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Abstract

In the paper, a class of discrete evolutions of risk assets having the memory is
considered. For such evolutions the description of all martingale measures is
presented. It is proved that every martingale measure is an integral on the set
of extreme points relative to some measure on it. For such a set of evolutions
of risk assets, the contraction of the set of martingale measures on the filtra-
tion is described and the representation for it is found. The inequality for the
integrals from a nonnegative random value relative to the contraction of the
set of martingale measure on the filtration which is dominated by one is ob-
tained. Using these inequalities a new proof of the optional decomposition
theorem for super-martingales is presented. The description of all local regu-
lar super-martingales relative to the regular set of measures is presented. The
applications of the results obtained to mathematical finance are presented. In
the case, as evolution of a risk asset is given by the discrete geometric Brow-
nian motion, the financial market is incomplete and a new formula for the
fair price of super-hedge is founded.

Keywords

Random Process, Regular Set of Measures, Optional Doob Decomposition,
Local Regular Super-Martingale, Martingale, Discrete Geometric Brownian
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1. Introduction

In the paper, the notion of the regular super-martingale relative to the set of
equivalent measures is introduced. The necessary and sufficient conditions of
the regular super-martingale relative to the set of equivalent measures are found.
The notion of the family of equivalent measures consistent with filtration is in-

troduced. Theorem giving the sufficient conditions of the existence of su-
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per-martingale and martingale relative to the set of equivalent measures consis-
tent with the filtration is proved. The sufficient conditions of the existence of the
set of equivalent measures consistent with the filtration, satisfying the conditions:
the mean value of the nonnegative random value relative to these set of measures
equal one, are given. Further, we construct the set of equivalent measures con-
sistent with the filtration satisfying the above conditions. First, we give the com-
plete description of the set of equivalent measures satisfying the conditions: the
mean value of the nonnegative random value relative to this set of measures
equals one. Using the above result we construct the example of the set of equiva-
lent measures consistent with the filtration satisfying the condition: the mean
value of the nonnegative random value relative to every measure of this set of
measures equals one. The above method we use for the construction of evolution
of risk assets and we describe completely the set of equivalent martingale
measures for this evolution. We prove that every martingale measure is an
integral on the set of extreme points of the convex set of martingale measures
relative to some measure on it. To give a new proof of the optional decomposition
for super-martingale we describe the contraction of every martingale measure on
the filtration and find the closure of integrals from the integrable random values
over all martingale measures. To do this we introduce the notion of the exhaus-
tive decomposition and prove that every separable metric space with the Borel
o-algebra has an exhaustive decomposition. For the integral from the nonnega-
tive random value relative to all martingale measures which is dominated by one,
the inequalities for this random value are obtained. This fact gives us the possi-
bility to find a new proof of the optional decomposition for the nonnegative su-
per-martingale. This proof does not use the no-arbitrage arguments and the
measurable choice [1] [2] [3] [4]. This paper is a generalization of the results of
the paper [5].

First, the optional decomposition for diffusion processes super-martingale
was opened by El Karoui N. and Quenez M. C. [6]. After that, Kramkov D. O.
and Follmer H. [1] [2] proved the optional decomposition for the nonnegative
bounded super-martingales. Folmer H. and Kabanov Yu. M. [3] [4] proved ana-
logous result for an arbitrary super-martingale. Recently, Bouchard B. and Nutz
M. [7] considered a class of discrete models and proved the necessary and suffi-
cient conditions for the validity of the optional decomposition.

The optional decomposition for super-martingales plays the fundamental role
for the risk assessment in incomplete markets [1] [2] [6] [8] [9] [10] [11].

At last, we consider an application of the results obtained to find the new
formula for the fair price of super-hedge in the case, as the risk asset evolves by

the discrete geometric Brownian motion.

2. Local Regular Super-Martingales Relative to a Set of
Equivalent Measures

We assume that on a measurable space {Q,F} a filtration F, = F,

m+1

c F,
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m=0,0, and a set of equivalent measures M on F are given. Further, we

assume that % ={0,Q} and the o-algebra ]::O-[V]:"j is a minimal

n=1

o-algebra generated by the algebra \w/_?-'n . A random process y ={y,, }::0 is
n=1

said to be adapted one relative to the filtration {F, }" ,if y, isa F, mea-
surable random value, m =0,00.

Definition 1. An adapted random process [ ={f, }::O Is said to be a su-
per-martingale relative to the filtration F,,m =0,0, and the family of equiva-

lent measures M, it E”|f,| <o, m= 1,00, P e M , and the inequalities

E"{f | FY< fi, 0<k<m, m=10, PeM, (1)

are valid.
Further, for an adapted process £ we use both the denotation { fm,]-"m}::O
and the denotation {f, 1" .

Definition 2. A super-martingale {f,,F,}" relative to a set of equivalent

m
I

an adapted nonnegative increasing random process { gm,]-"m}::(), g,=0,

<o, m=1,0, and there exists

. . P
measures M is a local regular one, if sup E
PeM

sup E”|g,,| <0, m = 1,00, such that {/f+8u-F}._, isamartingale relative to
PeM

every measure from M.

The next elementary Theorem 1 will be very useful later.

Theorem 1. Let a super-martingale {f, ,F, }m: ,» Telative to a set of equivalent
measures M be such that sup E ’ | fm| <o, m=1,00. The necessary and sufficient

PeM

condition for it to be a local regular one is the existence of an adapted nonnegative

random process {g;,fm} ., sup E" |§31| <oo,m=1,00, such that

- PeM

Fos =E"{ £, | F  } =BT {80 | 7}, m=1,, PeM. (2)

Proof. The necessity. If {f,,7,}"

m=0

is a local regular super-martingale, then

there exist a martingale {]\71 m,fm} and a non-decreasing nonnegative ran-

dom process {g,,.%,} . g =0,such that

m

f;n:Mm_gm’ m:l,oo, (3)
From here, we obtain the equalities

EP {fm—l _fm |]:m—1}

_ 4
:EP{gm_gmfl|‘7:m71}:EP{§;(7)1|‘7:mfl}’ m=1,00, PeM, @

where we introduced the denotation g =g —g, ,>0. It is evident that

E"g) <supE’g, +supE’g, <.

PeM PeM
The sufficiency. Suppose that there exists an adapted nonnegative random
process g’ = {g,‘;}w 0’ g0 =0, E'g) <oo,m= 1,00, such that the equalities (2)

m=
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hold. Let us consider the random process {]VI o Fm }::0 , where
MOZ-]%’ Mm:fm+zgr?17 m:LT.O' (5)
i=1

It is evident that E” |A7m| <o and
EP{M,  ~M, | F, = E" {1 - B0 | i} =0, (6)

Theorem 1 is proved. O

Lemma 1. Any super-martingale { fm,]-"m}: relative to a family of meas-

-0 A
ures M for which there hold equalities E” f, = f,,m=1,0,P € M , is a martin-
gale with respect to this family of measures and the filtration F, ,m = 1,oo.

Proof. The proof of Lemma 1 see [12]. O

In the next Lemma, we present the formula for calculation of the conditional
expectation relative to another measure from M.

Lemma 2. On the measurable space {Q,F} with the filtration F, on it, let

M be a set of equivalent measures and let & be an integrable random value.

