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1. Introduction

The scheduling problem on m parallel identical machines is defined as follows:

Semi-Online Scheduling, 2, Algorithm, S Algorithm, Worst Performance

Given a job set L={J,,J,,---,J,} of n jobs where job J, has non-negative
processing time p);, assign the jobs on m machines {M,,M,,---,M,} soasto
minimize the maximum completion times of the jobs on each machine. The
earliest algorithm for on-line scheduling jobs on parallel machines is the List
Scheduling (LS) algorithm, which was introduced by Graham [1]. Many models
and algorithms for online scheduling are proposed later on. In classic scheduling
problem, there is no constraints on the size of job. However, in practice, the size
of job can neither be too large nor too small. This motivates researchers to study
scheduling problems when the sizes of all jobs are known in [1,7] with r>1
(2]-[7].

In this paper, we will consider ordinal online scheduling jobs with sizes in
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[1,rF](1<r<2) on two parallel machines. The model of ordinal online sche-
duling was proposed by Liu et al [8]. It is assumed that the values of the
processing times are unknown, but that the order of the jobs by non-increasing
processing time is known, Ze., without loss of generality that p, > p,>---2 p .
An algorithm named P,, was developed for the system of m machines and it is
proved that the algorithm is the best online algorithm for m =2,3. In current
research, it will be proved that, for m =2, the worst case performance ratio of
algorithm P, can not be improved even if the sizes of all jobs are known in [1,7]
for any »>1. Then a better algorithm named §is proposed for re [1,2] and
its worst case performance ratio is given.

The rest of the paper is organized as follows. In Section 2, some definitions
and the algorithm Sand P, are given. Section 3 analyzes the competitive ratio of

the algorithm S. Finally, some concluding remarks are given in Section 4.

2. Some Definitions and Algorithms

Definition 1. Given m parallel machines, let L={J,,J,,--,J,} be any list of
Jjobs. Algorithm A is a heuristic algorithm. Let C._ (L) and cort (L) be the
makespan of algorithm A and the makespan of an optimal off-line algorithm
respectively. We refer to

Con (L
R(m,A) = SIZpCOT(L))

max

as the worst case performance ratio of algorithm A.

In the following of this paper, we always assume that the number of machines
is two (Ze. m=2)and the sizes of job list L ={J,,J,,---,J,} satisfies
p2p,2--2p, and p e[lr](j=12,,n1<r<2) if no specific explana-
tion is given.

Algorithm P, [8]. Jobs are assigned to machines as follows:

M, { Ty |k 20},
M, :{J3k71,J3k | k> l}.

Le.

Algorithm S.

Jobs are assigned to machines as follows:
My AT S U o L 21,
M, :{J4k—29']4k—l | k> 1}.

Le
M2y Jy I Ty Sy Ty
M2:J2 J3 ‘]6 J7 JIO Jn"'

The two algorithms are the same for assigning the first four jobs. The dif-
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ferences are that P, assign the first two jobs on A4, and the third on A, for job set
{J,1)=3k+2,3k+3,3k +4} (k 21). However algorithm Sassign the two conse-
cutive job J,,,,,J,.,, (k>2) ontwo machines alteratively.

In the following, we consider the worst case performance ratio of algorithm 2,
and S. We will show that algorithm §'is better than 2, under the assumption of
p; €[l.r] for r<2.

3. Main Results

Theorem 1. For algorithm P, its worst case performance ratio is i Fur-
thermore, its worst case performance ratio can not be improved if
p;(j=12,--,n) satisfy p e[l,r] forany r>1.

Proof: The first conclusion is a direct result from Liu et a/. [8]. For the second

conclusion, consider job list L ={J,,J,, --,J,,,} satisfying
PEP =P == 2 ps= o= = Py =1
By the rules of P,, we get

M :r r 1 1---
M,:r r 111 1

It is obvious that C? (L) =2r+4k and C%T (L) =2r+3k . Hence

max max

Co(L) 2r+4k 4
max — _ k .
COT(L) " 23k (ko)

In the following of this paper, let L (i=1,2) to denote the completion time
of machine A in the schedule assigned by algorithm S.

Lemma 2. Given any job list L={J,J,,---,J,}, the following inequality
holds

Cox (1) r

max

<1 .
C()PT (L) +2c0PT (L)

Proof: By the rules of S algorithm, we get
cs (L) 3 max{Ll,Lz}

Com (L) Col (L)
L+ L, +max{L,L,}-min{L,L,}
B 2C,0 (L)
< +M
ZCOPT (L)

max

That means it is enough to prove |L1 —L2| <r. We consider it according to
the four casesof n=4k, n=4k+1, n=4k+2, n=4k+3.
Case 1: n =4k . In this case,
k-1 k
L =p +Z;(p4j +p4j+1)+p4k; L, = Z(p4j—2 +p4j—1)'
=

J=1

Hence the following inequalities hold:
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k-l
L-L,=p +Z(p4j t Pyji1 ~ Paja _p4j—l)+p4k = Dag2 =Py S P ST

J=1

k-1
L,-L=p,+p;—p +Z(p4j+2 * Paji3 ~ Paj _p4j+1)_p4/c SpysrT

Jj=1

That means |L, —L,|<r.

