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Abstract

We calculate the energy levels of He" ion placed in a uniform magnetic field

directed perpendicular to the direction of its center of mass (CM) velocity
2

. \'
vector, correct to relative order —

5. Our calculations are within the frame
C

2
. R . \
work of an approximately relativistic theory, correct to relative order —-, of
C

a two-particle composite system bound by electromagnetic forces, and writ-
ten in terms of the position, momentum and spin operators of the constituent
particles as proposed by Krajcik and Foldy, and also by Close and Osborn.
Since the He* ion has a net electric charge, the total or the CM momentum is
not conserved and a neat separation of the CM and the internal motion is not
possible. What is new in our approach is that, for the basis states in a first or-
der degenerate perturbation theory to calculate the effects of the external
magnetic field, we use the direct product of the coherent state of the Landau

Hamiltonian of the He* ion in a uniform magnetic field and of the simulta-

neous eigenstate of the internal Hamiltonian A, j?, 1%, s

and j,, where
j, | and s are the internal total, orbital and spin angular moments of the
He" ion. The coherent state is an excellent approximation to the expected
classical circular motion of the center of mass (CM) of the He* ion. In addi-
tion to the Z?a¢® corrections to the usual nonrelativistic results, including
the small corrections due to the nuclear motion, we also obtain corrections
which depend on the kinetic energy ( E,, ) of the CM circular motion of the

He* ion, in a nontrivial way. Even though these corrections are proportional

ECM

to > » where M is the mass of the He" ion, and are small for nonrelativistic
C

CM motion, the results should be verifiable in careful experiments. Our re-
sults may also have application in astrophysical observations of the spectral
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lines of He* ions in magnetized astrophysical objects.

Keywords

Relativistic Corrections, Zeman Effect, Helium Ion in a Magnetic Field,
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1. Introduction

When a composite system with a nonzero net electric charge is placed in a uni-
form magnetic field, neither the total canonical or mechanical momenta are
conserved. So there is no inertial frame where the total momentum is zero at all
times. So the problem of separating the c.m. motion from the internal motion
for such a system will be different from that of an isolated system where the total
or the c.m. momentum is conserved. In the past, several authors [1]-[8] have
studied the problem of calculating the corrections to the internal energy levels of
composite ions in a magnetic field. Some of them [1] [2] [3] [4] are based on a
constant of motion introduced initially by Baye. And some of the works treated
N-body problem [6] [8]. There are also aothors introducing new momentas us-
ing the coordinates transformation [5], however the coupling term is not small
when one of the particles is much heavier than the other. In the paper [7], the
the center of mass motion in an electromagnetic radiation is researched. In this
paper, we take a different approach to this problem which is more physical. First
of all we note that the overall or the c.m. motion of the ion in a uniform mag-
netic field under ordinary circumstances, is the familiar classical circular motion,
if the uniform magnetic field is directed perpendicular to the plane of motion of
the ion. In a recent paper [9] we have shown that the quantum state which most
closely resembles the classical state of a charged particle moving in a uniform
magnetic field, is the coherent state of the Landau quantum Hamiltonian of such
a particle. In this paper, we will calculate the corrections to the energy levels of a
H like ion (specifically He* ion) in a uniform magnetic field, by treating the state
of the c.m. motion of the ion as a coherent state of the Landau Hamiltonian. One
of the interesting features of our results is that the shifts in energy levels of the
ion, including their first order relativistic corrections, depend on the energy of
the c.m. motion, in a significant way. Even though these corrections are of the

ECM

order of e times the usual results where A is the mass of the He" ion, and
C

hence small for nonrelativistic c.m. motion, which we assume, it is important to
include them, since in the future, more precise spectroscopic measurements may

be able to detect such small corrections.

The format of the rest of the paper is as follows: In Section 2, we describe the
2
v
approximately relativistic (correct to the order —) Hamiltonian of the isolated
c

He* ion, and from there, how we obtain the Hamiltonian of the system in the
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presence of an external magnetic field. We also introduce the approximately re-
2
v

lativistic [10] [11] relations, again correct to order —, between the constituent
c

and the c.m. variables. We then express these Hamiltonians in terms of these va-
riables. In Section 3, we give the details of our perturbative calculation of the
corrections to the energy levels due to the external uniform magnetic field. We
also give particular attention to the basis states used in the first order perturba-
tion calculations. The basis states we used, are the direct product of an internal
state and the c.m. state which is the coherent state of the Landau Hamiltonian of
a particle of charge (Z -1)e and mass M =(m,+m,) in a uniform magnetic
field. In Section 4 we give our final results. Finally in Section 5, we make some

concluding remarks.

2. Hamiltonian of the He* Ion in a Uniform Magnetic Field,
2

Including Their First Order | — | Relativistic Corrections
c

2.1. Isolated He* Ion

First let us consider the isolated He* ion, which is a weakly bound composite

system of two particles where the first particle is the electron of mass m and

1
electric charge -¢ and spin s = ) and the second particle is the He* nucleus of

electric charge Ze and mass m, with zero spin and zero magnetic moment.
We will put Z =2 only when we do numerical calculations. The Hamiltonian

of such an electromagnetically bound system can be written, correct to order
2

\"

—- using the methods of Close and Osborn [12].

