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Abstract

In this work, the Hamiltonian of the four-body problem is considered under
the effects of solar radiation pressure. The equations of motion of the infini-
tesimal body are obtained in the Hamiltonian canonical form. The libration
points and the corresponding Jacobi constants are obtained with different
values of the solar radiation pressure coefficient. The motion and its stability
about each point are studied. A family of periodic orbits under the effects of
the gravitational forces of the primaries and the solar radiation pressure are
obtained depending on the pure numerical method. This purpose is applied
to the Sun-Earth-Moon-Space craft system, and the results obtained are in a
good agreement with the previous work such as (Kumari and Papadouris,
2013).
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1. Introduction

Since the restricted four-body problem has an important role in astro-dynamics

and space dynamics, therefore many attempts dealing with this problem have

been done using numerical and analytical methods. Numerical simulations of

the one-dimensional Newtonian four-body problem for the special case were

conducted in which the bodies are distributed symmetrically about the centre of

mass and were studied the Schubart-like periodic orbit’s stability to perturbation

where it is apparently stable in one-dimension but is unstable in three-dimen-
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sions [1]. The effect of radiation on some dynamical system of four-body prob-
lem was studied to obtain the location and stability of Lagrangian points [2].
Spatial equilateral restricted four-body problem was studied, obtained a first
integral of motion with the help of the Hamiltonian structure, and showed the
existence of periodic solutions by different methods in the planar case [3]. The
families of simple symmetric and non-symmetric periodic orbits in the restricted
four-body problem were presented [4]. Symmetric periodic orbits of the re-
stricted four-body problem for the case of two equal masses were explored where
they satisfy approximately the Routh’s critical value [5]. The zero-velocity curves
of the four-body problem were studied with solar wind drag [6]. The photo gra-
vitational version of the problem of four bodies was studied numerically where
an infinitesimal particle is moving under the Newtonian gravitational attraction
of three bodies which are finite moving in circles around their center of mass
fixed at the origin of the coordinate system, according to the solution of La-
grange where they are always at the vertices of an equilateral triangle [7]. An
analytical study of the elliptic Sitnikov restricted four-body problem was pre-
sented when all the primaries considered as source of same radiation pressure
[8]. The network of the families of simple symmetric periodic solutions of the
restricted four-body problem was investigated and the effect of radiation on the
periodic orbits was studied, their stability, as well as the evolution of the families
when the radiation parameter varies, and Poincare sections of the problem are
illustrated [9]. The classical lunar Hill problem was extended and the geometry
of Poincare sections was investigated, also the direct and retrograde periodic or-
bits about the infinitesimal mass and their stable and unstable manifolds were
studied [10]. Periodic orbits in the photo gravitational restricted problem when
the primaries are tri-axial rigid bodies were investigated [11]. The Effect of Solar
Radiation Pressure on the Libration Points of the Restricted Four-Body Problem
was studied and the periodic orbits were presented [12]. The restricted four-body
problem was studied and the orbits which emanated from some equilibrium
points in which they focused on some families of symmetric horseshoe orbits
were investigated and their relation with a family of the Lyapunov orbits was
shown [13]. The photo-gravitational restricted four-body problem was studied
with variable mass, zero velocity curves and Newton-Raphson basins of attrac-
tion were also discussed [14]. The existence of collinear and non-collinear equi-
librium points and their linear stability in the framework of photo gravitational
circular restricted four-body problem with Stokes drag acting as a dissipative
force and the first primary as a radiating body and the second primary as an ob-
late spheroid was studied numerically [15].

