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Abstract 
An important problem of actuarial risk management is the calculation of the 
probability of ruin. Using probability theory and the definition of the Laplace 
transform one obtains expressions, in the classical risk model, for survival 
probabilities in a finite time horizon. Then explicit solutions are found with 
the inversion of the double Laplace transform; using algebra, the Laplace 
complex inversion formula and Matlab, for the exponential claim amount 
distribution. 
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1. Introduction 

This paper seeks to derive Laplace transforms of common distributions used in 
counting processes analysis. In mathematics and with many applications in 
physics and engineering and throughout the sciences, the Laplace transform is a 
widely used integral transform. Denoted by ( ){ }L f t , it is a linear operator of a 
function ( )f t  with a real argument t ( )0t ≥  that transforms it to a function 
( )F s  with a complex argument s. This transformation is essentially bijective 

for the majority of practical uses; the respective pairs of ( )f t  and ( )F s  are 
matched in tables. The Laplace transform has the useful property that many re-
lationships and operations over the originals ( )f t  correspond to simpler rela-
tionships and operations over the images ( )F s .  

How to cite this paper: Kouassi, E., Akpa-
ta, E. and Pokou, K. (2020) A Note on Lap-
lace Transforms of Some Common Distri-
butions Used in Counting Processes Analy-
sis. Applied Mathematics, 11, 67-75. 
https://doi.org/10.4236/am.2020.112007  
 
Received: July 16, 2018 
Accepted: January 18, 2020 
Published: January 21, 2020 
 
Copyright © 2020 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/am
https://doi.org/10.4236/am.2020.112007
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/am.2020.112007
http://creativecommons.org/licenses/by/4.0/


E. Kouassi et al. 
 

 

DOI: 10.4236/am.2020.112007 68 Applied Mathematics 
 

The Laplace transform is related to the Fourier transform, but whereas the 
Fourier transform expresses a function or signal as a series of modes of vibration 
(frequencies), the Laplace transform resolves a function into its moments. Like 
the Fourier transform, the Laplace transform is used for solving differential and 
integral equations. In physics and engineering it is used for analysis of linear 
time-invariant systems such as electrical circuits, harmonic oscillators, optical 
devices, and mechanical systems. In general, the Laplace transform is often in-
terpreted as a transformation from the time-domain, in which inputs and out-
puts are functions of time, to the frequency-domain, where the same inputs and 
outputs are functions of complex angular frequency, in radians per unit time. 
Given a simple mathematical or functional description of an input or output to a 
system, the Laplace transform provides an alternative functional description that 
often simplifies the process of analyzing the behavior of the system, or in syn-
thesizing a new system based on a set of specifications.  

This paper is concerned with finding formulae for finite time survival proba-
bilities, by the complex inversion of the corresponding Laplace transforms, fol-
lowing and expanding [1] [2] [3] [4] and [5].  

By definition the Laplace transform of a distribution of density function f de-
fined on   or on a part of   is the function defined on the set   of com-
plex numbers by (e.g. see [4] [5] [6] and [7]),  

( ) ( )
0

e dztF z f t t
∞

−= ∫                      (1) 

The rest of the paper proceeds as follows: Section 2 is related to the main re-
sults derived in the paper. Section 3 concludes the paper.  

2. Main Results 

Positive distributions are considered (e.g. see [6]-[11]). 

2.1. Exponential Distribution and Its Laplace Transform  

Proposition 1. The Laplace transform of the exponential distribution,  
( ) e xf x λλ −= , is  

( )F z
z

λ
λ

=
+

, /z z λ∀ ≠ −                   (2) 

Proof of Proposition 1:  
The Laplace transform of the law of X is defined as,  

( )
0

e e dt ztF z tλλ
∞

− −= ∫ . Hence, ( ) ( )

0

e dz tF z t
z

λ λλ
λ

∞
− += =

+∫ , with z λ≠ − . ■ 

2.2. Weibull Distribution and Its Laplace Transform 

Proposition 2. The Laplace transform of the Weibull distribution with parame-
ters ,λ α  and density function ( ) ( )1 expXf x x xααλ λ α−= −  is  
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( ) ( )
( )

F z
z α

αλβ α

λα

Γ
=

+
                     (3) 

with z λα≠ −  and Γ  is defined as, ( ) 1

0

e dxx xαα
∞

− −Γ = ∫ .  