Case 2: n =4k +1.In this case,
k

k
L = p +Z](p4j +p4j+])’ L, :Z(p4j—2 +p4j—3)'
=

=

Hence the following inequalities hold:

k
Li—Ly=p,+ 3 (Pa; + Pajor = Pajr = Payt ) S Py ST
=)

k-1
L,-L=p,+p;—p +Z(p4j+2 * Pyji3 ~ Py _p4j+l)_p4k ~ Dy SPy ST

J=1
That means |L, —L,| <. Similarly it is easy to show that the conclusion is
true for the caseof n=4k+2 and n=4k+3.
Theorem 3. For any job list L={J,,J,,---,J,} with p >p,>--->p, and
p, €[l,r](1<r<2), algorithm Shas worst case performance ratio

2+r’ §<r£2
3 2
c’ (L
%()S Z’ igrgi (1)
Crax (L) 6 3 2
r+l1 4
, 1<r<—
2 3

Proof: Suppose (1) is not true. For %S r <2 the following inequalities hold
by Lemma 2:
24r  Con(L) r
< orT <1+ OPT
3 (L) 2¢7T (L)

max max

That means Cy.. (L)< ﬁ <5. Similarly Co.l (L)<5 also holds for
e

4 3 . . -
—<r <—. That means there are at most four jobs assigned on any machine in

any optimal schedule, e, n<8.Itis easy to prove that algorithm S is optimal if
n<5.Now consider n=>5.In this case

L=p+p,+ps2p,+22p,+p =1L,

corr (L) > ps+ Pyt ps.

max
Hence

folax(L)<pl+p4+p5 <p1+(174+p5)<p1+2<r+2
COUT(L) ™ py+pi+ps py+(patps) py+2° 3

max

For the case of n =0, there are exactly three jobs on each machine in any

optimal schedule. If L, > L, , we get
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Cou (L) _ PP+ ps _pitpitps _r+2
Cow (L) Pi+ps+p potpi+ps 3

If L, <L, wehave

C:lax(L)<p2+p3+p6<p2+(p3+p6)<p2+2<r+2
CH(L) p+ps+ps ps+(ps+ps) pi+2° 3

For the case of n =7, the following holds
L=p,+p,+ps+p,2p,+ps+t22p +p,+p,=L.
In any optimal schedule, exactly four jobs are assigned on one machine and
exactly three jobs are assigned on another. If the machine assigned four jobs in
optimal schedule has at least one job from set {J,,J,,J;}, then the following

inequality holds:

Cont (L)= py+ ps + pe + ps.

Hence we get

s
Cmax(L)Sp2+p3+p6+p7£P2+3Sr+3sr+2'
C'(f?:;T(L) Dy +ps+tpstp;  ps+3 4 3

Otherwise the optimal schedule is that {J,,J,,J;} and {J,,J5,J,J,} are

assigned separately on two machines. Let a = P -2Fp3 s erp5 ,
+
c= % It is easy to see that a > b >c¢ holds. We analyze the following two

cases. In the case of 3a <2b+2c, we get

fom(L)<1!72+p3+pé+1177_a+c<2b+5c_gJr ¢
COT(L) ™ py+ps+ps+p, b+c 3b+3c 3 b+c

.7
6

the last inequality results from b>c.

In the case of 3a >2b+2c we get

COT(L) ™ pi+p,+ D 3¢ 3 3a 3 2b+2c

max

s
CmaX(L)<p2+p3+p6+p7_2a+2022+£<2 2¢ SZ.
6

For n =38, there are exactly four jobs assigned on each machine and there is a
machine on which at least two jobs from {J,,J,,J;} are assigned in any optimal
schedule. Hence the following inequality holds:

Co (L) 2 max{ p, + py+ p; + pg, oy + P + Py + g}

Thereforeif L, > L, we get

CrflaX(L) <p1+p4+p5+pg <p1+p4+p5+p3 <r+3<r+2
Cg;T(L) phtpst+tp,tps p,tpytpstpg 4 3

If L, <L, weget

Cou (L) _ P+t Ps+P _ Pyt Pt petp, 143 _r+2
Com (L) Pitpe+pi+pe Dtps+pstp, 4 3
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By the conclusions above, we get
2+4r

3
Criax(ld) 7 r42 3 s E<r£2
Tﬁmax -, =
cor (L) 6 3 %’ %SFS%

Hence (1) is true for gﬁ r<2.

4
Now we consider the case of 1<r < 3 according to the four cases of

n=4k+1,4k+2,4k +3,4k +4,k =0,1,2,---. In the following, we will use S,
and S, to denote the job set assigned on machine A, by algorithm Sand optimal
algorithm, respectively.

