.2. Disease Free Equilibrium

The Disease Free Equilibrium (DFE) of the dynamical system in (3) only exists
in the absence of infections. We can then compute DFE by setting the system of
equations in (3) to zero and establish DFE points.

At DFE, there are no infections and recovery. Hence, R, =1, =1 =R, =0.

&=(Sn 10 RSy 1RV, ).

ds "
d_th:Ah +0'th _ﬁmﬁsh _luhsh =0
av, .
e UsA, — (7 + 44, )V, —bAB,V, =0 (15)
ds, "
. (1-uy)A, = BoAS, — 1,8, +o R, +7V, =0
The DFE point is given by;
A7+, (1-u
50: ﬂ,0,0, v( :uv( 3))’0’01 u3Av . (16)
thy m (T +m,) T

3.3. The Basic Reproductive Number

Using the next generation matrix approach in [4], the reproductive rate can be
established. The reproductive rate combines the biology of infections with the
social and behaviour of the factors influencing contact rate.

The basic reproductive rate refers to the number of secondary cases one infec-
tious individual will produce in a completely susceptible population [14] [15].
This is a threshold parameter that governs the spread of a disease.

Definition 2. The spectral radius of a matrix A is defined as the maximum of
the absolute values of the eigenvalues of the matrix A: p(A)=sup {|/1| Aep( A)} ,
where p(A) denotes the set of eigenvalues of the matrix A.

Considering only the infective compartments in the system of differential eq-
uations in (3):

dl

d_thz(lh+ Iv)ﬂsh_7’|h_(ﬂh+5h)|h

‘ﬂtv = (1, + 1), + (1, + 1,)bAV, —al, — (4 + )1,

(17)

Let fbe the number of new infection coming into the system and v be the
number of infectives that are leaving the system either by death or birth.

_{ (1, +1,)88,

(1, +1,)28, + (1, + |V)b/1vv}’

DOI: 10.4236/am.2020.113020

260 Applied Mathematics


https://doi.org/10.4236/am.2020.113020

S.Osman et al.

:{yllh + (4 +5h)|h]

+(p, +6,)1,
The Jacobian matrix of fand vat DFE is obtained by Fand Vas follows:
[ s ps,
AS,+bAV) S, +bAv, |

V:|:7+(,uh+5h) 0 }

0 a+(u,+8,)|

Computing the product of FV ™.

* *

ﬂSh BS,
ey | 7T rd) at(u+d,)

AST4bAV,  AS.+bAV

v+ +3) a+(m+6,)

By computing the eigenvalues of FV ™ and selecting the dominant eigenva-

lue. The eigenvalues are as follows;

0 and /IS; + b/IVV* N ﬂS; .
a+(,uv+5v) }/+(,uh+5h)

R (zs: +bﬂvv*] ( /N j
The dominant eigenvalue is + .
a+(u+6,)) \r+(u+6,)

This implies that the basic reproductive rate is given by;

B ﬁS; N ASV*+bﬁVV*
R ‘Hy+(uh+ah)J [[a+(m+5v)]ﬂ' 1e)

At DFE, it becomes;

_ BA, . bAA, (7 + 4, (1-2u,))
R _(“h[”(wﬁhﬂj worm)arimra)]
where;
. :[ SA, ]R b (e (1-20,))
S VATRIPETS)) SRS e RN

3.4. Global Stability of the Disease-Free Equilibrium

Proposition 3. The disease-free equilibrium (DFE) of model (3) is locally asymp-
totically stable if R,, <1 and unstableif R, >1.

Theorem 4. If R,, <1, the disease-free equilibrium is globally asymptotically
stable in the interior of Q.