CZ

Pl P P R Ze Ze 1

2m  2m,  8m’c® 8myc® |n-n| 4mmc®| Tln-n|
Ze? %'[(rl_rz)xpz]
+p-(h-1)——=(h-1)-p,+HC. |- (1
P (1 2)|I’1—I’2|3(1 2) P, — |rl_r2|3 )
Ze? Ze? 51'[(r1_r2)xp1:|

== s(r -
Tr’4m2C2 (I?l- r2)+ 2m202 |rl _ r2|3

The first line in the above equation represents the kinetic energy terms, in-
2
\'
cluding their first order [—j corrections and the Coulomb potential energy of

C2
the two charges Ze and -e The second and third lines are the straight forward
Breit interaction, resulting from the unretarded transverse one photon exchange.
The fourth line represents the interaction between the spin magnetic moment of
the electron and the magnetic field produced by the motion of the charged nuc-
leus. The fifth line represents the effect of the zitterbewegung of the electron’s
motion, coming from the Darwin term, in the nonrelativistic reduction of the

Dirac Hamiltonian of the electron. The sixth line represents the conventional
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spin-orbit interaction, including the so called Thomas precession. The above ex-
pression for the Hamiltonian is also the same as the expression for the Hamilto-
nian of a two particle system interacting electromagnetically, given by Krajcik
and Foldy [10], specialized to our case, where one of the particles He* nucleus

has zero spin and zero magnetic moment. We have also put the electronic spin

e
magnetic moment g, in their expressions [10] [11] as ,ue:—z— which
mcC

neglects the radiative corrections. This is consistent with the spirit of their ap-
proach which neglected the radiative corrections to the one photon exchange
between two charged particles. It should also be noted we have used the Gaus-
sian system of units, where as Close and Osborn [12] and Krajcik and Foldy [10]
used rationalized Gaussian units. Also in Equation (1) we have used the system
of units where %=1, but c#1, where as the previous authors [10] [11] have
put aA=c=1.

It has already been demonstrated [10] [13] that the above Hamiltonian is part

1
of a consistent relativistic theory to order pel by giving explicit expression [10]

for the ten generators of the Poincare group in terms of the basic variables of the
theory, r,, p, and s, (x#=1,2) and showing that they satisfy the commu-

1
tation relations of the Poincare group to the same — order. The relativistic
C
c.m. and internal variables are defined by the requirement that when the ten ge-
nerators are expressed in terms of them, they take the single particle form [10]

1
[11] [12] to the same order —;.
C

Using this requirement, the relativistic relations between the constituent va-
riables ( P and S,» M =1,2) and the c.m. and the internal variables (R,
P, q, p and o, (u#=1,2)) for a two particle composite system made up of
two particles, particle 1 being the electron of mass m and charge -eand particle 2

being the nucleus of mass m, and charge +Ze, are given by [10] [11] (correct
2
to order V—z).
C

rlzRer—Nq—1 q{mN—m p + L P-p}rH.C.

M 2c¢?*| 2mm M 2M?
+%q.pM]2'c2(%p_m?Np—?—'\NﬂPj+H.C. (2a)
_Zmi/lcsz e 2mn|:AN202PXGe+2 eZZZ(mN m)%

rZ_R_%q_if{znr;Nm_N?A p2+2|\1/|2P'p}+H'C'
+%q.pﬁ(%p_%p+%ﬂm.o (2b)
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M 2mm,, 2M | Mc? (3a)
a

Ze? 1 Ze q

oM 2c2 (mN - )_P oM 2c2 (mN m)(q'P)¥

b, = p+m—NP my-m) , p-P P2

M 2mm, 2M |Mc (3b)

ze? 1 ze? q

ZMZCZ( N )EP+2MzCz(mN_m)(q'P)?
s =g, - 22(PxP) (4a)

¢t 2mMe?
oy x(p X P)
Sy = (4b)
NV 2m Mc?
where, M =m+m,
a=(n-1)._, (5)
p = pllp:[] == p2|p:0 (6)
P=p+p, (7)
R+ Myl (8)
M P=0
We also notice, since we put =1,

I:qi'pj]:ié‘ij )
[R.Py]=i, (10)

Also R and P commute with the internal variables q and p as well as
o, and o). In our case, for the He* nucleus, Sy and o, both vanish. oy
is the spin operator of the electron in the P =0 frame. The reader can easily
verify that when expressed in terms of the c.m. and the internal variables, the
Hamiltonian of Equation (1) takes the single particle form,

H =+c?P? +h? (11)

2
v . . . .
to order —- . The other nine generators also take the single particle form again
C