Then, the following formulas

EM{&| Y =E" {&p] | F,|, n=1, %
are valid, where
-1
of =L pr ) B 2L R pem. 8)
a|” |
Proof. The proof of Lemma 2 is evident. O

3. Local Regular Super-Martingales Relative to a Set of
Equivalent Measures Consistent with the Filtration

Definition 3. On a measurable space {Q,F} with a filtration F, on it, a

set of equivalent measures M we call consistent with the filtration F,, if for

every pair of measures (0,,0,)€ M’ the set of measures

E< {sz ‘ ]_-k }
Rf ( A) - IL
4]
do, -
belongs to the set M, where M’ s a direct product of the set M by itself.
Lemma 3. On the measurable space {Q, F } with the filtration F, on it

n

dQl,Ae}",kZSZn,n:O,_oo, 9)

the set of measures

M={Q,Q(A):fa(a))dP,Ae]-",Q(Q)zl} (10)

A

is a consistent one with the filtration F, , if P is a measure on {Q,F} and a
random value o(w) runs over all nonnegative random values, satistying the
condition P({a),a(a)) > 0}) =1.

d a, (o
Proof. Suppose that (Q,,0,) belongs to M. Then, 9 _ (@) and
o ()
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P[{a), jgz > O}J =1, since the equalities P({a),O <aq (a)) < oo}) =1,

1

P({a),O <a,(w)< oo}) =1 are true. It is evident that

£ {jQZ f}
RI(4)=] o do,
EQl {ZiQZ]_'k}
:J @ al(a))dP,Aef,kZSZn,nz(),_OO.
AEQ1 {dQZ |]_‘v}
dg,
It is easy to see that
E° {jQZ m}
P a),¢al(a))>0 =1, k>s, (12)
EQI {dQ2|f;}
dg, =
since
P[{a),EQ‘ {d&m}w}]:l, k>s, (13)
do,
P[{a),0<EQ‘ {d&ﬁ}<w}]=1, s>n, n=0,0m. (14)
dg,

The last equality follows from the equivalence of the measures Q,,0, and P.
Altogether, it means that the set of measures R, k>s>n,n= 0,0, belongs to
the set M. The same is true for the pair (0,,0,)e M?.Lemma 3 is proved. [

Theorem 2. On the measurable space {Q,F} with the filtration F, on it,
let the set of equivalent measures M be consistent with the filtration F, . Then,

for every nonnegative random value & such that sup E PE<w, the random
PeM

process { fn,};}:o:o Is a super-martingale relative to the set of measures M,
where f, =essquEP (E|F ) n=0,0.
Proof Let Qe M, then, due to Lemma 2, for every Pe M
dp
eI R =B —— 2| A . (15)

do

If to put instead of the measure P the measure R*,k>s>n, for the pair of

measures (Q,P) we obtain
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de
k d
BN (g1 =B e — 2|7,
¢ (16)
oo
e e {EAS
BN
do
where we took into account the equality
N
EQ{EL~E}=EQ-——E%———LE =1, k>s>n. (17)
¢ E° { | J—:}
do
From the formula (16), it follows the equality
esssup E” {&| F, ) =esssup E” (T | 7, ), (18)
PeM TeR,

where R, is a set of martingales 7 = {Tm}::0 relative to the measure Q such

-l
r-_ o J

do

esssup for the uncountable set of random values see [13]. It is evident that

that 7, =1,m<n, ,m>s>n,PeM . The definition of

T, T, .Letusconsider

EQ{esssupE”{fﬁ}|ﬁl}=EQ{esssupE”{5T|ﬁ}f,,l}

PeM TeR,

n

=E° {supEP{cfz |f}|fnl}=EQ {lim max 7 (6T, | 7,} | 7,..}

il k—o 1<i<k
~lim B {max E” (&7, | 7} | F,.,} = lim 7 {¢T,, | 7.} (19)
<esssup E? {(T | F, } <ess sup EC {ET | 7, }
TeR, TeR,
—esssup E {£ 1 7, ),
PeM
where
7, =1, (20)
o EN{ET RS EPETIRY,
T, = " i=2,k (21)
i, ET{ET | Ry <ET{ET| R,
Lemma 2 is proved. O

Theorem 3. On the measurable space {Q,F}, F = O'(V}—,j , let M be a set
i=1

of equivalent measures being consistent with the filtration F, . If there exists a

nonnegative random value & #1 suchthat E'é=1,Pe M , then
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E"{&| F,},PeM, is alocal regular martingale.
Proof. Due to Lemma 2, the random process {f,,7,}  , where

f, =esssupE" {&|F,}, n=0,0, is a super-martingale relative to the set of
PeM

measures M, that is,

E? esssupEP{§|.7-'n}|.7-',171}SesssupEP{§|.7{171}, OeM, n=0,0. (22)
PeM

PeM
From the inequality (22), it follows the inequality
ECesssup E” {&| F ) <1, n=0,0m. (23)
PeM

Since Eesssup E” {&|F,} > EYE?{£| F,} =1, we have
PeM -
ECesssupE" {E| F} =1, QeM, n=0,0. (24)

PeM

The inequalities (22) and the equalities (24) give the equalities

E° esssupEP{§|]-'n}|}'n_1}:esssupEp{§|}'n_l}, OeM, n=1,0, (25)
PeM

PeM

which are true with the probability 1. The last means that {/,,%,} is a mar-

o0
n=0

tingale relative to the set of measures A/, where f, =esssup £ F {(f | F, } ,n=0,00.
PeM
With the probability 1, limesssup E” {§ | .7:,,} = f.., where the random value
n—0 PeM

f., is Fmeasurable one. From the inequality (23) and Fatou Lemma [13] [14],

we obtain
E"f <1, PeM. (26)

Prove that f =¢& . Going to the limit in the inequality
esssup E” {&| F} 2 EN{&| F}, (27)
PeM

as n —> o, we obtain the inequality
f.2é (28)

From the inequality (26) and the inequality (28), we obtain the inequalities
1>E"f >E"¢=1. Or, E"f_ =1. The equalities E'f =1,E’£=1 and the
inequality (28) give the equality f, =¢& with the probability 1. Lemma 3 is
proved. O

Lemma 4. On the measurable space {Q,F} with the filtration F, on it, let

there exist k equivalent measures F,---,P,,k >1, and a nonnegative random
value & #1 be such that

EN& | F)=E" (& ). B =1 i=2k n=0m  (9)

Then, there exists the set of equivalent measures M consistent with the filtra-
tion F,, satistying the condition E'& =1,PeM .

Proof. Let us consider the set of equivalent measures A, satisfying the condi-
tion

ET{& | F)=EM & | FY, n=0,00, PeM. (30)
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Such a set of measures is a nonempty one. Suppose that Q,,0, € M , then

E4 (& | F Y =E% (& | F,}, n=0,0.

Let us prove that the formula

d
E2 £ 9

do,

E© {sz f}

E° {dQZ |£}

is valid. Let s> n . Then, from the equalities (31), we have

EME® (G| FY R = E2 G| 7}

Let k>s.Then,

E®{E® (&, | F}| 7}
= £9 [E® {E% (& | R} R} 7,

= E9

- E2

=E9

=E© 50 |

E%{& | R

EY{& | R

do,

EQ1 EQz {‘:ZO |f1;}

—2 5
£ {dQZ IE}
a0

EMG | Pl ———
EQI{

o[
do,
EQ1

EQI dQZ
do,

-]
| F,

EQI {dQZ

/)

do,
do,

— 9 5
E© {dQZ ﬁ}
a0,

| F,

n

49,
do,

do,
do,

f

n

|
40, |£}
a0,

| F,

n

)
dg,

n (e

(31)

| F,t=E4{& | F), n<s<k, n=0,m, (32)

This proves the formula (32). To finish the proof of Lemma 4, it needs to

prove that the set of measures

R (4)= 2

do,
belongs to the set M. Really,

E< {dQZ

)
7|

i po {dQZ

dQ,, AeF, kzszn, n:O,_OO,

(33)
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d_R k
dg,

Sol————~
o {dR IE}
dg,

do,

sz ‘
do,

=EX{& | F,},

| F,

n

E® {&£)| T} = E9

= E9 é

n

} |7, (34
()

where we took into account the equality

d
dR* £ {d%'f}
E9 {dé }:Eg —— 2| F =1 k>s>n (35)
Ql EQ{ng|f}

From this, it follows that the set of measures R € M . This proves the con-
sistence with the filtration of the set of measures M. Lemma 4 is proved. O

The next Lemma 5 is a key statement in the construction of the set of meas-
ures satisfying the conditions of Lemma 4.

On a probability space {Q,F,P}, let & be a random value, satisfying the
conditions

0<P({w.&>0})<1, 0<P({w,&<0}). (36)

Denote QF :{w,é(m)>0},§2‘ = {a),g(a))s 0} and let F~,F" be the re-
strictions of the o-algebra F on the sets QO and Q', correspondingly.
Suppose that P~ and P’ are the contractions of the measure P on the
o-algebras F,F", correspondingly. Consider the measurable space with
measure {Q' xQ L F xF", ,u}, which is a direct product of the measurable
spaces with measures {Q’,}"‘,P'} and {Q*,}'",P+}, where pu=P xP".

Introduce the denotations

O
S IR

Then, &(w)=¢"(0)-¢ (o).
On the measurable space {Q‘ xQY F " xF " P x P*} , we assume that the set

of nonnegative measurable functions «(®,,®, ), satisfying the conditions

y({(a)l,c%) eQ xQ", a(w,0,)> O}) = P(Q*)P(Q’), (39)
(@)¢" (@)
al(w, —d,u W,,@0,) <0, (40)
ety oy i)
_[ J.a o, 0,)du(o,0,)=1, (41)
Q Qf
DOI: 10.4236/apm.2019.96029 575 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.96029

N. S. Gonchar

is a nonempty set. Such assumptions are true for the nonempty set of bounded
random values «(@,,®,), for example, if the random value & is an integrable
one relative to the measure 2.