Proof. Considering the Lyapunov function below, O
P(t)=(a+u +S ), +(7+m+3,)1, (20)

Taking time derivative of P(t) along solutions of the differential equations
in (3);
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dP(t dl dl
%:(a+yv+5v)d—t“+(y+yh +6,) dtv
=(BS, (1, +1,) =71, = (s, +S,) 1)+ AS, (1, +1,)
+b(1, +1,) AV, —al, — (4, +36,)1,
S(a+ﬂv+5v)M+(0[+ﬂv+5v)M
Hn 4

h
_(a+,uv+5v)(7+/uh+5h)lh

AN, (7 + 1, (1 —us))J

+Ih(;/+/1h+§h)(

(7 +14,)
AA | —
+Iv(7/+/uh+5) V(T+luv( UB))
(7 + 1)
+ 1, (7 + +5h)[bu3lAVj+ L (7 + +5)[Mj
T+ U4, T+ U4,

L (y+u+8)(a+u,+38,)
<=l (r+u,+ 6, )(a+u,+6,)(1-Ry,)

L (y+u+8)(a+u+6,)1-R,) (21)
=—(ly+ 1) (7 + 1, + 6 )+ p,+6,)(1-R,,)

Time derivative of Palong the solutions of differential equations in (3) yields:

dP(t

(#jso,ifand onlyif Ry, <0

dP(t

[%):1,ifandonlyif I, +1,=0 or R, =1.

dP(t)

The highest compact invariant set in Sy, 1,1, €Q, a4 0,if Ry, <1,is

the singleton, &;.

It shows that &, is globally asymptotically stable in Q. By LaSalle’s inva-
riant principle [16].

3.5. Endemic Equilibrium

Considering the system in 3, at equilibrium, g, =1, + 1, =0. This corresponds

to the DFE or the relation:
Hoﬂr;? + Hlﬂr:]Z + Hzﬁ; +H,=0. (22)

Remark. The system of equations in (3) would have an EE, E’, if R, >1.
This is satisfied by cases (2, 4, 6) in Table 1. The system would have more than
one EE point if R, >1. This is satisfied by case (8) as shown in Table 1. The
system in Equation (2.3), would have more than one EE point if R, <1, as sa-
tisfied by case (3, 5, 7).

From Table 1, multiple EE exists when (R,,) is less than unity. This indi-
cates the tendency of backward bifurcation. This is a situation where the DFE

and EE coexists. The existence of backward bifurcation has significant implication
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Table 1. Possible positive real roots of P(ﬂn:) for R,>1 and R, <1.

No. of sign  No. of positive
Cases H, H, H, H, R, 18 positiv

change real roots
1 + + + + R, <1 0 0
1 + + + - R, >1 1 1
2 + + - + R, <1 2 0,2
2 + + - - R, >1 1 1
3 + - - + R, <1 2 0,2
3 + - - - R, >1 1 1
4 + - + + R, <1 2 0,2
4 + - + - R, >1 3 L3

for epidemiological control measures because an epidemic may persist at steady

state even when (R,, <1).

3.6. Global Stability of Endemic Equilibrium

In this section, the global behaviour of the system in Equation (3) is analysed.
Considering the non-linear Lyapunov function.

Theorem 5. The system in Equation (3), is said to have a unique endemic
equilibrium if R,, >1, and it is globally asymptotically stable.

The EE can only exists if and only if R, >1. So by letting R,, >1, it implies
that the EE exists.

Considering the non-linear Lyapunov function bellow;

L=S, S—i—lns—f* +1, I—L—In'—,’; +% R—,T*—In RD*
Sh Sy Iy Iy Y Ry Ry

+s;*£s—g—|n%J+ |;*( Lo 'L] (23)

v ) | |

v
R B By (W Y,
R R v v

\ \

wm

where;
91:(7"‘/41 +6h)' 9, :(0-2+ﬂh)’
9:=(a+u+6,), 9,=(0, +4),

when the above Lyapunov function is differentiated with respect to time, we ob-

tain the equation;

d_L[ls_)di[ll_Jig_(lR_]di
dt S, ) dt I, )dt  » R, ) dt
L[y 800ds, [, Nl 24
S, ) dt I, ) dt

R™)dR V. \dv
+1-— |—+]|1-— |—.
R, ) dt V, ) dt
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Therefore, this implies that;

d_'-:[l__h

dt

+

U)

