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Abstract

In this article, we consider subclasses of functions with bounded turning for
normalized analytic functions in the unit disk, we investigate certain condi-
tions under which the partial sums of the modified Caputo’s fractional deriv-
ative operators of analytic univalent functions of bounded turning are also of
bounded turning.
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1. Introduction and Definitions

Let A denote a class of all analytic functions of the form
f(z)=2+> az"
k=2

which are analytic in the open unit disk U
£(0)=£/(0)~1=0

Definition 1.

Let B(x),0< <1 denote the class of functions of the Form (1.1) then if
“.R{ f '} > u, that is the real part of its first derivative map the unit disk onto the

(1.1)

{Z:|Z|<1} and normalized by

right half plane, then the class of functions in B(,u) are called functions of

bounded turning.
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By Nashiro Warschowski, see [1], it is proved that the functions in B(x) are
univalent and also close to convex in U. In [2], it was also shown that the partial
sums of the Libera integral operator of functions of bounded turning are also of
bounded turning. For more works on bounded turning see [3] [4].

Definition 2.

If f(z)= i:anzn and ¢(z)= i:bnzn are analytic in U then their Hadamard
n=0 n=0

product f *g defined by the power series is given by:
(f*9)(z)=> ab,z". (1.2)
n=0

Note that the convolution so defined is also analytic in U.
For f of the Form (1.1) several interesting derivatives operators in their dif-
ferent forms have been studied, here we consider (1.1) using the modified Ca-
puto’s derivative operator J . f (Z) , see [5] [6], stated as follow:
_ 2+77—/121,,7J-z Q" f (cf)
n-A 0(2—5)“”’

where 77 is a real number and 7-1< A1 <7 <2. Notice that (1.3) can also be

For feA, wa(z) dé& (1.3)

express as:

L et L

and its partial sum given as:

A+ (2+n-A)(2-n)_ ,
PM(Z)_Z+,§(n+77—/1+2)(n—77+;7) B?

(1.5)

We determine conditions under which the partial sums of the operator given
in (1.4) are of bounded turning. We shall use the following lemmas in the sequel
to establish our result.

Lemma 1. [7]

For zeU , we have

®{> 2 s 1 eu) (1.6)
= 2 3
Lemma 2. [1]
1
Let P(2) be analytic in U, such that 20) = 1, and ‘R(P(Z))>§ in U. For

function Q analytic in U the convolution function P*Q takes values in the
convex hull of the image Uunder Q.

We shall implore lemmas 1 and 2 to show conditions under which the m-th
partial sum (2.1) of the modified Caputoes derivative operator of analytic univa-

lent functions of bounded turning is also of bounded turning.
2. Main Theorem

Let f(z)eA be of the Form (1.1), if %<,u<l and f(z)eB(u), then
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Pu(z)e B[(B_(ZJH]_A)S(Z_U)(]-_'H))J, n-1<i1<np<2.

Proof.

Let f(Z) be of the Form (1.1) and *R{f'(z)}>y,%<y<l,z eU . This im-

plies that

ER{l+ Znanz”‘l}>§ 2.1)
n=2
1
Now for §<,u<l we have

ER{l+ Zaan"-l}wa{u Znanz"-l} (2.2)
n=2 1 - /.l n=2
Applying the convolution properties to P'(Z) , where

' _ g n(n+l)2(2+77_/1)(2_77) n-1
PM(Z)_1+n§ (nen—A+1)(n-n+1) a,z (2.3)

H“ ianﬁzn_l}H“ i n(n +1)2(2+n—ﬂ)(2—f7)(1_ﬂ)anz”-l} o

n=2 - n=2 (n+7]—ﬂ+1)(n—7]+l)
=P(2)*Q(2)
with recourse for Lemmaland J=m-1 we have

M n-1
sn{z : }»% (2.5)

mn+1

Then for n-1<A<n<2

M Zn—l
R )
2(n(n+1)°) (2+n-2)2-n)(n+n-2+1)(n-n+1)(1-©)a,2"" | 56
m M Zn—l
>
B {§n+l}
Hence
®!3 a

% (n(n+1)") (247 2)(2-n)(n+7-2+1)(n -7 +1)(1-w)a,2" | 27)

1
>_=
3

Relating Lemma 1 and with Q(z), a computation gives
M n(n+1)°(2+7-2)(2-1) -
R =<1 1—
Q) {*zz (nen—As)(nope1) LA

3-@en-A)2-n)-p)
3

(2.8)
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Recall the power series

< n n-1
P(z)=41+ ) a,—2 ,zeU (2.9)
) { 2; 1-p }
satisfies p(0)=1 and ‘.R(P(Z)):i]%{l+ianln Zn1}>%,2 €U . Therefore
n=2 — U

by Lemma 2 we have

ER(P’(Z))>

This proves our results.

3-(2+n-4)(2-n)(1-#)

,zeU 2.10
3 € (2.10)
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