Lemma 5. On the probability space {Q,F,P}, let a random value & satisty
the conditions (36) and let a measure Q be equivalent to the measure P and such
that E°E =0. Then, for the measure Q the following representation

Q(A) = j_ .[XA (a’l)a(a’pa’z)%dy(a)ﬁwz)

. alo.o) S @)
Hu@e@e)=ms5rms

(42)
du(w,0,), AeF,

is valid for those random value « (a), , 0, ) that satisty the conditions (39)-(41).
Every measure Q, given by the formula (42), with the random value
a (a)1 , 0, ) , satisfying the conditions (39)-(41) is equivalent to the measure P and

is such that E°E =0 . For the measure Q, the canonical representation

2= neda(oe) gy o oy o) "
¢ (‘01)
+ Zilo)o(o,0,)—————F—du(o,0,), AeF,
QIQI (@)a ( )5 ()42 (@) (0, ,)
is valid, where
0!1(601,502)=W1 (0)1)‘//2 (wz)[i(a)l)-i'f (602):" (a)l,a)z)eQ’xQﬂ (44)
v (@)= Ia(wl,wz)L%)dP(a)z), @ e, (45)
o & (0)+¢ ()
v, (o) = Ia(w],wz)&dP(a)]), w, €', (46)
o & (0)+¢ ()
d= J.ff (@)y(o)dP(@) = _[‘? (@), (@,)dP(a,). (47)
Proof. From the Lemma 5 conditions,
Q(A)zj(//(&))dP, P({a),t//(a))>0}):1, (48)
fl//(a))é(a))dP(a)):O. (49)
o
The condition (49) means
J.l/lz (0,)¢ (0,)dP(@,) = J‘l//l(a)l)ﬁ‘ (o,)dP(w)=d >0, (50)
where
v (w), weq,
W'(m)_{o, weQ’, (51)
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Let us put
a(a)]’a)z): v (601)‘//2 (wz)[é_ (601)"'5 (Wz)], (a)”a)2) cQ xQ'. (53)

d

Then, for such & (@, ®,) the equality (39) is true. Moreover,

& (@)& (@)

gjxia(wpwz)f(w1)+§+(wz)dﬂ(w““’2)=d2<°°s (54)
J Ja(on0)du(0,0.)= [y ()08 (@)+ [1: (0:)P(0) <1 (59
%=\ |a(w,m,)é(o & oo
om0y
+| |a(o,0,)é (@ & o .. =
é':gi ( 12 2)5( 2)57(0)1)_‘_?(0)2)(1,“( 1> 2) 0,

since £(@)=—¢ (@), 0 e, ¢(w,)=¢"(0,), 0, €Q".

Let us prove the last statement of Lemma 5. Suppose that the representation
(42) for the measure Q, satisfying the conditions (39)-(41), is valid. Taking into
account the denotations (45)-(47), we obtain

Q(A) = J.;(A (a’l)Wl (a’l)dp(a)l)+ J.;(A (a’z)Wz (a)z)dP(a)z), (57)

on oF

0=E%= [5(”1)‘/’1(“’1)(1[)(0)1)*' J;Sg(wz)l//z (wz)dp(wz)

(58)
== ,[5 (@)w, (@)dP(e;)+ J.‘:ﬁ (@)y, (,)dP(o,).
a Q*
If to introduce the denotation
w(0), weq,
then we obtain the representation
0(4) = [y (0)dP (), (60)

A
where P(y,(w)>0)= P(Q’), P(y,(w)>0)= P(Q*) .

The last formula proves the equivalence of the measures Q and 2. At last, to
prove the canonical representation (43) it is sufficient to substitute the expres-
sion (44) for ¢, (a), ,a)Q) into the expression (43) for Q(A) . We obtain the ex-
pression (57) for Q(A). Then, if to substitute the expressions (45), (46) for
v, (@),v,(®,) into the expression (57) for Q(4), we obtain that the canoni-
cal representation for Q(4) is true. This proves Lemma 5. O

For further investigations, the next Theorem 4 is very important [5].

Theorem 4. The necessary and sufficient conditions of the local regularity of
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the nonnegative super-martingale {f,,F,}  relative to a set of equivalent
measures M are the existence of F, -measurable random values

&% e 4, m=1,00, such that

ngrg, EP{§2|]{”71}:1, PeM, m=1,m. (61)

m-1
Proof. The necessity. Without loss of generality, we assume that f, >a fora
certain real number « > 0. Really, if it is not so, then we can come to the con-
sideration of the super-martingale {f, +a,7,}  .Thus let {f, 7 |  bea
nonnegative local regular super-martingale. Then, there exists a nonnegative

adapted random process {g,} . g, =0,such that supE Pg <o,

PeM
Sor =B | B} =7 | B} PEM, m=1,c (62)
+ —_—
Let us put & =f'”f—g'”,m=1,oo. Then, &£ € 4, and from the equalities
m-1

(62) we obtain E” {5,2 | fm_l} =1,PeM,m=1,00.Itis evident that the inequali-
ties (61) are valid.

The sufficiency. Suppose that the conditions of Theorem 4 are valid. Then,
S < Lo Lo (52 —1). Introduce the denotation g, =—f, +f, & . Then,
g, >0, supE’g, <supE"f +supE"f,  <oo,m=100. The last equality and

PeM PeM PeM

the inequalities give
fo=lo+ 2 (8 -1)-2g, m=1. (63)
i=1 i=1

Let us consider the random process {M,,, 7, }"_, where

M, = fy+3 £, (&~1). Then, E"{M,|F, }=M, . PeM,m=15. Theo-
im1

m—12

rem 4 is proved. O

4. Construction of the Regular Set of Measures

In the next two Lemmas, we investigate the closure of a convex set of equivalent
measures presented in Lemma 5 by the formula (42). First, we consider the
countable case.

Suppose that 2, contains the countable set of elementary events and let F
be a o-algebra of all subsets of the set Q, . Let P, be a measure on the
o-algebra F, . We assume that P (@,)=p, >0,i —1,00. On the probability
space {Q, 7, B}, let us consider a nonnegative random value &, satisfying

the conditions
0<P,({a)e§21,771 (o) <0})< 1, 0< Pl({a)te,nl (a))>0}),
E" |7, ()| < e, (64)

where we introduced the denotation 7, (@)=¢ (@)—1. On the measurable
space {Q, 7}, let us consider the set of measures A, , which are equivalent to

the measure A and are given by the formula
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o)=Y ¥ zi(@)a(@n)— "% po)R(o)

| eﬂfa)zeﬂfr 771( (a;l )+ 771 (a)Z ) (65)
A\
+ xi\0)a(w,0,)———FFh(o)F(o,), AeF,
wlé:);wz%)r A( 2) ( 1 2)771 (w1)+771 (wz) 1( 1) 1( 2) 1

where 7 (@)=n(0)-n (), Q ={w.n(0)>0}, Q ={on(w)<0}.
Introduce the denotations F"=Q ' NF, F =Q; NF. Let B be a con-
traction of the measure B on the o-algebra F~ andlet B" be a contraction
of the measure P, on the o-algebra F". On the probability space

{Qf xQ R xF" B ><Pl*} , the set of random value a(w,®,) satisfies the

conditions

P xP' ({(a)],a)z) eQ xQ/,a(w,0,)> O}):PI(QT)P](QI), (66)

;} % (a)l’a)z) (1)})1(502):1- (68)

On the probability space {Ql‘ xQ R xR B x R*} , all the bounded strict-
ly positive random values a(@,®,) the above conditions satisfy. Introduce

into the set of all measures on {Q, %} the metrics
p(0.0,) ZlQl (a)- (69)

Lemma 6. The closure of the set of measures M, in metrics(69) contains the

set of measures

Van,wz(A) ZA( )