+1-

S

o
|

<

-y,
+[1
%

~—

< H

o
|

*k
\

] [(1-uy)A, +ABByS) + 1S, +o R +2V,)”

j[u A, DB + (T4, )V, —u,

j[Ah+GhR:+ﬂﬂ:S:+ﬂhS:_Ah_o-Rh_ﬁﬁmsh_:uhsh:|

>k

j[ﬂﬂm gllh]+%(1—i—“j[ylh—ngh]

h

(25)

A, =28, - u,S,-o,R, -V, |

j /’Lﬂmsv—i_b/’)‘ﬂm v gBIV]+%[l_%j[QIV_94RV]

Av - b/‘Lﬁmvv _(T + 4, )Vv:|

By further simplification;
Arithmetic mean value exceeds the geometric mean value [17] [18]. This fol-

lows that;

, Sn_Sh g
Sv Sy
1-2 <
Rh
1_£_m[1_ijgo
R, 7Sk R,
B S8BT g
B S Sy B,
() R g
Ih Ih h
2—Sv - SL <0
SV SV
SR RS
SV RV RV SV
SN WS
SV VV VV SV
1 S B S
Sv ﬁh Sv :Bm Iv
I I I.R”
1—|—L s IL gsalL” <0
1- RL <0
R
2—VVM—Vv <0
VV VVH
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*k

1V B Vbl
Vv ﬂh Vv :Bm Iv

Since all model parameters are non-negative, then the derivative of the

(26)

Lyapunov function is less than zero (i—:sO) , if the R, of the system in

Equation (3) is greater than one. (R, >1). By LaSalle’s Invariant Principle
[16], as t approaches infinity, all the solution of the system approach the EE
point if R, >1.

Backward Bifurcation and Multiple Equilibrium

In this section, we discuss the phenomenon of Backward Bifurcation. The bi-
furcating EE point exists only if (R, <1). The model has exhibited this proper-
ty and backward bifurcation exists. When backward bifurcation occurs, the
range of R, is between R; <R, <1. There exits at least one EE. Usually, at
least one is stable and the DFE is not globally stable when (R,, <1). In this sce-

nario, the infection would exist even when R, <1.

4. Sensitivity Analysis

Basically, the essence of sensitivity analysis is to determine the contribution of
each parameter to the reproductive rate. This is help to identify the parameters
with high impact on R, . The basic reproductive rate is usually analysed to find
out whether or not treatment of the infectives, mortality and vaccination could
help in the control or eradication of the disease in the population [19] [20].
Definition 6. The normalised forward sensitivity index of a variable, y, which

depends differentially on a parameter, x, defined as.

¥, X 27)
y

Yy =
o

Sensitivity Indices of R,

In epidemiological models, the value of R,, determines the ability of the infec-
tion to spread within the population. We will determine the reduction in infec-
tion due to the diseases by computing the sensitivity indices of R,,, with respect
to the parameter values in the model. The sensitivity indices serve as determi-
nants of the contribution of each parameter in the dynamics of the diseases.
Considering all the parameters of the system in model (3), we derive the sensi-
tivity of R,, to each of the parameters in the model.

The sensitivity indices of R,, with respect to each of the parameters of the
system in model (3), are given in Table 2.

The detailed sensitivity analysis of (R,,) showed that increasing o would
decrease R,,. Moreover, decreasing o would increase (R, ). Also, an in-
crease in the values of A,, A,, f and A would cause an increase in R,
and a decrease in the values of A,, A,, S and A would cause a decrease

in R,,.
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Table 2. Sensitivity indices of parameters to R, .

Parameter Description Sensitivity index (+ve/—ve)
A, recruitment rate of humans +ve
A, recruitment rate of animals +ve
y78 human natural death rate —ve
1, animal natural death rate —ve
S, disease induced death rate in humans —ve
o, disease induced death rate in animals —-ve
u, vaccinated proportion —ve
a recovery rate of animals —ve
p transmission rate of humans +ve

recovery rate of humans —ve
T waning rate +ve
A animals transmission rate +ve
b vaccine efficacy +ve

5. Optimal Control of the Anthrax Model

The essence optimal control in disease modelling to to determine the best con-
trol strategy in fighting the spread of the infection and the costs associated with
this strategy. This analysis is carried out to establish the impact of various inter-
vention schemes. Optimal control problem is established by introducing con-
trols into the Anthrax model (3) and the formation of an objective functional
which seeks to minimise: (Uy,Uy,Us,U,).