2 2
v v
to order —, In particular, to order —, Equation (11) takes the form,
C C

H Moz +h®[ 1P Jpo P (12)
2M?c? 8M3c?

where h'® is the nonrelativistic internal Hamiltonian and h'® is the first or-

2

Vv

der [—zj correction to h® . We find,
(o

2 2
h© :p__Zi (13)

2pq
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4 4 ZeZ 1
h® =— p“_ p3 - 5| p=-p+HC.
8m°c®  8myc®  4mmycC q

ze? 1 ze* o,-(qx
——z[p-q—3~q-p+H.C.J+ >— (q3 P) (14)
4mm,c q mm,c q
ze’ ze* o,-(axp)
- o(q)+ =
n4m2C2 (a) om2c? F
In Equation (16) u is the reduced mass
. mmy _ mm, (15)
m+m, M

It should be stressed that Equation (1) would not have taken the single particle
form of Equation (12) if we had used the nonrelativistic c.m. variables, which

1
means neglecting the — terms in Equation (2) and Equation (3). Also we will
C

find with the nonrelativistic c.m. variables, the center of mass itself does not
move uniformly and that the internal angular momentum, |=qx p is not

conserved. We should emphasize that ¢, in Equation (14) and elsewhere in the

1
paper is not the Pauli matrix, but the spin > operator of the electron, §s,, in

the P =0 frame, which is really one half the usual Pauli matrix.

In order to derive Equations (12)-(14) we made use of the following conve-
nient relations between the constituent and linearly independent c.m. and inter-
nal variables R, P, q and p, which can be derived from Equations (2)-(4)
using Equation (6) and Equation (7).

Lt =Q—L(m—“—£j[(q-'°)p+ P(a-P)]

2.2

2Mc i m  my (16)

1 o, xP

TR R rvr:

1 m m 1
R P e ST COMCDICRD)

(17)

Li(q.p)z_m

2M % ¢° 2mMc?g?

The nonrelativistic internal Hamiltonian h® of Equation (13) gives the Bohr
energy levels of a particle of reduced mass u given by Equation (15). The first
order relativistic correction to this Hamiltonian, h® of Equation (14), gives the
fine structure corrections to the energy level due to the spin-orbit, magnetic and
Darwin terms. It is important to note our expressions for h© and h" in-
cludes the effects of nuclear motion, that is terms of all orders in

m %

(—] correct to order —. We will calculate the corrections to the Bohr energy

my, c
levels due to h®™ in the first order degenerate perturbation theory where the

|2 i2

basis states are chosen as the simultaneous eigen stats of h© , 15, aez , j° and
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J, > where,
I=gxp (18)
i=l+o, (19)

2.2. The Hamiltonian of the He* Ion in a Uniform Magnetic Field

The main goal of this paper is to calculate the corrections to the eigenvalues or
energy levels of h©® +h® of the He* ion due to the presence of an external
uniform magnetic field, the so called Zeeman effect on a composite system with
a net electric charge. The Hamiltonian of He* ion in the presence of an external
magnetic field B is obtained from the Hamiltonian of Equation (1) by means
of two requirements. 1) The resulting Hamiltonian should be gauge invariant in
the sense that the Hamiltonian should be invariant under the gauge transforma-

tions

A - A;l =A, +aﬂ;( (20)

where y isan arbitrary function of X and t,and A, is the four vector po-
tential representing the external e.m. field B =V x A.In our case where there is

only an external magnetic field, this requirement reduce to,

A A=A+Vy (21)

2) The resulting Hamiltonian should reduce to the sum of the Foldy-Wouthuysen
2
v
reduced Hamiltonians (to order —; ) of two relativistic free particles in the absence
c

of any internal interaction between the particles.

The first requirement can be satisfied if every momentum operator p, in

€
Equation (1) is replaced by [pﬂ —iA”j where u=1,2 is the particle label
c

and A, = A(rﬂ) . The second requirement can be satisfied by adding two terms
which depend on B and the spin operator of the electron and which are ob-

tained from the Dirac Hamiltonian of the electron in the presence of a magnetic
2
v
field by the Foldy-Wouthuysen reduction to order —;. Using the two require-
C

ments, the Hamiltonian of the He" ion in the presence of an external uniform

2
Vv

magnetic field to relative order —, is given by the following expression:
c

e 2 Ze 2 e 2 e 2
(pl"'cAij +[p2_CA2j ~ Zez _(pl"'cAij (pl"'cAij

2m 2m,, In—n,] 8mc?

H=

ze , Y ze Y
_(pz_CAzj [pz_CAzj . 7e2 (p +SA1} 1 (p _EAZJ
8m; ¢’ 4mmyc? [\ ¢ Y)n-n|\T ¢

%x(rl—rz)-(pz—%AzJ+H.C}

n—n|

[pﬁ%Alj-(rl—rz)
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Ze
762 51'|:(r1_r2)><(pz_CA2ﬂ 762

- - o(r, —r
mm,, ¢’ A T amic (n-r) o
22
e
762 51'|:(r1_r2)x(p1+CA1j} o
2m?c? o -nf Tme _4m3c3[p12’51'8]+
1 2

The last two terms on the right hand side of Equation (25) represents the terms

obtained from the second requirement mentioned above. In Equation (25) we

1 1 1
have to keep terms up to order — because of the — factorin —A when p
c c c

is replaced by ( p- % A] where g is the electric charge of the particle.