' (o) n (@)
— () = (70)
(o) +n (o) n (o)+n (@)
for 0, €Q, w,€Q, AeF . For every bounded random value f (o), the
closure of the set of points E°f,Q e M, , in metrics p X y |x y| x,yeR',
contains the points E' f,(w,w,) e Q; xQ .
Proof Let us choose the set of equivalent measures (Q° defined by

a’(w,,),0 <& <1, and given by the law:

el 0 0 l-¢ 0 - 0 +
5 =T N 7 o\ Q > Q 5
a (a)1 a)z) E(a)]o)lﬂ'(a)f) o €, &) e
a’ (o, 0,)=cay (0, 0,),
R 1
@ (a)l’a)z) Z ZP(COI) ( ), (a)l,a)z)i(a)lo,a)g),
o %0 0+0)

w e€Q, Q.
It is evident that a” (@;,@,)> 0,(@;,®,) € Q; xQf, for every 1>¢>0, and

satisfy the equality
> af(w,0,)P(0)B(w,)=1. (71)

(or.02)20 <02f
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Then,

e L

0" (t)- zas(wl,wg)%mwl)e(wf). 7

o0y ul (0-’1)"‘771+ ,

0" (af)=(1-¢) o )

() +n (o)) .
s ' (@,)
i O T ey TR )
7 (@)
Qs 0 — 1_
o) =( 8)’71_(“’10)“7?(@3) (75)
+8w169§¢w9ao (wl’wz)m(a)l)+nl*(a)°)ﬁ(wl)Pl(a)2)'
If o ¢6010,a)2 ¢a)3,then
Qg(a)l):«? Z(Z;(a)l,a)z)%ﬁ(a)l)g(wz), (76)
m (@) v (@)

0° (a)z):g[%iag (a)l,a)z)%E(a)l)E(a)z). (77)

The distance between the measures Q° and Voo o8 is given by the formula
p(Q‘g Vo )
C (o
=e+e ) ag(a)]o,a)z)MP](wf)E(a)z)

a)zeﬂf,(uziwg ’71_ (wlo)+771+ (wZ)
+& Z o, (a)l,a)2 )L (a)g) (78)
[ole(lf,wl;ta)lo m (a)l +771 ((0 )
+& Z Z o, (0)1,0)2)#})1 (a)l)Pl(a)Z)
a)leﬂl_,a)l¢wlowzeﬂf' 771 ( )+77 ( )

té Z Zag(a)l,a)z) - ’7—;(0)12

wzeﬂf,(uptwga)lﬁﬂf 771 (wl)+771 (wZ)

Since

> o (a)lo,a)z)%ﬁ (a)lo)Pl(a)Z)

<0l 020} m () +n (@)
+M€9§a¢an°ao (wl’a)Z)Uf(wl)-i-’]; (COS)PI(QI)PI(CUZ)SL

S Y a2 p(w)p(e)sL

0 +
2 Q) 0 20] 0y €Qf U (‘01 )"'771 (0)2)
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S Sai(me)—po)R(w)<t

wzeﬂr,wzéwg@eﬂf ’7; (6()1)_*_771Jr (a)2)

we obtain
&
<
p(Q »Vw]o,wg ) <de.

Let us prove the second part of Lemma 6. It is evident that the inequality

EC f—E fl<ag sup|f(a))| (79)
el
is true. Due to arbitrariness of the small ¢, Lemma 6 is proved. O

Definition 4. Let {Q,,F} be a measurable space. The decomposition

A, >k =100, of the space Q, we call exhaustive one if the following condi-

tions are valid-

1) An,k € fl"An,k ﬂA

n,s

=@, k=s,JA4,, =Q,n=1Luw;
k=1

2) the (n + 1) -th decomposition is a sub-decomposition of the n-th one, that
is, foreveryj, 4, ,

3) the minimal o-algebra containing all A, ,,n,k = l,_oo , coincides with F, .

c A4,, foracertain k= k(j);

The next Remark 1 is important for the construction of the filtration having
the exhaustive decomposition.
Remark 1. Suppose that the measurable spaces {Q,,F} and {Q,,F,}

have the exhaustive decompositions A,]Lk, nk=1,00 and A> ,m,s=10, re-

spectively, then the measurable space {Q, xQ,,F,xF,} also have the exhaus-
tive decomposition B, >, n=10,k,s=1,0 s
B, =4, x A k,s=100,n=10. Really,

n,s

) Ay x4l e FixFy, Ay < Ar N4, <Ay, =@, (ks)#(6r),

n,s
UBn,ks = Ql XQZ’ n :LT'O)
k,s=1
2) the (n + 1) -th decomposition is a sub-decomposition of the n-th one, that

is, for every k,s B, . <B

n,ij

for a certain i= i(k),j :j(s);

3) the minimal o-algebra containing all B, ,n,k,s =1,_oo , coincides with
F xF,.

In the next Lemma we give the sufficient condition of the existence of exhaus-
tive decomposition.

Lemma 7. Let {Ql,]-; } be a measurable space with a complete separable
metric space Q, and Borel o-algebra F, on it. Then {Q,,F} has an ex-
haustive decomposition.

Proof If {a), @ ,} is a countable dense set in ), then we denote

n

B(w,.c,)={weQ, p(o,0,)<e,}, n,m=1,00, (80)
the countable set of open balls as &, runs all positive rational numbers, where
plo, o), o,0,eQ, isametricin Q. Prove that
F= G(B(a)n,gm),n,m = l,oo) , where o-(B(a)

s Ep )s 1M :l,_OO) is a minimal
o-algebra generated by the sets (80). For this purpose let us prove that for every

openset 4e€Q, the representation
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4= U B(o,.s,) (81)

n €Ny, myg EQIr
is true, where N, is a subset of positive integers, and Q! is a subset of positive
rational numbers. Let us denote {a)l",---,a)",---} =A@, ,®,,--} . Suppose

n

that w, € A, then d =inf ;  p(@,,®)>0, where 4 isa closure of the set A.

Let the point ;! belong to the ball C(wo,%j = {a) eQ,p(w,,0)< %} and

let us consider the ball

C[a)ko,%+p(a)o,a),f:J )j:{a)te,p(a)ko,a))<%+p(a)0,a)k”;)}. The point @,

belongs to this ball and for every weC (a)ko ,%+ ,o(a)O , a);l )j the inequality

p(a)o,a))Sp(a)O,a),f;)+p(w,f],a))<%+2p(a)o,a),i)<% (82)

is true. Therefore C(a)ko ,%+p(a)0,a);(’] )) c C(a)o,%j. Let the rational num-

ber & = satisfies the inequalities
d 3d
§+2p(a)0,a),i)<£k0 <3 (83)
then C(w; Cf @, L], since C(@.z,)
en (a)ko 2 &y ) < Cl @, |, since for every we Clay. &, ),

p(a)o,a))Sp(a)o,a)ko)+,o(a)k0,a))<%+gk0 <%. So, for @, € A we found

o, €, 0

0 no

-} and the rational number &, such that

w, € C(a),f L& )c C[a)o,ij c A. The last prove the needed statement. To
0 0 2

complete the proof of Lemma 7 let us construct the exhaustive decomposition.
Let us renumber the sets B(w,,¢, ) puttingby D, = B(w,,,),

no

D, =B(®,,s,), D,=B(w,¢), and so on. We put that {4, }" consists of

two sets D, and D, =Q\D,.If the set {4, }  is constructed, then the set

Ank ﬂ5n+l N

k=1
{4, }::1 we construct from the various set of the kind 4, ND,,,,

By construction the minimal o-algebra

G{Ank,n,k = l,foo} = G{B(a)n,gm ),n,m = I,TOO} . Taking into account the previous

part of the proof we have O'{Ank Nk = 1,700} =F, . Lemma 7 is proved. O
Lemma 8. Let a measurable space {Q,F} have an exhaustive decomposition

and let ¢ be an integrable random value relative to the measure P, satistying

the conditions (36). Then, the closure of the set of measure Q, given by the for-

mula (42), relative to the pointwise convergence of measures contains the set of

measures
§ (@)
Voo (4) = 24(0)———F—
@0 4\ Dy ¢ (wl)+§ (wz) (84)
+7(A(a)2) - éi(a)l} , AeF, (w],w2)697XQ+,
f (wl )+ 5 (a)z )
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for those (w,w,)eQ xQ" which have the full measure =P xP" For
every integrable finite valued random value f(®) relative to all measures Q,

, X,X, €R', of the set of real num-

the closure in metrics p(x,,x,)=|x, —x,

bers

EQf:(_!(if(wl)a(wl’wz)#i;)(wz)du(a)“%)

. Nalwo) s (@)
R Py v

(85)

when o(w,®,) runs over all random values satistying the conditions (39),

(41), contains the set of numbers

+f(@,)—= £ (@)