In this work the Hamiltonian of the restricted four-body problem is con-
structed under the effect of solar radiation pressure, the location of the libration
points are obtained at different values of the solar radiation pressure coefficient,
the stability of motion about the collinear libration points is studied and Poin-

care surface sections is used to illustrates these stabilities.
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2. Solar Radiation Pressure

According to Newton-Lebedev law, the general photo-gravitational force is de-

scribed as the geometrical sum of two opposite forces, 1) Apart from the

Gmym
I

S

, m refers to

gravitational acceleration of the Sun on the spacecraft F; =

the mass of space craft, while m, refers to the mass of Sun; 2) The radiation force

acting on spacecraft is obtained by F, :4—®2A, L, is Luminosity of Sun,
Tl C

S
A is the cross-section area of the spacecraft surface, cis the speed of light, and r,

is the distance between Sun and the spacecraft. So that

F= Fg - Frad = Fg [l_%J = Fg (1_l8) (l)

g

L
where, ﬁ=ﬁ— o1 A

=— =z
F,  4mr;c Gmg m

The potential of the force exists by the Sun is

Vep = [ Fdr = [ F, (1—ﬂ)dr=—(1—ﬂ)j%dr=(1—ﬂ) )

mS
rS
Then, in the case of restricted four-body problem the effective potential in-

cluded the effects of solar radiation pressure (SRP) is given by

JLlzs +£+(1_ﬂ)ﬂS
rl rZ r3

(3)

V(x,y,z):%(x2 + yz)

where x, y; zare the coordinates of the fourth body, r,r,,r, are the dimension-
less distances from the fourth body to the primaries, and p,1—u, 4, are the

dimensionless masses for the primaries, defined as

m, m
p= D oH=—— (4)
ml + m2 ml + m2

where m,, m, and m, are the masses of primaries respectively.

3. The Hamiltonian System of RFBP with (SRP)

To construct the Hamiltonian of the restricted four-body problem using the

concept of Lagrange and Hamiltonian principle for the rotating frame (cf NN )

R A e e R

Since
E=XCcosw+YysSinw (6.1)
7 =Xsinw—ycosw (6.2)
(=1 (6.3)

where, @=nt is the angular velocity of the rotating system, @ is the rate at
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which the primaries rotates about their center of mass and change their position
per time (second) and n is the mean motion. Using Equation (3) and Equation

(6), after some little algebraic reductions then

L(XY,2,%Y,2) :%[(XZ +y? +z'2)+(x2 + y2)+2(xy—>'<y)]

™)
_ 1-
+ 1-u + A (A-A)u,
rl rZ r3
. . oL
By using the definition of the momentum p, =—, then

X=p,+Yy (8.1)
y=p,—X (8.2)
7=p, (8.3)

the Hamiltonian is defined by [16]
H:zipiqi_L 9)

Substitute from Equation (7) and Equation (8) into Equation (9), this yields
the Hamiltonian of the restricted four-body problem with solar radiation pres-

sure in the form

M= (02 + 02+ 02)+yp, —p, —| T K (1o gy (10)
g n 2 I
where
Py, Py, P, are the components of momenta in Cartesian coordinates. And the

canonical form is given by

X:ﬁ:prry (11.1)
P,
. OH
y=——=p,—X (11.2)
op,
1=y (11.3)
P,
oH _ . (A-p)(x+p)  p(x+p-1)
px - =y+X 3 - 3
0 r r,
(11.4)
4, (1= B)(x—R cos8)
N 3
s
. oH 1-u) .(1-8)(y—R;sing
py:——Z—X-l-y—( ,L;) Y_,U_3y_:u( ﬁ)(3 ) (115)
ay rl rZ r3
o O0H_ (-u)z opz op(1-p)z
p=- T AN A 11.6)
0z r r, r;
where
f=at, o, isthe angular velocity of the center of mass of the two primaries

about the Sun, and R, is the distance between the Sun and the center of mass
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of the two primaries. Equation (11) represents the equations of motion of the fourth
body under the effect of gravitational forces and the solar radiation pressure.

Now, the Jacobi constant is defined as
pi+ps+pl=—2V+C (12)

when the velocity tends to zero, then Equation (12) becomes
c=2% (13)

Equation (13) enables to obtain the zero velocity curves and is used to apply
the Poincare surface sections (PSS) to study the stability of motion about each

libration point.