We have reasons to believe we are on the right track with the Hamiltonian of
Equation (21). In previous works, [14] we have shown that the Hamiltonian in
the presence of an external radiation field obtained by means requirements (1)
and (2) reproduced the relativistic invariance of the one and the two photon
transition amplitudes together with the use of the relativistic c.m. variables in-
troduced above. It has also been shown [13] [14] [15] that the same Hamiltonian
would reproduce the well-known low energy theorems on Compton scattering
of photons by bound composite systems.

In Equation (22),

A, =A(r,) (23)

where x=1,2 isthe particle label. In the case of the external uniform magnetic
field B,

1
A, = E(rﬂ x B) (24)
where we have chosen the symmetric gauge to define the vector potential. If B
is along the Z-axis, the vector potential A will only have xand y components,
so that
1~ 1_ =

A”Z_EBy”I +EBX#j (25)
Substituting Equation (25) in Equation (22) and using the first order relativistic
relations between the constituent and c.m. variables of Equations (2)-(4) and
Equation (6) and Equation (7) in the resulting Equation (22) and after a series of
simplifications and rearranging, we obtain the following expression for the Ha-

miltonian of He* ion in a uniform magnetic field directed along the Z-axis.
2 2 2
H:p——zi—p4 1 ~+ i ~ |+ Zi Z%O;I 1120
2u 8m°c®  8myc 2m<c® q my,

_Z—ez plp+pqlqp -1 Zez 5(q)
2mm,c* " q q 4m?c?
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2Mc 8¢’ (m my M
L(2-DeB  pr Pt B (¢ -a) my L oo momt
2Mc 2 2M%¢? 8M3c® 8mc? eE m, M?
272" P? m m P?
[Pz 22(1_2_j_p__ i
20 q J)2M°‘c M 2uM M“c
2 PZ B 2 B
_& 5 2+e_ m_N_Z m |Z+e_an
2u2Mc 2mc\ M myM mc
_eB p’ M Lo my-m 1
2me2m ‘{ M m¢®> m, Mc®
_ZeB pi(my m ) 1
2mc2u{ M my )" Mc®
2
By P 1_32_Z£[§+1J
2mc “4M“c M my\2 2M
2 p—
_ eB Ze Izzl—mN m—2£(3+1j
2mc q 2Mc M my\2 2M
_eB pP-p? o, 1y7. M) ZeB e qz—qz) Oy
2mc  2m  2Mc® m, ) 2myc ¢* */ Mc? 06)

2 2 2
_i%%(hﬂ_zﬂ}ip_ L 1oz
2mc “2M-“c M M 2mc 2m Mc

mN

2

LBz Ly pm
2mc g 2Mc my

where the c.m. orbital angular momentum operator,
L=RxP, (27)

the operator o, is the spin operator of the electron in the P =0 frame, except
for the factor % which we have put equal to 1 in all of the above equations.

Several comments are in order about Equation (26). First, we have included
terms of order B? only in the nonrelativistic part of the Hamiltonian. In the
relativistic correction terms, we have kept only terms which are linear in B,
mainly because the contribution of the quadratic and the higher order terms in B
are demonstrably negligible, even for any reasonably strong values of the mag-
netic field. In the next section we will write the Hamiltonian of Equation (26) as
the sum of an unperturbed Hamiltonian H, and a perturbation Hamiltonian V.
The unperturbed Hamiltonian will contain h©® +h® plus the Landau Hamil-
tonian of a charged particle of electric charge (Z —1)e and of mass A moving
in the xy plane perpendicular to the magnetic field B directed along the Z-axis.
The remaining terms on the right hand side of Equation (26) will be treated as
the perturbation V.
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3. Perturbative Calculation of Corrections to the Energy
Levels of He* Ion Due to the External Uniform Magnetic
Field

For the first order perturbation calculation, we first write down our explicit ex-
pressions for H, and V.

[ p* z¢ 1 1
Ho-(z——— - p* i T am
Lo q m°c®  8myc

Ze? 1 Ze? 1 Ze?

+———0, |+ —0o, |l-n—¢
2m%c? ¢ ¢ mm,c® q® ° 4m?c? (a)

2 2 Z_12 2 (28)
q

2mm,c*\ " q 2M  8Mc?
2 (z-1)¢ Z-1)eB
+ Fi+—( )2 B%Y? ——( ) L,
2M 8Mc 2Mc
We can write H, as,
Ho =h® +h® + HE (29)

where h® is the nonrelativistic internal Hamiltonian and h'® is its first order
2

v . . 1 . I
(of order —;) correction, proportional to —-. H o is the Landau Hamiltonian
c C

of a particle of mass A and electric charge (Z —1)e.
. (PE+RY) Lz ~1)*e’B?