_cl@) _ ) (hm)eq <. (86)
O G T A TS R

Proof. On a probability space {Q,]—" ,P}, let £ be an integrable random
value, satisfying the conditions (36). As before, let QF :{a),f(a))>0},
Q :{a),é(w)go} and let F~,F" be the restrictions of the o-algebra F
on the sets QO and QF, correspondingly. Suppose that P~ and P" are the
contractions of the measure P on the c-algebras F ,F", correspondingly.
Consider the probability space {Q’ xQ F xF P xP*} which is a direct
product of the probability spaces {Q',]—"",P'} and {Q+,.7-"+,P+}. Due to
Lemma 8 conditions and Remark 1, the measurable space {Q' xQ" F xF +}

has the exhaustive decomposition B, , , k,s = 1,_00, n=1,0. Denote F, the mi-

n,ks?

nimal o-algebra generated by decomposition Bn,,a,k,s=l,_00. It is evident

that F < F

n n+l*

Moreover, O'(Vf;,) =F xJF"'. On the probability space
n=l1

{Q‘ xQF xF" P x P*} , for every integrable finite valued random value
f(®,®,) the sequence E* {f(a)l,a)z) | .7-;} converges to f(w,®,) with
probability one, as 1 —> 00, since it is a regular martingale. It is evident that for
those B, forwhich u(B,,)#0

.[ f (o, 0,)du
Eﬂ{f(a)],wzﬂ};}:'g”'k“ﬂw, (o,0,)€B,,,. (87)
Denote D, = U B, -Itisevident that 1(D,)=0. For every

74,5, 11( By s )=0
(a), ,a)z) e Q" xQ"\D,, the formula (87) is well defined and is finite. Let D, be
the subset of the set Q™ xQ" \ D,, where the limit of the left hand side of the
formula (87) does not exist. Then, x(D,)=0. For every
(0,0,)e QY xQ"\(D,UD,), the right hand side of the formula (87) converges
to f(o,0,). For (@,0,)eQ xQ"\(D,UD,), denote 4, =4,(v,0,)

those set B,, for which (@,®,)eB,, fora certain k,s. Then, for every in-

n,ks

tegrable finite valued f (@, ®,)
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_[f(wl’wz)dﬂ

liglcnﬂTzf(a)],a)z). (88)

Let us consider the sequence
X4, (a)lsa’z) ZQ’xQ*\An (a)],a)z)

u(a) u(Q xQ\4,) )

ar (o, 0,)=(1-¢,)

where 0<¢, <1, lime, =0. Such a sequence a;" (@,w,) satisfies the condi-
tions (39)-(41) and

0 (4)= [ [2,(0)a (a.02)

+ ] [ul@)ar (@e) =05 s

A[XA (wl)f’(—+
u(4,)
Jru(o) ) San(on)

+(1—8n)A" ()

& () .o
S DI O Ry

,u(Q’xQ*\An)

5_(0’1) P
E (o) o) 1)
n(Q xQ\4,)

=(l1-¢,)

+&

n

(90)
I X4 (0)2 )

Q xQ"

+&

From the formula (90), we obtain

—?(%) + )
E o) e (m) 2 )

AeF, (0, 0,)eQ xQ" \(D,UD,).

& (@)

lim 07" (4) = 7, () & (0)+& (o) OD)

Further,
1 flo)= | [ o) () 5 2 sautone)
+QIQM“’2)“€ (@ “’”:(af)ia;*)wz) wlar.e;)
(1gn)A{f(“’%(af%gng)dﬂ(”l *)
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| f(a)f(“’z)()du(wl,wz)

Q xQ"\4, - w1)+§+ @,

(
u(Q xQ\4,)

+&,
£ (o) .
a)l

vt 5 @) ) )

+&
! u(Q xQ\4,)
From the formula (92), we obtain
lim E%" f (@)= f(a,) &' (@) +f(@,) & (a1)

praves & (@) +E (@) E(@)+E (o) (93)

(0,0,)eQ xQ"\(D,UD,).

Lemma 8 is proved. O

The next Theorem 5 is a consequence of Lemma 5.

Theorem 5. On the probability space {Q,F,P}, for the nonnegative random
value & #1 the set of measures M, on the measurable space {Q,F}, being

equivalent to the measure P, satisfies the condition
E%=1, Qe M,, (94)

ifand only ifas for Q€ M, the representation

(£-1) (@)

=l S ey
+] [2i(@)a(o,0,) (£71) (=) du(w.0,), AeF,

Qo (5_1)7 (a)l)+(§_1)+ (a)z)
Is true, where on the measurable space {Q‘ xQNF xF*, P x P+} , the ran-

dom value oa(w,,w,) satisfies the conditions

#({(@,0)eQ xQ",a(w,0,)>0}) = P(Q") P(2), (96)

wlo oy D (@)= (@)
LR ey oy
U“ o, ,)du(o,0,)=1. (98)

We introduced above the following denotations: g#=P xP", P~ isa con-
traction of the measure P on the set Q™ = {a) e, £-1< 0} , P' is a contrac-
tion of the measure P on the set Q"' ={weQ,&-1>0}, F =Q NF,
Fr=Q'NF.

It is evident that the set of measure M, is a nonempty one, since it contains
those measures Q, for which the random value (@, ®,) is bounded, since
E?|&—1| <. The set of measure M, is consistent with the filtration {F,,F}
on the measurable space {Q,]—"} , where F = {@,Q} .

Theorem 6. On the probability space {Q,]—" ,P} with the filtration F, on it

the set of measures M, given by the formula (95), is consistent with the filtra-
tion F,, ifand onlyif, as E°{&|F,},0 € M, is a local regular martingale.

DOI: 10.4236/apm.2019.96029

585 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.96029

N. S. Gonchar

Proof. The necessity. Let the set of measures M, be consistent with the fil-
tration. Then, due to Theorem 3, E°{&|F,},0 € M, is a local regular martin-
gale.

The sufficiency. Suppose that E° {5 | ]-',,},Q e M,, is a local regular martin-
gale. Let us prove that, if Q,, O, € M, then the set of measures

EQz {dQl | ]_‘k}
Rf (A) - IL
A EQZ {dQ1|f}

do, -
belongs to the set M. For this, it is to prove that EX (£-1)=0,0r EX E=1.
Really, if E4¢&=1,E%& =1, then

sz,Ae}",kZSZn,n:O,_oo, (99)

EQz{ggl j:k} 2&
ERfét:Eng . 2 = 2 FES {§|]:k} dQZ
EQz{Q1|].:} EQZ{QI|.7':}
do, do,
19 oo
= 2 FES EQz{é'].‘k} 2 |]:S
EQz{dQ1|]I;}
do,
=EQ2EQ1{EQZ{§|]—;}|};}=EQ2EQ‘{EQ‘{f\fk}\fs}
= E2 E9 {§|]:S}:EQ2EQ2{é:|]:s}:EQzé::1_
Theorem 6 is proved. O

Theorem 7. On the probability space {Q,F,P} with the filtration F, on it,
the set of measures M, given by the formula (95), is consistent with the filtra-
tion F,, if and only if there exists not depending on (w,®,)eQ xQ" the

n

random process {mn ,F }:;0 such that

E™ &\ FY=m,, n=1wm, (101)
for those (@,,@,)eQ xQ" that have the full measure p =P~ x P*, where
(5_1)+ (@)
(&-1) (@) +(&-1) (@)
+7.(,) (£=1) (@) AeF, (0,0,)eQ Q.

(5_1)_(a)1)+(§_1)+ (a’z)’

Proof. The necessity. Suppose that the set of measures M, given by the for-

le,(uz (A) = ZA (a)l)
(102)

mula (95), is consistent with the filtration F . Due to Theorem 6,
E° {cf \ .7-'"}, Q € M, is a local regular martingale. Then, E° {<§ | .7-'”} =m, . Using
Lemma 8, we obtain E™* {&|F }=m, for those (@,»,)eQ xQ" that
have the full measure 4 .

The sufficiency. If the formula (101) is true, then E°{&|F,}=m,, Qe M,.
From this, it follows that E¢{¢|F,},QeM,, is a local regular martingale.
Theorem 7 is proved. O
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Definition 5. On the probability space {Q, F, P} with the filtration F, on
it, the consistent with the filtration F, subset of the measures M of the set of
the measures M, generating by the nonnegative random value &#1,
E°E=1,0 € M,, we call the regular set of measures.