For the case of n=4k+1, we have |Sl| =2k+1, |S2| =2k,
max {|Sl*|, S; } > 2k +1. Without loss of generality, suppose |S1*| >2k+1. Then
it is easy to see that there exists i e {1,2} satisfying |S1* N Sl.| >k+1.1f
STNS, |2 k+1,then |5,\S/|<k.By

k-1
L,=L=p,+p;—p + Z(p4/+2 t Dyji3 = Paj T Pajn ) — Par ~ Parn <0,

Jj=1

we get L, > L,. Therefore

>, 2Pt b

C,iax (L) _ L <SS o jesins; jesp\sy
Coas (L) CRI(L) Z*pj 2 bt Z P;
jes jesSiNS JjeS\S
<|SlﬂSl* +|s vy
lsinsy|+[sTs)|
) 5,087 |+(|si]-[s, N85 )
- 2k +1
kr+k+1 _r+l1
{—<——.
2k+1 2

If |S;NS| <k, then |S/NS,|>k+1.By

k
L-L,=p +Z(P4j T Paj = Pajo _P4j73)sp1
=

we get L <L, + p,. Therefore

Yp, X Pt X opitp

C,iax (L) < L, +p < Jjes, < jeSHNs; jeSH\S]
Coos (L) Gl (L) ij )y bt Z P;
jes JjeSHNS; JjeSI\S,

< |5, NS [+[8,\ 87|+

s s+ s,

) |5, 87| +(1S.]=[s. N7 [+ 7

h 2k +1

kr+k+1 _r+l
<—mMmM < ——
2k +1 2
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For the case of n =4k +2, we have |Sl| =2k+1, S2| =2k+1,
max {|Sl* |,|S;|} > 2k +1. Without loss of generality, suppose |S; | > 2k +1. There-
fore there exists ie{1,2} satisfying |S,* N Sl.| >k+1. In the following we con-
sider this case according to the two subcasesof L, >L, and L <L, .

In this case of L, > L), if |S,* N S,| 2k +1 holds, then the following is true:

ij > p;+ Z*P/’

C.,Slax (L) _ L < Jjes, < jesinsy JeS\S|
Cowe (L) Crul (L) Z‘pj > bt Z pj
jes JjeSiNS JjeS \S;
<|SlﬂS1* +|s vy
~[sins|+[s |
) 5,087 |+(|si]-[s, sy )
B 2k +1
kr+k+1 _ r+1
< <
2k +1 2

If |S N S1| <k holds, we consider the following two subcases of |S1*| =2k+1

and |S]|>2k+2.
For the case of |S||=2k+1, |S;|=2k+1 holdsby »n=4k+2.By

|S,|=2k+1 and Sl*ﬂS1|Sk we get |S;ﬂS1|2k+1.Therefore

2P 2 Pt X

Cow(L) L /S _sins ~ sess
Come (L) Col (L) Z*p_, X bt Z p;
JE€SH JjeSiNS, JESI\S,
<|SlﬂS; +|s, v 3]
~[sinss|+[s; |
_ 5,085 |+(si]=[s,ns3)r
2k +1
Hrtktl r+l
2k+1 2

For the case of |Sl*|22k+2,by |S]*ﬂS,|£k we get |S,*ﬂSz|2k+2.Byrules

of Salgorithm, we have

k
L-L, = p, +Z(p4j t Paj ~ Pajos _p4j—1)_p4k+2 S P~ Pagsa

j=1
That means L, <L, + p, — p,,,, - Therefore

G, (L) L < L+ p —Pyis

max _

COPT (L) - COPT (L) = Cn?;:(T (L)

max max

2 p;+ 2 Pt D~ Pair |S ns
2 119y

< jeSynS; jeSH\S]

|8, v 8|1

< < -
X Pt 2 p |San1 +S1\S2|
jeSynSy jeSI\S,
g |S2 ns, |+(|Sz|—|S2 ns |)r+r—1 _krtk+l _krtk+l _r+l
B 2k +2 T2k+2 0 2k+1 T 27
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Similarly we can prove the case of L, <L,.
By the same way used above, we can also show that (1) is true for the case of
n=4k+3 and n=4k+4 for 1<r< 3 Now we show the tightness of the

bound.
For %<r$2,Let L(')z{J,,JQ,J3,J4,J5} with p, =r,p,=Li=2,---,5.By

the rules of §algorithm, we have L =r+2,L, =2, ie, Cfm (L(l)) =r+2.1tis
easy to see that Cor/ (L(l)) =3 . Hence

Crf\ax (L(l)) r+2
corr (L(l)) o3

It is easy to show the tightness for % <r< % by job list

) 4
% :{JI,JZ,J3,J4,J5,J6,J7} with p, =p, =p, =§ » Py=Ds =D =Py =1

and for 1£r£§ byjoblistwith p,=p,=p,=r, p,=ps=p,=p,=1.

4. Concluding Remarks

In this paper, we consider ordinal on-line scheduling for jobs with known sizes
in [1,r](r>1) and non-decreasing processing times on two parallel machines
system. Firstly it is proved that the worst case performance ratio of the existing
algorithm P, can not be improved even if the job processing times are known in
[1,r] forany r>1. Secondly, an algorithm named Sis proposed and its worst

case performance ratio is given as follow:

2+r, 2<r£2
3 2
R(2,8)= %, %sm%
r+l1 4
, 1<r<—
2 3

which is better than algorithm 2,. Just two machines are considered here. It is an
interesting problem to consider general m machines system to design better

algorithm.
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