4. Location of the Libration Points with Effect of SRP

One of the special solutions of the restricted four-body problem is the equili-
brium points at which the components of the velocity of the fourth body are ze-
ro. The subject of equilibrium points is to find the location of the points where a
fourth body could be placed. To obtain the location of libration points, the con-

ditions X=y=2=p, =p, =P, =0, are applied on Equation (11), then

p,+y=0 (14.1)
p,—x=0 (14.2)
p,=0 (14.3)

Then
p)( :_y’ py =X)and pz =0,then

(1—;1)(X+,u)_,u(x-k,u—l)_,uS (1-B)(x—R,cosd)

_ =0 15.1
X r13 r23 r33 ( )
1— u)- 1- —R, cosd
y_( l:) y_ﬂ_g’_“s( ﬁ)(y3 :C080) (15.2)
I I s
1- 1) 1-
( !3‘) Z_H_;_Lsﬂ)zzo (15.3)
rl rZ r3

Since the motion lies in the x-y plane then Equation (15.3) will be vanished.
Now, the collinear points can be determined from Equation (15.1), with =0

(L-p)(x+p) p(x+u=1) p(1-B)(x-R)

3 3 3
rl rZ r‘3

X= (16)

Let X, denotes the coordinates of the libration points, then applying the

binomial function on Equation (16), then
X; (RS =15 (1= B))+ X{ (=2RS + 25 (1- B) + usR, (1- )
+AR — A (1= B) )+ X} (RS3 — s (1= B)-2usR, (1- B)
—6R? 1+ 6415 (1= B) i1+ 4R, (L- B) p+ 8RS ” =615 (1- B) 417
+ X{ (R +asR, (1= B)+ 2R3 = 2u5 (1~ B) u— 6 145R, (1- B)
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BRI+ 6115 (1= ) 1* + BussR (L= B) p1* + 4R ~dyus (1= ) ur*)
+ X (2R~ 4R u+ 2u5R (1 B) u+ R — p1s (1- B)

—6usR, (1~ f) 2 = 2R3 ® +2u5 (1- B) ° + Bus R, (1- B) 1P

+ RO u" — g (1= B) u* )+ 3RS = 3R p* + s R, (1- B) 1

_ZIUSRS (1_ﬁ):u3 + 1R, (1—ﬂ),u4 _RS =0
(17)

This is a quantic equation and its solution has five real parts depends on the
parameters g, 1, R, and S these roots give the positions of the collinear li-

bration points.

5. Motion in the Vicinity of the Collinear Libration Points
and Its Stability

The Sun-Earth-Moon system is considered with the effect of SRP. Then the per-
turbed motion around collinear libration points is obtained with initial condi-
tions of small displacement from X,,y, and X, =Y, =0. To obtain the peri-
odic orbits family about each of collinear libration points for different values of
B the following steps are used.

1) The values of potentials V,,,V, are determined for the value of 4 and
the corresponding coordinate of libration point.

2) The Eigen values are obtained from the characteristic equation.

3) The Eigen values will be four values (2 real and 2 imaginaries).

4) The two imaginary values responding to give the stable periodic orbits
about the libration point.

Now, to apply these steps the linear equations for the motion about the colli-

near libration points for the fourth body are written as follows,

Py —2p, =XV, + YV, +2V,,, (18.1)
P, +2p, =XV, + YV, +2V,,, (18.2)
p, =2V,,. (18.3)

where the partial derivatives of the effective potential for the four-body problem
with SRP are obtained as
V =14+ 3ms(_Rs+X)z(l_ﬁ) _ ms(l_ﬁ)
XX 5/2
((—Rs+x)2+y2+zz) ((—Rs+x)2+y2+zz)