Preventive control measure on susceptible humans, (u,): This is to reduce
the acquisition of the disease. Treatment control on infected humans, (uz):
This is to minimise infections. Vaccination as a control measure on susceptible
animals, (Uy): By using antimicrobial drugs. Treatment control on infected
animals, (U, ): This is to reduce infections.

The objective functional in achieving this purpose is as follows:

J=min [(Al+Al,+Au?+ AuZ + AmuZ + AuZ)dt (28)

Uy ,Up Uz, Ug

subject to the system in (3). Where; (A, A, A;, A, A, A) are generally referred
as balancing cost factors (weight constants) to help balance all terms in the integral
thereby avoiding dominance of one over the other. Al,,Al, are the costs asso-
ciated with I, and 1,. Au? is the cost associated with S, . Amu’ is the cost
associated with vaccination of S, and m is the number of 1,. Au? is the costs
of treatment of |, . AU is the cost of treatment of |,. t, is intervention pe-
riod. Al,,Al, represents a linear function for cost of infection and
AuZ, AuZ, AmuZ, AuZ denotes a quadratic function for cost of controls.

Control efforts of model is by linear combination u? (t), (i=1,2). A qua-
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dratic in nature by assumption that cost is non-linear naturally [21] [22] [23].
The purpose is to reduce infection and cost of treatment.
This is finding the optimal functions; (uf (t),uy (t),uz(t),u, (t)) such that;
3 (U (1),u; (1), u5 (1), uz (1)) = min - J(uy,Up,Uq,u,) (29)

Up,Up Uz, Ug €U

where;

U= {u tu,0<y, (t) <lte [O,tf ]i :l,2,3,4} and is called the control set.
Pontryagin’s Maximum Principle

This principle gives the necessary conditions that an optimal must satisfy. It
changes the system in (3) and (29) into minimisation problem point-wise Ha-

miltonian, (H) with respect to (Uy,u,,Us,U,).

H=Al +Al +Au’+AuZ + Amu’ + Au’

+/11{A + Ry = (1-u) A(1, +14)S, — 44,5, |
+ 2o {(1= 1) BnBSy = (Uy + 1)1y = (1, + )1, |
{u +7 I —(O'h+,uh)R}
+ A (=) A, = (1=u) A1, +1,)S, = (1,8, + o, R, + 2V, )}
+ 2 {(1=uy) A4S, + (1= Uy )oBr AV, — (u, + @)1, = (g, + 51, }
+ 2 {(Us + @)1, = (o, + 1,)R, | (30)

+ 2 {UsA, = (7 + 1, )V, = (1=uy)bA (1, + 1, )V, }

where A,4,,45,4,,4,4s and A, are the adjoint variables.
The solutions of adjoint are system;

djﬁ (@=w)(1,+ 1) B~ &)+ iy
e A+ (105, () + (U 47) (e = e ) + a1 +6)

+ (1) A8, (A — 45) + A= u)bAV, (2, — 45)
djtS —Ghﬂi+(0h+,uh)ﬁ3
B (1w A1, 1) (o) + G
e A (1) 5, (2~ ) + (1 1) S, (4 )

+bA (4 = A5V, + (s — 2 ) (Uy + @) + A5 (14, + 6,
%:—G\,/L‘+(Uv+,u\,)ﬂ15
dd—/?:—r/’{4+(l—ul)b/1(lv+|h)(/17—ﬂ45)+(2'+,u\,)/17

which satisfies the transversality condition;
A) = 4 (1) = 2 (1) = 4, ) = () = 4 (1) = 4 () =0. (32