Proof of Proposition 2: 

The Laplace transform is by definition, ( ) ( )
0

e dztF z f t t
∞

−= ∫ . Since,  

( ) ( )1 1

0 0

e e d e dz tt ztF z t t t tλαα λ α ααλ αλ
∞ ∞

− +− − − −= =∫ ∫ . Replacing z by z λα+ , one gets, 

( ) ( )
( )

1

0

e dz tt t
z

αλα
α

α

αλ

∞
− +− Γ

=
+

∫ . Thus, ( ) ( )1

0

e dz tF z t tλαααλ
∞

− +−= ∫ , that is  

( ) ( )
( )

F z
z α

α
αλ

λα

Γ
=

+
. Hence, ( ) ( )

( )
F z

z α

αλ α

λα

Γ
=

+
, with z λα≠ − . ■ 

2.3. Normal Distribution and Its Laplace Transform 
Proposition 3. The Laplace transform of the normal distribution with known 
parameters µ  and 2σ , and with a density function given by 

 

( )
( )2

221 e
2

x

f x
µ

σ

σ

−
−

=
π

, is  

( )
( )22 2

2
2

2e 1
z

zF z
µ σ µ

σ µ σ
σ

+ −
−   − −

= −Φ     
, z∀ ∈            (4) 

where Φ  is the cumulative distribution of the standard normal distribution.  
Proof of Proposition 3: 
The Laplace transform is by definition,  

( )
( ) ( ) ( )2 2 2 2

2 2 2
2

2 2 2

0 0 0

1 1 1e e d e d e d
2 2 2

t t t zt
zt

ztF z t t t
µ µ µ σ

σ σ σ

σ σ σ

− − − +∞ ∞ ∞− − − −
−= = =

π π π∫ ∫ ∫  

( )
( )2 2 2

2

2

2

0

1 e d
2

t z t

F z t
µ σ µ

σ

σ

− − +
∞ −

=
π∫ . Thus,  

( )
( ) ( ) ( ) ( )2 2 2 22 2 2 2 2 2

2 2 22 2 2

0 0

1 1e d e e d
2 2

t z z z t z

F z t t
µ σ µ σ µ µ σ µ µ σ

σ σ σ

σ σ

− + − + + + − − −
∞ ∞− − −

= =
π π∫ ∫  

Using the change of variable, 
2t zy µ σ

σ
− −

= , one gets  

( )
( )22 2

2

2

2

2 21e e d
2

z y

z

F z y
µ σ µ

σ

µ σ
σ

+ −
+∞− −

− −

=
π∫ . Therefore,  

( )
( )

222 2
2

22 21e 1 e d
2

zz y

F z y

µ σµ σ µ
σ

σ

− −+ −
− −

−∞

 
 

= − 
π 

 

∫ .  
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Hence, ( )
( )22 2

2
2

2e 1
z

zF z
µ σ µ

σ µ σ
σ

+ −
−   − −

= −Φ     
, z∀  complex, and where 

Φ  is the cumulative density function of the standard normal distribution. ■ 

2.4. Inverse Gaussian and Its Laplace Transform 
Proposition 4. The Laplace transform of the Inverse Gaussian distribution with 
parameters λ , µ  and with a density function defined by  

( ) ( )
1 2
2

3 2exp
2 2

x
f x

x x
λ µλ

µ

 −   = −   π   
, is given by,  

( )
( ) ( )

4

22

1 2
2 2

2

1
2

2
e

z

zz
F z

λµ

λ µλ µ

λ

++
=                  (5) 

where z is a complex number such that: 22 zλ µ+  is a real positive number (e.g. 
see [7] [8] [9] and [10]). 

Proof of Proposition 4: 

By definition, ( ) ( )
0

e dztF z f t t
∞

−= ∫ .  