Z-1)eB
Hb = X2+Y?2 —(—L 30
0 2M 8Mc? ( * ) 2Mc  ° (30)

where L, is given by Equation (27).
2g2 2 (z-1) Z-1)eB 2 *
Vzg i+z__u (X2+Y2)+( ) Z Pz 2 Pa 2
8¢ {m my M 2Mc 2M“c® 8M~c
Jp_ze P_z(l_zm)_ p’m P°_p P
2u  q )2M*? M) 2uM M%c? 2u2M?*°
2p2 2 2 2
+ € Bz(qz_qzz) m_’\|2+22£m_2 +£ m_N_Z m Iz+ﬁo-ez
8mc M my M 2mc{ M myM mc
_eB pzI my 1 m-m 1) ZeB p my_mj 1
2me2m | M m¢®>  my Mc®) 2mc2u( M my ) * Mc?
2 —_—
_ eB Ze Izzl—mN m_21(§+ﬂj
2mc q 2Mc M my\2 2M

_eB p'-p; o, [1+Z m}_ ZeB 76 (12 g2). 0

2mc  2m  2Mc? m, ) 2myc ¢ */ Mc?
2

L I 1_3ﬂ_z£(§+£j

2me * 4M?¢? M m(2 2M
2

SRR L )

2mec * 2M?c? M M
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2 L 2 2 L
_ip_ z 1_Zm_ +£Zi z 1—Z£ (31)
2mc 2m Mc? mi ) 2mc g 2Mc’ My

There are three types of terms in the expression for 1V given by Equation (31):

1) terms which depend only on the CM variables, contained as the first two
lines of the right hand side of Equation (31)

2) the terms which depend only on the internal variables which are the re-
maining terms in Equation (31), except for the third, the fourth and the last four
lines and

3) coupled terms which depend on the internal as well as the c.m. variables,
namely, the third, the fourth and the last four lines of Equation (31). The fact
that there are coupled terms is not surprising. When the composite system with
a net electric charge is in an external magnetic field, the total momentum P is
not conserved and we can not go to a frame where P =0 for all times and so
we do not expect the Hamiltonian to be uncoupled between internal and c.m.
variables, as in the case of an isolated composite system.

For future reference, we will write the perturbation V'as
V=V, +V, (32)

where V, is the sum of terms in V' which are independent of Band V; is the
sum of terms which depend on B.

Since the unperturbed Hamiltonian H,, is the sum of the internal Hamilto-
nian h® +h® and the Landau Hamiltonian H¢ , we will take the basis states
for the first order degenerate perturbation theory calculations, the direct product
of the simultaneous eigenstates of h®+h®, 2, j,» 1 and s?,and the co-
herent states of the Landau Hamiltonian, described above. The coherent state of
the Landau Hamiltonian is the simultaneous eigenstate of the annihilation oper-
ators a, and a_ of the two dimensional simple harmonic oscillator [9], as de-
fined in reference [9]. In this reference, we show that the coherent state is the
best approximation to the classical state where the charged particle moves in a

circle in the xy plane with the cyclotron angular frequency

@e = (Zzgﬂlc)e (33)

The coherent state can be represented by the ket vector |a+a7> where the com-
plex numbers «, and «_ are the eigenvalues of the annihilation operators a,

and a_. The basis states for the perturbation calculations can then be written as

. 1
a,,a,n, j,mj,l,s =E>’ where the quantum number z, j m; and 7/ have the

usual meaning. For the coherent state to approximate [9] the classical state,

la,|>1 (34)

In the above basis, the perturbation part of the Hamiltonian, V; will be diagonal.
The expectation value of V in these basis stats will give the corrections to the
energy levels of H,, which are taken to be the sum of the eigenvalues of
h©® +h® and the energy of the coherent states of the Landau Hamiltonian,
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which for all practical purposes [9] is the kinetic energy of circular motion of the
He* ion in the uniform magnetic field.

The eigenvalues of the internal Hamiltonian h'® +h® are themselves calcu-
lated in the first order perturbation theory, treating h® asa perturbation to
h©. So in our calculation we implicitly assume that the corrections to the ener-
gy levels due to the external magnetic field, the so called Zeeman splittings, are
much smaller than the fine structure splittings induced by h© . This assump-

tion is justified for any external magnetic field whose strength is such that,

B < (Za)4 LC? (35)

en
where 4 isthe Bohr magneton (2—) and o« is the fine structure constant
mc

2
P Numerically this condition is satisfied for any B whose magnitude is less
C

than 10 Tesla or 10° gauss. For 10 Tesla, ;B ~5.79x10°eV whereas
(Zat)4 uc? ~8.5x107°eV . It is important to emphasize that the corrections to

the energy levels due to h® include the effects of nuclear motion to all orders
in , at least to order é
M c

Some important comments are in order about the B dependent terms in V of
Equation (32), which we label as V; . In the expression for V;, we only included
those terms whose time averages over one cycle of revolution of the circular mo-
tion represented by the coherent states, do not vanish. We calculated the time
dependent expectation value of the c.m. operators, P,, B, PR, P}, R, X
Y, X%, Y* etc. by using the following expression for the time dependent coherent

state,

i
—agt
2%

|w(t)=e

where D, and D_ are unitary operators, as defined in our previous work [9].