By combining the Pontryagin’s Maximum Principle and the existence of op-
timal control [24] [25].
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Theorem 7. The optimal control vector (uf(t),u; (t),us(t),u, (t)) that max-

imizes the objective function (J) over U, given by,

U (t)= max{o,min[l,'g(ﬂ? ~A)(L+1)Sy

2A;
+l(/15_/7'4)(|v+ Ih)S;+bﬂ’(ﬂs_ﬂ7)(lv+ Ih)vv*J}

2A;
()= inf 1,2 =%
uz(t)—max{o,mm 1, 2A j} (33)
Uy (t) = max{o,min 1M]}
2mA,
u;(t)= max{o,min 1,M]}
2A
where A,,4,,43,4,,4,4s and A, are the solutions of Equation (31) and Equa-

tion (32).
Proof. Optimal control exists as a result the convexity of the integral of Jw.r.t
u,U,,U; and U,, Lipschitz property of the state system with respect to the state
variables and a priori boundedness of the state solutions [9]. The system in (31)
was obtained by differentiating the Hamiltonian function evaluated at optimal
control. By equating the derivatives of Hamiltonian with respect to the controls

to zero, we obtained the following;
. {(ﬂ(ﬂq —4)(1 +1)S,

2

L A= 2)(1, +1,)80 +0A (4~ A)(1, + Ih)v:J}

2A,
o 525)

i)

By standard control arguments which involve bounds on the controls, it can

be concluded that;

0, if,<0 0, ifa,<0

u =40, if0<d <1l , u;=40, if0=<<0,<1
1 ifa>1 1 ifa,>1

o - (34)

0, ifd,<0 0, ifd, <0

u, =40, if0<l;<1 , u,=40, if0<(,<1
1oifa,>1 1 ifa,>1

The system in (34) leads to the system in (33) in Theorem (7). Uniqueness of op-
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timal of the system is guaranteed by imposing a condition on time interval [26]. [

6. Numerical Results

The numerical simulations of the effects of control strategies on disease dynam-
ics is shown. This is done by solving the optimal system consisting of Equation
(3), co-state Equation (31), transversality conditions (32) and characterisation
(34). Optimal system were solved by applying an iterative scheme. A fourth or-
der Range-Kutta scheme was applied to solve the state equations with a guess of
controls over time. We also apply the current iterations solutions of state sys-
tems to solve adjoint equations by backward fourth order Range-Kutta scheme.
Finally, an update of controls by using a convex combination of previous con-
trols and value from (33). This process was repeated and iterations stops if val-
ues of unknowns at the previous iterations are very close to the ones at the
present iterations [27].

Most effective strategies were presented as follows: Combination of U, and
U, . Combination of U,, U, and U,.Combination of U, and U,.Combina-
tion of U, and U,;. Combination of U, and U;. Combination of U, U,
and Uy. Combination of U, and U,.Combination of U;, U, and U,.Com-
bination of U, and U, . The plots of the three most effective strategies were se-
lected and presented as follows;

Strategy 1: Optimal treatment of infectious animals and treatment of
humans.

Using U, and U,, we optimised the objective functional, (/) by setting U,
and U, to zero. Due to these control strategies applied, from Figure 3, it can be
seen that the number of |, and |, have reduced substantially. This implies
spread of anthrax can be curbed through effective treatment of infectious animals
and the treatment of infectious humans. This strategy can best be reached by
treatment all infectious animals and humans in the system. Figure 4 shows an ex-

ponential reduction in the number of recovered animals and humans the system.

e e, 70,u, 70 u=u,=0 e, 70, u, 70
: . 50001
2400 =
= = 40001
2 2.
g 2
£300, £ 3000,
< —
g ot
22001 > 20004
ol >
2 5
2100/ 2 1000
£ E
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Time(Days) Time(Days)

Figure 3. Simulation of model indicating the effects of optimal strategies: u, and u,.
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£ 401 3
£ 2 1501 3
= 301 o
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0 20 40 60 80 100 120 0 20 40 60 80 100 120
Time(Days) Time(Days)

Figure 4. Simulation of model indicating the effects of optimal strategies: u, and u,.

e u, #0,u, 70 u2=u3=0 —-uﬂéO,ul;ﬁO u,=u,=0
5000
g 8
54001 =
= = 40001
[oh
g )
§30(’ 53000
: i I
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Figure 5. Simulation of anthrax model indicating the effects of optimal strategies: u, and u,.
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Figure 6. Simulation of Anthrax model indicating the effects of optimal strategies: u, and u,.