Since, ( ) ( )
1 2
2

3 2
0

exp e d
2 2

ztt
F z t

t t
λ µλ

µ

∞
−

 −   = −   π   
∫ , one gets,  

( ) ( )
1 2
2

3 2
0

exp d
2 2

t
F z zt t

t t
λ µλ

µ

∞  −   = − −   π   
∫  

( ) ( )
1 2 2 2
2

3 2
0

2
exp d

2 2
t zt

F z t
t t

λ µ µλ
µ

∞  − −   = −   π   
∫  

Or, ( )
( )1 2 2 2

2

3 2
0

2 2
exp d

2 2

t z t
F z t

t t

λ µ λµ λµλ
µ

∞  + − +   = −   π   
∫  

( )
( )

2
2 21

2 2
2

3 2
0

22
2 2

exp d
2 2

z t t
z z

F z t
t t

λµ λµλ µ
λ µ λ µλ
µ

∞

  
+ − +  + +    = −   π    

 

∫  

( )
( )

( )

2 2 2 2
2

2 2 21 2
2

3 2
0

2
2 22

exp d
2 2

z t
z zz

F z t
t t

λµ λ µ λµλ µ
λ µ λ µλ µλ

µ

∞

     + − − +   + +   +    = −   π   
 
 
 

∫  

( ) ( )
( )4

22

2
22 1

222

3 2
0

2
2

e exp d
2 2

z

z
z t

z
F z t

t t

λµ

λ µ

λµλ µ
λ µλ

µ

∞
+

   + − +    = −   π   
 
 

∫  
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( ) ( )
( )4

22

2
22 1

222

3 2
0

2
2

e exp d
2 2

z

z
z t

z
F z t

t t

λµ

λ µ

λµλ µ
λ µλ

µ

∞
+

   + − +    = −   π   
 
 

∫  

( ) ( )

( )

4

22

22
2 1

2 222

3 2 2
0

22

2 2
e exp d

2 2

2

z

z
t

z z
F z t

t t
z

λµ

λ µ

λ λµ
λ µ λ µλ

µ λ

λ µ

∞
+

   −  + +   = −  π   
  + 

∫  

Therefore,  
( )

( )

( )

4

22

1 222 22
1 2 222 2

1 3 2 2
2 02

222

2 21 2e exp d
2 2

22

z

z

F z

t
z zz t

t t
zz

λµ

λ µ

λ λµλ
λ µ λ µλ µλ

µ λ
λ

λ µλ µ

∞
+

=

     −    + ++   × × −  π            ++   

∫
 

Considering the complex number z such that, 22 zλ µ+  is a real positive 

number, one gets the above equality, ( ) ( )
4

22

2
1

2 2
1

2 2

2

1e

2

z

z
F z

z

λµ

λ µ
λ

λ
λ µ

+
= × ×

 
 + 

.  

Since 

( )

1 222 2

2 22

3 2 2
0

22

2 22 exp d 1
2 2

2

t
z zz t

t t
z

λ λµλ
λ µ λ µλ µ

µ λ

λ µ

∞

     −    + ++    − =  π        + 

∫  (it is the 

integral on the domain of the density function of a law with parameters 

22 zλ µ+ , 22 z
λµ

λ µ+
). Hence, ( )

( ) ( )
4

22

1 2
2 2

2

1
2

2
e

z

zz
F z

λµ

λ µλ µ

λ

++
= , z∀  a complex 

number such that: 22 zλ µ+  is a real positive number (e.g. see [11] [12] [13] 
and [14]). ■ 

2.5. Gamma Distribution and Its Laplace Transform 

Proposition 5. The Laplace transform of a Gamma distribution with parameters 

,λ β  and with a density function given by, ( ) ( )
1e xxf x

β λλβ
β

− −

=
Γ

; is:  

( )
( )

F z
z β

λβ
λ

=
+

, /z z λ∀ ≠ −                 (6) 

where Γ  is defined as before, that is ( ) 1

0

e dxx xαα
+∞

− −Γ = ∫ .  