32

3,u(—l+x+,u)2 ~ U (19.1)
2 2 2\%2 2 2 2\32 '
(y +2° 4 (—1+ X+ ) ) (y + 2%+ (—1+ X+ ) )
3(1-p)(x+u) 1-u
(y2+zz+(x+,u)2)5/2 (y2+22+(x+y)2)3/2
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2 — —
v, -1+ 3m,y* (1-B) - m, (1- )
2 /2 2 32
((—R5+x) +y2+zz) ((—R5+x) +y2+22)
. 3y*u B U
2 2 2 5/2 2 2 2 3/2
(y +z +(—1+x+,u)) (y +z +(—1+x+,u))
3y? (1- p) ~ 1-u
(y2+zz+(x+y)2)5/2 (y2+22+(x+y)2)3/2
2 _— —
sz—1+ Smszz (1 ﬂ) 52 o El ﬁ) 3/2
((—Rs+x) +y2+zz) ((—Rs+x) +y2+zz)
. 32°u ~ H
2 2 2 5/2 2 2 2 3/2
(y +z +(—1+X+,u)) (y +z +(—1+X+,u))
37° (1-u) ~ 1-u
(y2+zz+(x+y)2)5/2 (y2+zz+(x+y)2)3/2
v o_y - 3m, (R, +x)y(1- ) Byu(—1+x+u)
xy — Vyx T 2 5/2 + 2 5/2
((—Rs+x) +y2+zz) (y2+zz+(—1+x+,u) )
3y (1— ) (x+u)
(y2+z2 +(x+y)2)5/2
3m, yz(1-B) 3yzu
sz:Vyz: 2 5/2 + 2 5/2
((—Rs+x) +y2+zz) <y2+zz+(—1+x+y) )
3yz(1-p)

(y +2% +(X+u) )5/2

. 3m, (-R; +x)z(1 ﬂ) . 3zp(—1+x+ p)
((—Rs+x ) +y’+z ) (y2+zz+(—1+x+,u)2)/
3Z(l—,u)(x+,u)

+(y2+zz+(x+,u)2)5/2

Then characteristic equation can be rewritten as
A +(4=V, =V, )27 4V, =0
The solutions of the linear Equation (18) can be written as
X=A Z?:l e

y=B, Z?:l et

(19.2)

(19.3)

(19.4)

(19.5)

(19.6)

(20)

(21.1)

(21.2)

where, A and B, represent constant coefficient. Equation (20) has four roots

roots represent the stable motion.

A,1=12,3,4 the real roots of 4 give unstable motion, while the imaginary
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d*-1
e’ = e (22.1)
T= 2n (22.2)
8
where
A=V, , . o .
d= v and sis the coefficient of the imaginary Eigen value.
-

Xy

6. Results and Discussion

The Sun-Earth-Moon-spacecraft system is used to illustrate this work. The
Earth’s mass m, =5.98x10°*kg, the mass of Moon m, =7.35x10%kg, the
mass of Sun m, =1.99x10*°kg, Reena Kumari (2013). The canonical units of

masses and distances are used in which the mass of the Earth
m

=y =1— y=—->—=0.9878715; mass of the Moon
m, +m,
=, = u=—"2_ —0.0121506683; mass of the Sun
m, +m,
=u = ™ _328000.48 , and the distance between the Sun and the center of
m, +m,

the system = R, = 389.1723985.

Now, the solution of Equation (17) numerically will gives the locations of the
collinear libration points, the corresponding Jacobi constant is obtained from
Equation (13), Table 1 shows the collinear libration points and the corresponding
Jacobi constant at different values of the solar radiation pressure f, it is notice
that there is a shift in positions of each of libration points related to the values of
the solar radiation pressure coefficient g. It is clear from Table 1 that L1, L3 and
L5 shifted to right of collinear axis with the increasing of solar radiation coeffi-
cient S, while L2 and L4 shifted to left with increasing the solar radiation coeffi-
cient f. Figure 1(a) and Figure 1(b) illustrates the ZVC at the L5 without SRP
and with SRP respectively. When the Jacobi constant C is large, the separated

Table 1. The five collinear libration points for the Sun-Earth-Moon system and their Jacobi constants C with different values of S.