D, (a.e™*")D, ()[0), ®[0) (36)

The ket reactor |0>+ and |0>7 are the eigenstates of the number operators [9]
N, =a'a, and N_=a'a_ with zero eigenvalues. We also note that

D! (oge"%‘)a+ D, (a+e"“’°‘) =a, +a.e’™ (37)

and its adjoint relation

D!(a,e™)alD, (.6 )=al +aje"™ (38)

Using Equation (37) and Equation (38) and the expressions for Xand Yin terms
of a, and a_ we would obtain,

¥ (1)) = /Nfz) o |sin (.t + ) (39)

(W)Y =Yoo | ¥ (1)) = /MZ—Z)C|a+|COS(a)Ct+5) (40)

where X, and Y, are the x and y coordinates of the center of the circular

(P (1) X = X,
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orbit which are given by the expressions

Xoe = I\jzc Re(a.) (41)
Yo =— N?Z)c Im(a.) (42)
sin(5) = RTO({j*) (43)
cos(5) = '”l‘ijJ (44)

We also note that the Landau Hamiltonian H, of Equation (30), in terms of

a, and a' becomes [9],

H = ho, [a1a+ +%j (45)

The expectation value of H; in the coherent state |o,a ) is,

> 1
+ Ej (46)

Ey =Eqy = ha)c(%
So the energy of the coherent state depends only on |a,| and completely inde-
pendent of o . So for a given expectation value of the Landau Hamiltonian,
there can be an infinite number of values for «_, corresponding to the infinite
degeneracy of the Landau energy levels. Equations (41)-(44) suggest that this in-
finite degeneracy of the coherent state for a given |, |, correspond to an infinite
number of possible centers of the circle and the different phases of o,

representing different phases of the circular motion, for a given radius and a
given energy of the circular motion. We have the freedom to choose he center of
the circular orbit at the origin of the xy coordinate system and from Equation
(41) and Equation (42) if follows that

a =0 (47)

with this choice we will find,

(% (O] X (1)) = /Nf_h o [sin(a,t +6) (48)
a)C
(% (O¥] 2 ()= /% o |cos(a,t + 5) (49)
<‘P(t)|X2|‘P(t)>:ML[1+|a+|2(l+ cos(20))] (50)
a)c
(w(O)Y?]w (1)) :%[1+|a+|2(1—cos(2a)ct)ﬂ (51)
2 2 2h 2
(P (1) X2 +Y2[#(t)) = Vo (L+ e (52)
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(P OR] ¥ () = M2 foos et + 9) (53)
(% (V[P % (1)) = - /% . [sin(a,t +5) (54)
(¥ (1)|PZ| ¥ (1)) =@[1+|a+|2(1—cos(2wct))} (55)
(¥ (1)| P2 (1)) = '\"Z’ch [+ [ (1+cos(200)) | (56)

(2 (0P + P () = 1+

+

a 2) (57)

<‘{’(t)|PXPY|‘P(t)>=Mfﬁ[Re(%)zsin(Za)ct)—Im(a+)zcos(2a)ct)J (58)

From Equation (48), Equation (49), Equation (53), Equation (54) and Equation
(58) it is clear that the time averages of P,, R, X, Yand PR, will vanish

over any cycle of circular revolution. Since the cyclotron frequency of revolution
(Z-1)eB
c

. =

X is of the order of 10" s™! even for Bas small as 1000 gauss, what

we can observe for the CM variables of the circular motion will be time averages.
This is why we neglected terms in the perturbation Hamiltonian V, whose

time average over one cycle of revolution vanished.

4, Results of the Perturbative Calculations in the First Order

We now give the results of the first order perturbative results where 1" of equa-
tion (31) is the perturbation and the basis states are the direct product of the ei-
genstates of h©® +h®, of the Equation (28) and Equation (29) and the coherent
states of the Landau Hamiltonian of Equation (30). We can write the first order
results which depend only on the quantum numbers n, [ jand m; as well as

the magnetic field Band E,, as,
0
Enljmj = Er(ﬂj) + AEr(.llj)mj (B) (59)
where E,(j}) are the eigenvalues of the internal Hamiltonian h® +h® to first
order in h®, and Angj)mj (B) are the first order corrections due to the perturba-

tion Vof Equation (31) which depend on the external uniform magnetic field B.