Let {Q,]—" ,P} be a probability space. On the measurable space {Q, F } with
the filtration F, onit,let M < M, be a set of regular measures, where the set
M, 1is generated by the nonnegative random value &=1. Denote by
{m,,F, }n , the regular martingale, where m, = E° {cf | .7-;},Q eM,n=1,0.
Assume that M, is a contraction of the set of regular measures A onto the
o-algebra F, . Every Q" e M, is equivalent to P, where P is a contraction

of the measure P on the oc-algebra F . For every Q" eM, , we have

E? [m, —m,_]=0. Therefore, for the measure Q" € M, the representation

n

o, an(a’vwz)[mn_m"*lr(%) du (o, o
Qn'x[Q;XA( )[mn—mn_l]_(a)l)+[m,,—m,,_1]+(a’2) e (103)
. . a,(o,w,)[m,-m, ]| (o) du (o,,), Ae F,
Q;l.QZZA( 2)[mn—mn_1]_(w1)+[mn m, 1]+(w2) /un( I 2) [
Q, ={w e [m,~m,,]()<0},
Q) ={w, eQ,[m,—m, (@) >0},

n

is true, where, on the measurable space {Q; xQr Fx n"} , the random value

a,(w,o,) satisfies the conditions

M, ({(a)l,a)2)eQ;xQ;,an (01, @,)> }):R'I(Q+)R1(Q_>’ (104)

Ija (@, @,) [m,—m, ] (@)[m,—m, ] (o)

8,9} [, =m, ] (@) +[m, =m, ] (@)

[
J. Ia (0, 0,)du, (o, 0,)=1. (106)

du, (@, @,) <o,  (105)

Here, the measure u, =P xP  is given on the measurable space
{Q; xQFxF, *} and it is a direct product of the measures P/ and P,
where the measure P’ is a contraction of the measure P, on the c-algebra
FT=Q'NF and P is a contraction of the measure P on the o-algebra
F-=Q, NF,.Itis evident that the regular set of measures M is a convex set of
measure.

Definition 6. On the probability space {Q, F, P} with the filtration F, on
it, denote by A, the set of all nonnegative integrable random values ¢ rela-

tive to the set of regular measures M, satistying the conditions:
EP¢ =1, PeM. (107)

Due to Theorem 3, {E IR} ,]-',,} _, isaregular martingale relative to the
set of measures M.
It is evident that the set 4, isa nonempty one, since it contains the random

value ¢ =1. The more interesting case is as 4, contains more than one ele-
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ment. So, further we consider the regular set of measure M with the set A4,
containing more than one element.

In the next Lemma 9, using Lemma 5, we construct a set of measures consis-
tent with the filtration. On the probability space {Q?,]—]O,RO} , let us consider a

nonnegative random value ¢, satisfying the conditions

0< B ({w e, m(e)<0}) <,
0< B ({w e, m(a)>0}), (108)

where we introduced the denotation 7, (@,)=¢ (@, )—1. Described in Lemma 5
the set of equivalent measures to the measure B’ and such that E®7, (w)=0,
we denote by M, . Let us construct the infinite direct product of the measurable
spaces {Q?,]—jo},izl,_oo, where Q) =Q, 7’ =F". Denote Q=]]Q]. On
i=1
the space Q, under the o-algebra # we understand the minimal o-algebra,
generated by the sets [[G,, G. € F,°, where in the last product only the finite set
i=1
of G, donotequal Q.On the measurable space {€Q,F}, under the filtration
F, we understand the minimal o-algebra generated by the sets []G,, G, € 7°,
i=l

where G, =Q) for i>n. We consider the probability space {Q,F, P}, where

P=[[P", B =FR,i=l0.
i=1
On the measurable space {Q,}" } , we introduce into consideration the set of
measures M, where Qbelongs to M, if O=]]0,, 0 € M,. We denote by M @

i=1
a subset of the set A of those measures Q= ﬁQ,.,Q,. € M, for which only the
i=1
finite set of O, does not coincide with the measure Q, € M, .

Lemma 9. On the measurable space {Q,F} with the filtration F, on it,
there exists consistent with the filtration F, the set of measures M, and the
nonnegative random variable &, such that E°E =1,0eM,, if the random
value &, satistying the conditions (108), is bounded.

Proof. To prove Lemma 9, we need to construct a nonnegative bounded ran-
dom value ¢, on the measurable space {Q, F } and a set of equivalent meas-
ures M, onit, such that E°& =1,Q € M,, and to prove that the set of meas-
ures M, is consistent with the filtration F, . From the Lemma 9 conditions,
the random value 7, (@ )=¢ (@ )—1 isalso bounded. Let us put

Sgo:H[1+af(a)1:""wi-1)77i(a)i):|’ (109)

_,) are F ,-measurable, i=1,00, they

1

where the random values a, (@, -

.,(ol
satisfy the conditions 0<a, (@, --,@,_,)<b, <1. The constants b, are such
o

that ) b <o, the random value 7,(

i=1

) is given on {Q?,]—;O,PI.O} and is

1
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distributed as 7, () on {Q?,}']O,P,O}. From this, it follows that the random

value ¢, is bounded by the constant [ [[1+Ch], where C>0 and it is such
that |, (,)|< C,i=1,0.1tis evident t};:alt E%E =1,0e M? . Really,
EQI:IDJrai(w1>"‘>wi—1)’7i(wi)]
=EQ‘7’Iﬁ[l+a,-(w],---,w,-_])77,-(601-)] (110)
-
xE@ [1+a, (o, 0.)n,(o,)],

where Q= HQ,» HQI’
|:1+(1 @y, 0, 1)771( "):I

0 (111)
:|i1+an71(a)17.“’ n I)E "77;1( n)]zl
From the last equality, we have
EQﬁ[1+ai(a)l,---,a)i_l)ni(a)l.)}:1. (112)
i=1

Since &) = limll[[l+al. (@@, )7, ()], from the equality (112) and the
n—»00 i=1

possibility to go to the limit under the mathematical expectation, we prove the
needed statement. Let us prove the existence of the set of measures A consis-
tent with the filtration F .If Qe M% , then

50 |'7: H[l+a @, ”’wz’—l)ﬂi(a)i)}’ QEMQO. (113)

Due to Lemma 4, there exists a set of measures M|, such that it is consistent
with the filtration and M, 2 M, E°£ =1,0e M,. The set M, is a linear
convex span of the set M . It means that the set of measures M, is consis-
tent with the filtration. Lemma 9 is proved. O

Remark 2 The boundedness of the random value &, 1is not essential. For the

applications, the case, as a,(@,-,w,_,)=0,i>n+1, is very important (see Sec-

tion 8). In this case, Lemma 9 Is true as the random value m, is an integrable
one. The random value &, is also integrable one relative to every measures
from the set M anditis F, -measurable one.

Below, we describe one class of evolutions of risk assets satisfying no arbitrage
condition [15]-[20] and give the complete description of the set of equivalent
martingale measures.

On the introduced measurable space {Q,]—' ,P} we consider the evolution of

the risk asset given by the law

Sn :Snfl (1+an (wl’.” n 1))77n( n) :l’ s (114)

where the random values ¢, (@, --,@,_,) are F,_, -measurable, i=1,N, they

i-1

satisfy the conditions 0<q, (@, -, 0,_)<1, n(@)=¢ (o )-1, the random
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value 7, (@) is given on {Q?,.EO,EO} and is distributed as 7,(®) on
{Q?, ]-'IO,EO} . The main aim is to describe the set of martingale measures for the
evolution of risk asset given by the formula (114). This problem we solve in
Theorem 8.

Below, we describe completely the regular set of measures in the case as

N _
&=T1[1+a(o. 0. )n(o)].N<o, 0<a(o,0,)<li=1N, and
i1

the random value & is an integrable one relative to the measure B’. For this
purpose, we introduce the denotations: Q; = {a)l eQl,n (o)< 0} ,
QF :{cu1 le’,ryl(a;l)>0}, B~ is a contraction of the measure B’ on the
o-algebra F~, B’ isa contraction of the measure B’ on the o-algebra F~,
F =0 NAR, =0 NF.

Denote U, =Q; xQ and introduce the measure g =F xF" on the
o-algebra G, = F;” x F". Let us introduce the measurable space {V, L, u},
where V= lﬂ[Ul. U, =U,,i= 1, N, is a direct product of the spaces

i=1

N
U =Q;xQ;, Q7 =0, Q' =0, L=]]G is a direct product of the

i=1

J— N
o-algebras G, =G,,i=1,N . At last, let g =[] be a direct product of the

i=l1

- N
. 2 1 2
measures 4 =pu,i=1,N,andlet v, = | val mz,v:{(wll,a)l ),"-,(wN,a)N)} s
=1
be a direct product of the measures Vi, i =1, N, which is a countable additive
i Wi

7 (@)

@) ()

function on the c-algebra F,, for every v eV, where

7 () )
n (ol)+n/ (a)f)+l““ ()
for 0 e, 0’ e, 4 eF".