Proof of Proposition 5: 
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As ( ) ( )
0

e dztF z f t t
∞

−= ∫ ; one can write  

( ) ( )
( )

( ) ( )
( )

1 1
1

0 0 0

e ee d d e d
z tt

z tztt tF z t t t t
λβ λ β

λβλβ λβ λβ
β β β

− +∞ ∞ ∞− − −
− +− −= = =

Γ Γ Γ∫ ∫ ∫ . 

Set G, the function defined by ( )
0

e dztG z t tα
∞

−= ∫ . Using the change of variable 

u zt= ; ( )G z  becomes, ( ) 1
0

e duuG z u
z

α

α

∞
−

+= ∫ ; and this gives,  

( ) 1
0

1 e duG z u u
z

α
α

∞
−

+= ∫ .   

Therefore, ( ) ( )
1

0

1
e dztG z t t

z
α

α

α∞
−

+

Γ +
= =∫ . Replacing α  by ( )1β −  and z by 

( )z λ+ , one gets, ( ) ( )
( )

1

0

e dz tt t
z

λβ
β

β

λ

∞
− +− Γ

=
+

∫ . Thus, ( ) ( )
( )

( )
F z

z β

βλβ
β λ

Γ
= ×
Γ +

, 

z λ∀ ≠ − . Hence, ( )
( )

F z
z β

λβ
λ

=
+

, z λ∀ ≠ −  (e.g. see [13] and [14]). ■ 

2.6. Generalized Gamma Distribution and Its Laplace Transform 

Proposition 6. The Laplace transform for a generalized distribution with para-

meters , ,λ β α  and density function ( ) ( )
1e xxf x

αβ λααλβ
β

− −

=
Γ

 is  

( ) ( )
( )( )

F z
z β

αλβ αβ

β λα

Γ
=
Γ +

                    (7) 

with z λα≠ − . 
Proof of Proposition 6: 

Again the Laplace is defined as, ( ) ( )
0

e dztF z f t t
∞

−= ∫ . It comes that,  

( ) ( )
1

0

e e d
t

zttF z t
αβ λααλβ
β

∞ − −
−=

Γ∫  which can be rewritten as  

( )
( )

( ) ( )
( )

1
1

0 0

e d e d
z t

z ttF z t t t
λααβ

αλαβαλβ αλβ
β β

− +∞ ∞−
− +−= =

Γ Γ∫ ∫ . Replacing α  by  

( )1αβ −  and z by ( )z αλ+ , one gets, ( ) ( )
( )

1

0

e dz tt t
z

αλαβ
αβ

αβ

αλ

∞
− +− Γ

=
+

∫ . Therefore, 

( ) ( )
( )

( )
F z

z αβ

αβαλβ
β αλ

Γ
= ×
Γ +

 if z λα≠ − . Hence, ( ) ( )
( )( )

F z
z β

αλβ αβ

β λα

Γ
=
Γ +

, pro-

vided z λα≠ − . ■  

2.7. Pareto Distribution and Its Laplace Transform 
Proposition 7. The Laplace transform of the Pareto distribution with parame-

ters ,λ θ  and density function ( ) 1Xf x
x

θ

θ

θλ
+=  with x λ≥  and ,λ α  positive; 

is given by,  
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( ) ( ) ( ) ( ),F z z I zθ θθλ θ λ θ θ= Γ − − − Γ −                (8) 

where Γ  is defined as before, whereas I is given by, ( ) ( )
1

0

1, e d
t

xI t x xαα
α

− −= ×
Γ ∫ .  

Proof of Proposition 7: 

The Laplace transform is defined as, ( ) ( )
0

e dztF z f t t
∞

−= ∫ , so that 
 

( ) 1 e dztF z t
t

θ

θ
λ

θλ∞
−

+= ∫ . Using the change of variable u zt= , one gets  

( ) 1
1

1

e d e du u

z z

F z u z u u
zu
z

θ
θ θ θ

θ
λ λ

θ

θλ θλ
∞ ∞

− − − −
+

+

= =∫ ∫  which leads to,  

( ) 1 1

0 0

e d e d
z

u uF z z u u u u
λ

θ θ θ θθλ
∞

− − − − − − 
= − 

 
∫ ∫ .  