2
© _ 5221 5,1 1 4 5 1(my 1 3
Ey =-Z°«a E,uc n—z—E(Za) MC—| — | | ———
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o 3 1 1 mm 2n
X[J(J+1)_Z_|(|+1)}(1_5,0)+§(za)“yczn—4 -2 o)

l+=

2

drR © d’R

Ze2 ® n n
h? {2 o Ra (1) drl dr+J Ry (r) dzrl rdr} Ecu

2mm,, ¢?

AE, (B Ecy )

3

2

1, z,UCZ ECM 3 I(I+1)_mj_z me
=-27% M 2 74 +

e \M2c? )| 2 ° " (21-1)(2+3)  (21-1)(2+1)(21+3)

2

22 2 2 2
;8 [m—N+zznr:—jZ°—”[5nz+1—3|(|+1)]
N

2

8M2c?{ m
[(1+2)-m} = an
_9 4 j
(21-1)(21+3) (2|—1)(2|+1)(2|+3)J

L. 3
m 02 i(i+1)+1(1+1)->
+,uBB(1——j[1—Z—2]>< — Lm,
M m;, 2j(j+1)
(1) 4> —1(1+1) LD+ -2
4 m. — u,BZ%? 4
- . j /'lB (24 2 . -
i(i+1) n 4j(j+1)

2 2 2
ST FRLLL i JLLU L SN
M myM MM my
S 3
m [3+ m Jz}m’\‘ m J(j+1)+|(|+1)—Z

1),m
B2t {2 L M2, M m
oo a nz{ M ml2 2m) MM 4j(j+1) i

» » 11 msz m
-pgBZa" —5—| — | —|1+Z—
n“4\M ) M my

+ 1B

3
JU+Y)+=1(+2) (24 j-m? -1

2j(j+1) @ -1+ 1)@+3) |

2 2 1(m ’ 2 3
—Z/JBBZ o n_z V 1-2 I(I+1)—mj —Z

4m? J'(J'+1)+%—I(I+1)
(2|—1)(2|+1)(.2|+3)}X 2iG+y)

E m m(3 m
“‘BB[MCCMZJ{H‘V‘Zm—(Tmﬂ
N
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L. 3
— M B| =25 || 1= - Z =
4j(j+1) ! Mc? M M

X j(j+l)+%_|(l+l) (z—l)(ECM )ECM _S(ECM jEcM

m. — - —=
4j(j+1) ! 2 \Mmc? 8 Mc?

(61)

Several comments are in order about Equation (60) and Equation (61). In
these equations E,, is the energy of the circular motion of the C.M. of the He*
ion, corresponding to the coherent state of the Landau Hamiltonian of Equation
(30). Its explicit expression is given by Equation (46). Since the CM motion
represented by the coherent state [9] is practically classical, the eigenvalue of the
annihilation operator a, satisfies the condition,

la,|>1 (62)

which means the % in Equation (46) can be neglected. So,

o, ~ o (63)

. ha,

where @, is given by Equation (33). In obtaining Equation (61) we also made
use of the relation,

(a+a7| L, |a+a7> = (a+a7|h(afaf -ala, )|a+a7>

= (| =) = ~la oy

2

+

In obtaining the last equality in Equation (64) we have put a_ =0, by choosing
the center of the circular orbit at the origin of the xy plane. We also made use of

the relation,

’ Mho, || _no el EZ,
22|a+a7>= 2.2 2 2
4M“c 2 4M‘c 8 Mc® 8hwMc

(a+a7|LZ (65)
Also, in Equation (61) the symbol g represents the Bohr magneton of the

electron. In regular Gaussian units, where 7 #1

sy = 57910V T =5.79x10%eV -G (66)
® " 2mc

In deriving Equation (31) and Equation (61) we included terms quadratic in B,
only in the nonrelativistic terms, but not in the first order relativistic correction,

for reasons mentioned before. There is only one term quadratic in B in the

nljm; 2 2

expression for EW  of Equation (61). This term is of order ( #58B ) com-
a’uc

pared to the dominant term for Zeeman splitting, which are the first two terms
proportional to ;B in Equation (61). For a magnetic field B even of the order

2 2

of 10 Tesla, ( #gB j is of the order of 107, which is really small compared to
a’uc

the leading term.

The results of Equation (61) includes the usual nonrelativistic result for the
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Zeeman effect, including the effects of nuclear motion, plus all relativistic cor-
2
v

rections of order —; . The first two terms proportional to 4B in Equation (61)
c

m
goes over to the usual nonrelativistic results in text books [16] if we let VN —1

or equivalently %—) 0. The dominant relativistic correction is the first term

proportional (,uBB)ZZOt2 in Equation (61). The other terms proportional to
m m

(#gB)Z%a’ are reduced by factors of (Vj or higher powers of (Vj What

is really new in our approach is the correction to the Zeeman splitting due to the
circular motion of the center of mass of the He* ion given by the terms propor-

tional to (yBB)(:\EAC""Zj in Equation (61). These corrections are really small,
c

even smaller than the dominant Z’a® correction term, for nonrelativistic
energies of the circular motion, which we have assumed in this paper. Neverthe-
less, they are interesting and can be checked in accurate experiments. Of course
these terms will vanish if E., =0 or if the velocity of the He" ion is directed
entirely along the direction of the applied magnetic field.