In the next Theorem 8, we assume that the random value 7, (@) is an in-

Voo (4)=2, () (115)

tegrable one.
Theorem 8. On the measurable space {Q,F| with the filtration F, on it,
every measure Q of the regular set of measures M for the random value

N
&=111+a(o. 0. ) (o). N<wo, 0<a (a0, )<Li=1,N, has
i=l1

the representation
0(4) = [a(v)v, (4)du(v), (116)
V
where the random value « (v) satisfies the conditions
N
u({vev.a(v)>of) =R (2)R(ar)] . (117)
vy 1 (0 )\n! (&?
] a(v)HMdu(v) <on, (118)
v (@) v (o)
Ia(v)d,u(v) =1. (119)
v
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Proof. To prove Theorem, it needs to prove that the countable additive meas-
ure v,(4) at every fixed ve) is a measurable map from the measurable
space {V,L} into the measurable space {[0,1],3([0,1])} for every fixed

N
AeF, . For A=[]4,4, e€F’, v,(4) is a measurable map from the mea-
i=1

i

surable space {V,L} into the measurable space {[0,1],3([0,1])}. The family of

N
sets of the kind | JE,, E, =[]4.. 4. e F’, where E, NE; =0, the set is an
s=1

iel

arbitrary finite set, forms the algebra of the sets that we denote by U, . From the

countable additivity of v,(4), vv(UE,j:Zvv (E;) is a measurable map
iel iel

from the measurable space {V,E} into the measurable space {[0,1],8([0,1])} .
Let T'be a class of the sets from the minimal o-algebra X generated by U, for

every subset £ of that v, (E) is a measurable map from the measurable space

{V,£} into the measurable space {[O,l],B([O,l])}. Let us prove that 7'is a

monotonic class. Suppose that E, c E, ,,i= 1,00, E €T .Then,

v,(E,)<v,(E,,). From this, it follows that limv,(E,) is a measurable map
from the measurable space {V,L} into the measurable space {[0,1],3([0,1])} .
But, v,(E, \E)=v,(E, )-v,(E,) is a measurable map from {V,L} into

i+l i i

{[0,1],3([0,1])}. From this equality, it follows that the set £, \E, belongs to

i+l

the class 7. Since OE,. =E U[E,, \E,], we have
i1 i=1

limv, (E,)=v, (E)+limYv, (E, \E)

n—o n—0

=V, (El)+ivv (E.,\E) (120)

The equalities (120) mean that UE[ belongs to 7, since v, (UE,] is a

i=1 i=l
measurable map of {V,L} into {[0,1],3([0,1])} . Suppose that
ESE

i+l

E eT,i=1,00. Then, this case is reduced to the previous one by the

— N e —
note that the sequence E, :HQ?\El.,izl,oo is monotonically increasing.
i=1

From this, it follows that E = CJEI €T . Therefore, rw]El. :ﬁQ? \DEI eTl.
i=1 i=l1 i=1 i=l1

Thus, T'is a monotone class. But, U, T . Hence, T contains the minimal mo-
notone class generated by the algebra U, , that is, m(U,)=%, therefore,
> cT. Thus, v‘,(E) is a measurable map of {V,E} into {[0,1],3([0,1])}
for AeX. The fact that the random value «(v) satisfies the conditions
(117)-(119) means that Q, given by the formula (116), is a countable additive
function of sets and E?&, <o0. Moreover, E°&) =1.1tis evident that
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n

EC{& | T} :H[1+al, (o, 0.7, (a),)}, QeM . Due to Lemma 4, this
i=1
proves that the set A is a regular set of measure. Theorem 8 is proved. O
Remark 3. The representation (116) for the regular set of measures M means
that M is a convex set of equivalent measures. Since the random value a(v)
runs all bounded random values, satisfying the conditions (117 - 119), it is easy

to show that the set of measures Vv, (A), veV,Ae F,, is the set of extreme

points for the set M.
Let us introduce the denotations

m, (@) =T1[1+a (@, )0 (@), 1<n<N<w,  (121)

i=1

(0} = (oo} {0) =0l 0}, i=12, Q, =][Q0 n=1N,

i=1

(122)
=Q, x{a)n eQ.n,(o,)> 0} xQ .

N
Note that the o-algebra F, is generated by sets of the kind G =] [G,, where

n
i=1

GeF'i= Ln, G =Q],i=n+1,N.Denote P, =]]P" the contraction of the
i=1

N
measure P, =[]P’ onto the c-algebra F,. Further we use the denotations
i=1
P~ and P° which are the contractions the measure P, onto the o-algebras
F NQ, and F,NQ;, correspondingly. If the measure Q belongs to the set of
martingale measures (116), then E¢{m, |, }=m,  , or E?[m,—m, ]=0.

From this, for the measure Q the representation
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ZA] ({w}')a({w}‘;{w} )[ =] ({))
<0} m,,] ( ) ]+({a)}2)

0(4)= d| Py x Py |

(123)
74 { }) ({w}"{w} )i, —m 1] (o) -
+Q;_L; | ({a)}l)+ T +( ) d[PN XPN], A4 eF,
is true if the random value a( a) l, a) 2)>0 satisfies the condition
(a)l,a)z)dP <P} | (124)

Q, xQ

Since for the set 4 the representation 4, = Ax HQ? , is true, where

i=n+l

AeF, =]]#’, then for the contraction Q, of the measure Q onto the

i=1

o-algebra F, the representation

X4 ({ }l)ai({a)}ln;{w}n)[ —m, 1]*({a)} )
o - 5 d x P*
(A) Q”.[ m_ ( o ) m_ 1]+ ({a)}") [P P :I
zllo >“< “’n)m—mnul(w‘)d[p B deF.

0, <0, [m —-m, ]7 ({a)} )+[mn m_ 1]+ ({ }2) n 2t n

is true, where we introduced the denotations P~ and P’ which are the con-

tractions of the measure P, onto the c-algebras F, NQ, and F,NQ, cor-

respondingly,

QN *QN-p
N
P, =TI P ja(a)} o )d[B xP ]=1. (126)
i=n+1 Q ><Q
Intheset Q xQ' let us introduce the transformation
7, (o}, o)) = (7 ({o), )72 (o))

1 _

T ({e}, )= {{e}, 0}, T2 ({e}))={{el, .el}, n=1N.  a27)

By the definition we put that for n =1 the transformation 7, is identical

one. Introduce the denotations

[m, —m,.]'({o},)

vi({e) o) )= (o) (128)
5 L2 [mn _mn—l]i({w}i)
vi({o}, e}, )= @ oT) (129)

o, ({a}}L ,{w}i ) =[m,-m, | ({w}i)+[mn -m, ]+ ({a)}j ), (130)
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?, ({w}ly, ,{a)}i ) =9, ({G)}L ,{a)}i ) + (Tn ({a)}L ,{a)}j )) (131)

Theorem 9. Let Q) be a complete separable metric space and F,’ be a Bo-

rel o-algebra on it. If the condition
[ 7 ({@},)dP, <<, (132)
Q,

is true for F, -measurable nonnegative random value f ({a)}n ) , then the clo-
sure of the set of points E% f ({w},).Q, € M,, in metrics p(x,y)=|x-y| on

the real line contains the set of points

(e}, Jvi (o}, {e))+ £ (o) )vi (e} e} )
£ (1 (o} )i (5. (1), () (133)
(72 ({o)2))v2 (1. (e}, {0k ), n=1N

LN.
Proof Let us find the conditions for the measurable functions

a) ({w}i ,{w}j) under which E% {mn | .77"”71} =m,_, . Introduce the denotation

(it g2 (el oF)
({0} (o)) = o . (139)
ot T o)t (o)

Let the set Bbelongsto 7, _,, then

£% ({0}, . )[m, -1 ) (0},

)
x[m, —mn_l]+ ({a)}i)d[f;’xﬁnﬂ (135)

If to take into account the relations

[, =m,a)(eh,) =mea (e}, )a ({0}, ), (@),
[, =m T ({0, )= mes (0], ) )a, (10, ) (@,).
[ =m] (), )= ma({e), ) )a, (0], )m (@), (36)

and introduce the denotations

6({e}, {}})