L1 L2 L3 L4 L5

g X C X C X C X C X C

0 -1.86027 7.87523 -0.89726 4.09822 0.59344 2.49354 0.90838 4.40506 1.05927 8.82768
0.01 -1.87369 7.87823 —0.90095 4.05882 0.59680 2.46279 0.90755 4.34356 1.05984 8.77038
0.03 —-1.80859 7.49129 —-0.92646 4.05485 0.60150 2.38657 0.90653 4.22586 1.06049 8.65799
0.05 —-1.73955 7.09377 0.95601 4.06534 0.60631 2.31073 0.90547 4.10788 1.06116 8.54558
0.07 —1.66483 6.67933 -0.99133 4.09659 0.61124 2.23536 0.90436 3.98963 1.06184 8.43319
0.09 —-1.58098 6.23529 -1.0359 4.16138 0.61629 2.16043 0.90320 3.87109 1.06254 8.32077
0.1 —1.533 5.99366 —1.06394 4.21476 0.61886 2.12312 0.90260 3.81169 1.0629 8.26455
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Figure 1. (a): Zero velocity curves without SRP. (b): Zero velocity curves
with SRP.

areas are allowed at which the fourth body is moving and never moves from one

allowed region to another.

Also, the effects of SRP separate the asymptotic circles. Figure 2(a) and Fig-
ure 2(b) show the surface of sections about L5 without the effects of SRP and

with the effects of SRP respectively.

Figure 2(a) and Figure 2(b) are obtained by using a cod of Mathematica ver-

sion 10 to solve the Equation (11) numerically and by using the event locator

method to illustrate that Figure 2(a) shows the regular islands without SRP,

while in Figure 2(b) the regular islands with the radiation pressure are shown,
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Figure 2. (a): The surface of sections about L5 without SRP. (b): The surface of
sections about L5 with SRP.

they are more closed around the libration point (the center). Here, the regular
islands are expanded gradually because of radiation pressure. Again, the island
centered about X=1.06 shows that the trajectory is regular, which mean that
the region in the neighborhood of X =1.06 is stable, and this region shrinks
towards center. This is more clear at Figure 3(a) and Figure 3(b) at which the
Poincare surface of sections are presented, which are projections of the trajecto-
ries on the ( X-X ) plane and that means there is a periodic orbit at each point of
the projection and it is clear that they are concentrated at the center.

The family of periodic orbits about L5 which related to different values of so-
lar radiation pressure coefficient £is shown in Figure 4, their eccentricities and
periodic orbits are obtained by using Equation (22), the inner orbit for the

smaller value of j, as the value of fincreases the orbit is bigger. This depends on

2 j—
the calculations of d = ;‘A, which specify the eccentricity of the orbit, it is

—Vy
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Figure 3. (a): PSS without SRP. (b): PSS with SRP.
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Figure 4. Families of periodic orbits around the point L5.
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clear from Equation (19) that the values of S has a great effects on the eccentric-
ity of the orbit.

7. Conclusion

In this work, the study is concentrated on the motion about the collinear libra-
tion points. The restricted four-body problem is studied by assuming the effect
of radiation pressure. The boundaries of allowed regions for the motions of the
infinitesimal mass are determined using zero velocity surfaces at different values
of the radiation pressure coefficient. It is found that allowed possible regions of
the motions decrease with the increase in the value of Jacobi constant C. With
the help of PSS, it is observed that the stability region gets expanded in presence
of radiation pressure and at the point X =1.0629 orbits are stable. The effect of
solar radiation pressure controls the positions of the libration points and the
stability of motion about these libration points. This work enables the maneuv-

ers to be done in the spacecraft missions.
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Nomenclature

F, : Gravitational force,
F..qs : Radiation force,
m: Mass of spacecraft,
m, Mass of the Sun,
m, : Mass of the Earth,
m, : Mass of the Moon,
r, : The dimensionless distance between Sun and the spacecraft,
I, : The dimensionless distance between Earth and the spacecraft,
r,: The dimensionless distance between Moon and the spacecratft,
L, : Luminosity of Sun,
A: The cross-section area of the spacecraft surface,
¢ The speed of light,
p : The solar radiation pressure parameter,
Vge : The potential of solar radiation pressure force,
4 : The dimensionless mass of Moon,
1- u : The dimensionless mass of Earth,
M, : The dimensionless mass of Sun,
o : The angular velocity of the rotating system,
1: The mean motion,
Pys Py, P, : The components of momentum in Cartesian coordinates,

o, : The angular velocity of the center of mass of the two primaries
Sun.
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