The last term in Equation (60) and the last two terms in Equation (61) which
depend only on E, is like a constant addition to the energies and does not
affect the transition energies and hence frequencies of spectral lines and so may
be neglected.

We should also make some important comments about Equation (60) which

gives the fine structure splittings of the He* ion, including the effects of nuclear

m m
motion. If we let o — 0 or equivalently VN — 1, our results will go over into

the usual text book results [16]. In Equation (60), R, (r) is the radial part of
the eigenfunction of h®, which are the well-known product of the exponential

function and the associated Laguerre polynomials [16]. It can be shown,

o drR 47° 1 1
R gy = —
J.O nl(r) dr r ag n4 |:(n+|)|:|2

The other integral involving the second derivative of R (r) is too long to write

(67)

1
down. But from dimensional arguments, it is also proportional to — where

0
a, is the Bohr radius. So the contribution from both integral terms in Equation

1/m
(60) to the energy levels is of the order of ?(Vj times the dominant fine

structure term, which is the first term proportional to (Zoc)4 in Equation (60),
and hence utterly negligible, compared to it. The integral terms in Equation (60)
come from the magnetic interaction between the moving electron and the mag-
netic field produced by the moving He* nucleus, and it will of course vanish in
the limit of the infinite mass for the nucleus.

Another important point we should make about our calculations is that we
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have chosen the Z-component of the CM momentum P, namely,
P,=0 (68)

In the general case, when P, #0, the He* ion is moving with a uniform velocity
along the Z-axis, since there is no external force in the Z-direction. So the results
in the general case when P, #0, can be obtained by a Lorentz transformation

. .V . .
to the appropriate order in —, of the total energy, including the rest mass ener-
c

gy. So the results for P, #0 can be obtained from our expressions in Equation

2
(60) and Equation (61) by adding the term, ZPICI to Eg, on the right hand

side of Equation (60) and multiplying the remaining terms in Equation (60) by
4

P2
[1+WZZCZJ. We should also add SI\;ID% to the right hand side of Equation
C

(61) while multiplying all the term on the right hand side of Equation (61), ex-

2
cept the last two terms involving only E,, , by the factor [1 + ZI\ZZZCZ ) .

5. Summary and Concluding Remarks
V2

We have calculated the order = relativistic correction to the Zeeman Effect in
He" ion, when its CM moves in a circular orbit under the action of a uniform
magnetic field perpendicular to its plane of motion. We have assumed the weak
field approximation in the sense that the splittings of energy levels due to the
magnetic field are much smaller than the fine structure splittings. This is justi-
fied so long as the strength of the magnetic field is less than two Tesla or 20,000
Gauss. We also assumed the CM circular motion is approximately nonrelativistic.
Even if the kinetic energy of the CM circular motion is 1 MeV, it is much less
than the rest mass energy of the He* ion which is about 3.76x10%eV .

What is novel in our approach is that we have chosen the basis states, for the
first order degenerate perturbation theory, to be the direct product of the cohe-
rent states |o,a ) of the Landau Hamiltonian H; of Equation (30) and the
internal state which is a simultaneous eigenstate of the internal nonrelativistic
Hamiltonian h'© s 0% 12, s* and J; » namely |n|jmj>. The coherent state is
an excellent approximation [9] to the classical state of circular motion, so long as
the magnitude of the eigenvalue of the annihilation operator a, of the Landau
Hamiltonian H; is much greater than one. For example, for E., =10keV,
|a+| ~10°, when E, =1MeV, |a+| ~10°, and they suggest excellent classical
approximations. Since the He* ion has a net electric charge the total momentum
is not conserved and so we do not expect complete separation of CM and inter-
nal motion. In fact the coupling terms between CM and internal motion give

ECM

corrections of order 5
C

to the Bohr energy levels which should be detectable

in careful spectroscopic experiments involving He* ion in a uniform magnetic
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E
field, even though ﬁ is of the order of 10~%, when E,, is of the order of 10
C
keV.
The study of Zeeman effect in He* ion is important in astrophysical situation
[17] [18], where there are He* ions in magnetic fields. We have only considered

He* ion, where the He* nucleus has zero spin and zero magnetic moment. But

. . 1
our treatment can be easily extended to He’ ion, where He® nucleus has spin >

and a spin magnetic moment. In this case there will be extra terms in the Ha-
miltonian of Equation (1) and hence in Equation (22) which will give extra
terms in the expressions of Equation (60) and Equation (61). Equation (60) will
then include hyperfine splittings in the energy levels, due to the interaction of
the electronic and the nuclear spin magnetic moments. The study of composite
systems with net electric charge in a magnetic field has also received considera-

ble attention [19] [20] in atomic and solid state physics.
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