DOI: 10.4236/am.2020.113020 270 Applied Mathematics


https://doi.org/10.4236/am.2020.113020

S.Osman et al.
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Figure 7. Simulation of model showing the effects of optimal strategies: u, and u,.
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Figure 8. Simulation of model indicating the effects of optimal strategies: u, and u,.

Strategy 2: Optimal vaccination of animals and prevention of humans.

Using U; and U,, we optimise /by setting the controls U, and U, to zero.
As a result of this control strategies used, it can be seen that the number of |,
and I, have reduced considerably as shown in Figure 5. This means that
anthrax spread can be tackled through U, and U,. This can be done though
education of farmers on vaccination of animals against anthrax. Also, educating
the public on the dangers associated with consumption of infected meat and
products from animals infected with anthrax. Moreover, there are some reduc-
tions in the populations of R, and R, asshown in Figure 6.

Strategy 3: Optimal vaccination of animals and treatment of infectious
animals.

Using U; and U,, we optimise the objective functional by setting U, and
U, to zero. As a result of this, it can be observed that there have been a reduc-
tion in the population of |, and |, as indicated in Figure 7. This means
anthrax spread can handled by effective vaccination of susceptible animals and

treatment of infectious animals. In order to achieve this, proper vaccination of
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animals and the treatment of all infectious animals should be conducted. Figure
8 shows a considerable reduction in both human and animal population.

7. Cost Effectiveness Analysis

In this section, a cost-benefit analysis is conducted to determine the costs asso-
ciated with prevention of susceptible humans, treatment of infectious humans,
vaccination of susceptible animals and treatment of infectious animals. In this

paper, we consider the Infection Averted Ratio, (IAR) approach.

Intervention Averted Ratio (IAR)

The intervention averted ratio is defined as the ratio of the number of infection
averted to the number of recovered. Number of infection averted is the dif-
feences between infectious population without optimal control and infectious
population with optimal control. The IAR for each strategy was determined us-
ing the model’s parameter values. Generally, the strategy with the highest ratio is

taken as the best and most effective strategy to be considered.

Number of infection averted
IAR = (35)
Number of recovered

The values in Table 3 shows the intervention averted ratios of the various
strategies. Strategy 2 has the highest ratio and hence, it is the most effective
strategy. The second most highest ratio is strategy 3. Hence, anthrax spread can
be tackled through U, and U;. This can be done though education of farmers
on vaccination of animals against anthrax. Also, educating the public on the
dangers associated with consumption of infected meat and products from ani-
mals infected with anthrax. The diagram in Figure 9 shows IAR plots on the ef-
fects of control strategies.

Cost Effectiveness Analysis

w
1

[\
h

—

Intervention averted ratio (IAR)

2
Strategies

Figure 9. IAR plot showing control effects on strategies.
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Table 3. Total infection averted ratio (IAR).

Strategy Total infection averted Infection Averted Ratio (IAR)
Strategy 1 155.3554 18.3781
Strategy 2 250.2184 38.3118
Strategy 3 315.1165 34.1349
Strategy 4 264.2318 30.8685

8. Conclusions

The model’s qualitative analysis exhibited an existence of multiple endemic
equilibria. Its biological implications are that, proper anthrax disease can best be
done if R, <1. Moreover, sensitivity analysis of R,, showed that, an increase
in animal recovery rate would decrease R,,. However, a decrease in animal re-
covery rate would increase R,,. Additionally, an increase in animal and human
transmission rates would increase R,, and a decrease in animal and human
transmission rates decreases R, .

Analysis of optimal control and cost effectiveness of our model showed that
the best and most effective strategy is vaccination of animals and prevention of
susceptible humans in the system. Prevention control on humans and vaccina-
tion of animals should be considered as priority when fighting anthrax infections.
There should be proper campaign on anthrax prevention and more animals

should be vaccinated against the disease.
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