Thus, ( ) ( ) ( ) ( ),F z z I zθ θθλ θ λ θ θ= Γ − − − Γ −    where I is defined as:  

( ) ( )
1

0

1, e d
t

xI t x xαα
α

− −= ×
Γ ∫ . ■ 

2.8. Log-Normal Distribution and Its Laplace Transform 

Proposition 8. The Laplace transform of the log-normal distribution with pa-

rameters σ  and µ  with density function ( )

21 lnexp
2

2X

x

f x
x

µ
σ

σ

 − −     =
π

 

with x positive; is given by:  

( ) ( )ee
Xz

XF z E −=                      (9) 

where XE  is the mathematical expectation of a normal random distribution 
truncated at 0 and with parameters σ  and µ .  

Proof of Proposition 8: 

The Laplace is by definition, ( ) ( )
0

e dztF z f t t
∞

−= ∫ , so that  

( )

2

0

1 lnexp
2

e d
2

zt

t

F z t
t

µ
σ

σ

∞
−

 − −     =
π∫ . By setting lnx t= , one obtains,  

( ) ( )
2 2

e e e

0 0

1 1exp exp
2 2

e e d e d e
e 2 2

x x xz x z z
Xx

x x

F z x x E

µ µ
σ σ

σ σ

∞ ∞
− − −

   − −   − −               = = =
π π∫ ∫

 
where XE  is the mathematical expectation of a normal random distribution 
truncated below at 0 and with parameters σ  and µ . ■ 

2.9. Log-Logistic Distribution and Its Laplace Transform 
Proposition 9. The Laplace transform of the log-logistic distribution with pa-
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rameters ,λ α  and with density function: ( )
( )

1

2
1

X
xf x

x

α

α

α λ

λ

−

=
+

 with ,λ α  

positive; is:  

( ) ( )e zX
XF z E −=                       (10) 

where XE  is the mathematical expectation of a log-logistic random distribu-
tion with parameters α  and λ .  

Proof of Proposition 9: 

The Laplace transform is by definition, ( ) ( )
0

e dztF z f t t
∞

−= ∫ . Note that the 

function defined by, ( )
( )

1

2 e
1

zx
X

xg x
x

α

α

α λ

λ

−
−=

+
 is continuously differentiable on 

the interval admitting a limit equal to zero in the neighbourhood of +∞ . The 

Laplace transform therefore always exits. Thus, ( )
( )

1

2
0

e d
1

zttF z t
t

α

α

αλ

λ

∞ −
−=

+
∫ . 

Hence, ( ) ( )e zX
XF z E −=  where XE  is the mathematical expectation of a 

log-logistic random distribution with parameters α  and λ . ■ 

2.10. Gompertz Distribution and Its Laplace Transform 

Proposition 10. The Laplace transform of the Gompertz distribution with pa-

rameters θ  and α  with density function: ( ) ( )e exp 1 ex x
Xf x α αθθ

α
 = −  

 with 

,θ α  positive is:  

( ) ( ) ( )
0

e exp 1 e dz t tF z tα αθθ
α

∞
−  = −  ∫                (11) 

Proof of Proposition 10: 

The Laplace is, ( ) ( )
0

e dztF z f t t
∞

−= ∫ . Thus,  

( ) ( ) ( ) ( )
0 0

e exp 1 e e d e exp 1 e dz tt t zt tF z t tαα α αθ θθ θ
α α

∞ ∞
−−   = − = −      ∫ ∫  (e.g. see 

[14] and [15]). ■ 

3. Conclusion 

In this paper one derived the Laplace transform of some important distributions 
used in counting processes. Results have important implications in 1) solving 
differential equations; 2) solving partial derivative equations; 3) deriving com-
plex impedances; 4) solving partial fraction expansions; 5) conducting convolu-
tion analysis; 6) running complex geometric analyses; 7) determining structure 
of astronomical objects etc.  
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