(137)
(o (10l s, (01 (0 a2 (10l st
6, ({e}, {0} .
=M, ({a)}L—l )an ({a)}l:—l )X M, ({a)}j—l )an ({a)}j—l )0!3 ({a)}l: ’{a)}i )’

we obtain
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E gy ({0}, ), = m,

== [ mlloh. ) (o) (@) ) (o0 (@})a[ B < E]
+ [ z{oh.)ex (o stof i (o) (o)a[ 2 <]

= [ dR(@)xr(})]n (@) ()
oot oo

< ] m(lel ) a(lohstel)-a (o] elitel, o) | a9

1%

3
|
B

x d[ezljl({w}i-l)x PrH ({w}i—l )}

It is evident that the expression (139) equals zero for every Be F, , if and

only if as
6 ({e}, :{o};) -6 ({0}, , 0ol ,.02)=0. (140)
The last equality (140) is valid if the equality
@ ({0}, 0], .} )=a) ({0}, e}, .0) (141)
is true.
Now if for ({a)}il ,{a)}i ) >0 satisfying the condition
) -[, o ({w}i;{w}i)d[é‘x}_’"qzl (142)
to put
o alfeh el @ (n (o] ol )
a, ({w}n a{w}n)— ” ({W}L ?{w}i) (143)
then
0.(4)= [ x ({e}, )ar ({0}, e} )im, —m,. ] (e} )a[ B < B ]
070 2 1 2 ) 1 ) (144)
o [ zi(loh)a(to), o), )im, —m,. T (1o}, )a[ B <P

is a probability measure on the o-algebra F .
Taking into account the denotation (134) and the formula (143) we obtain
that the measure

[m,, _m,,fl]+ ({w}i)d[}_)"_ X§n+]

0.(4)= | z(le})e(io) o))

o, (o}, (),
- ] ({0} "
. e (1ol o)} ) N g B
Q;;[Q;ZA ({a)}n)a ({a)}n {a)}n) (0,l, ({0)}1,,{50}2) |: X :|
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is a probability measure on the c-algebra F, , where

a, ({0}, {0} )= a2 ({0}, o}, ) (o}, (), ) (146)

a,ll({co};;{co}j)d[}_’n’x}_’n*]:l, (147)

o) ({a)}i;{a)}j)d[}_’n’x}_ﬁ]:l. (148)

So, we described the contraction of the martingale measure Q on the o-algebra
F, for which E® {m, |F,_,}=m,, . It has the representation (145) with the
strictly positive random values «, ({w}i ,{w}i), o’ ({a)}i ,{a)}i) satisfying
conditions (147), (148).

Since Q) is a separable metric space, then it has an exhaustive decomposi-
tion. This is true for Q, which is also separable metric space for every
n=2,N. On the probability space {ﬁ; xQF L FoxF P x 1_’;} , for every

integrable finite valued random value f ({w}i ,{a)}i) the sequence

P {f({“)}L ’{a)}j ) | ]T'm} converges to f({a)}i ,{a)}z) with probability one,

as m — o, since it is a regular martingale. It is evident that for those B, , for
Wthh /'_ln (Bm,ks ) * 0’ /'_tn = I_)n_ X]_)n+ 4

{1 ({o}, {o}) 1 %]
j f( o} {0} )dz, (149)

Denote D, = U B, It is evident that 1, (D,)=0. For every

mke,s, 1 By g )=0

({w}i ,{a)}i)e Q, xQ!\D,, the formula (149) is well defined and is finite. Let
D, be the subset of the set Q, xQ'\ D, , where the limit of the left hand side
of the formula (149) does not exists. Then, 1, ( ) 0. For every

({w}i,{ }n) eQ, xQ\(D,UD,), the right hand side of the formula (149)
converges to f({a)}i ,{w}i) For ({w}i o } )e Q, xQ'\ \(D,UD,), denote
A, =4, ({a)}]n ,{a)}z) those set B, for which ({a)}n ;{ }i)e B, for a
certain k,s . Then, for every integrable finite valued f ({a)}il ,{a)}i)

[1({eh, ol )z
fim s = /({e},s{a}). (150)

Choose the sequence
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La, ({w}i’{w}i)ﬁ Yot ({w}i{a)}i) (151)
1, (4,) "E (0 x04,)

=(1-¢,)

where 0<¢, <1, limg, =0. Then the sequence a,*" ({a)}i ,{a)}i) satisfy the

m—>o0

condition (148). Let us consider the sequence

(152)

Ao\, ({")}L ’{w}i)}

£,(Q, %2\ 4,)

o ({1t )) |

u, (f_l; x Q! \Am)

m

Then the contraction of the sequence of martingale measures Q; generated

by sequence (152) on the o-algebra F, is given by the formula
= [ [/ (10}, o ({}, o} )Im, -m.. ] ({0}, ) oz,

0,9,

<[ [r(tof)ar= (o) :toh ) im -m,.] (1o}, )

-5t
n

£,(4,)
[/ (1} )v2 (o}, o} )z,
+(1—5m)A”’ —
1, (4,)
[ r(tef )i (le} (o )i,
te Q, x4
m /un (QZXQZ\AM)
| r{{ef ) (o) {of ),
n Q, xQi\4,,
’ E, (@ %@\ 4,)
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Hi-a) = 7 (4,)
]z (T (toh s ())) () )2 (10 o)) o
#(1-6)== i(4,)
I (s Vo s P
+e, = 7, (0, <0\ 4,)
o (T ({0, 108)) 1 ({012 ({0 (0] )am,
+e, = 7, (0, <0\ 4,)

Due to the invariance of the measure zz, relative to the transformation T,
we have

R A R | T (I I (I e LA

(
| 2 (1 ({0 s10})) £ (e} )v: (o}, e} )am,

(154)

+(1-¢, )2

From the equalities (153), (154) it follows that

lim £ £, ({},)

= (to)! ot (to}, {of )+ £ (o) )02 ({0}, 1o}
w1 (7 (1o )va (5 ({0, ()
e [ A e

Theorem 9 is proved. O

Theorem 10. On the probability space {Q, F, P} with the filtration F, on
it, let Q) be a complete separable metric space. Suppose that f, ({a)}") is a
nonnegative integrable F, -measurable random value, satistying the condition
EY [, ({a)}n ) <1,0" € M, . Then, there exists a F, | -measurable random value

a, , depending on f, ({a)}n) , such that
f({o),) <1 (0], )lm-m, ({0, ). (o], c2, 59

(155)

DOI: 10.4236/apm.2019.96029

598 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.96029

N. S. Gonchar

Proof First, let us consider the case n =1.From Theorem 9, we have the in-

equality
[m, 1] (@,)
[m =11 (&) +[m, 1] (@,)
1T
+ /(o) 7[m1 ] (wl) - <1, (o, 0,)eQ xQf,
[m =1] (&) +[m ~1] (,)

where Q = {a)1 € Q?,[ml —1]((01 ) < 0} , Q) = {a)2 € Q?,[m1 —1]((02) > 0} .

Letus put 7, (@) =[m, —1](®) . Then, the formula (157) is written in the form

fi@)
(157)

f(@)— ' (@) N n (o)

" — = filw,)<1, o €Q;, w, €Q.(158)
m (“’1)+’71 (wz) m (w1)+771 (wz) 1( 2) ' : ? '

From the inequalities (158), we obtain the inequalities

l_fl(wl) +
filo) f1+———n (o,), (159)
(o) <122 L0001 ()
m(@)>0, 7 (0,)>0, 0, €Qy, v, Q. (160)

Two cases are possible: a) for all @ €Q,, f(@)<1; b) there exists
w, €Q; suchthat f (@ )>1.First, let us consider the case a).
1-fi(o)

Since the inequalities (159) are valid for every value ——
Ui (a)l)

m (@)>0,and f(@)<1,0 €Q;, then, if to denote

1_f1(a)1)

A o] T (@) tev
we have 0< ¢, <o and
fi(@) <1+ an (o,), n' (0,)>0, 0, Q. (162)
From the definition of ¢;, we obtain the inequalities
fi(@)<1-am (@), n7(o)>0, 0, Q. (163)

Now, if 7, (@)=0 for some @ €€, then in this case f (@)<1. All

these inequalities give the inequalities
f(@)<1+an (0), 0eQ UQ. (164)

Consider the case b). From the inequality (159), we obtain the inequalities

)21 (o), (165

m(@)>0, 7/ (0,)>0, 0, €Q, v, €Q. (166)

The inequalities (165) give the inequalities

l_fl(wl)

— < inf
—n (@) forni (@0 1 (@,)

<o, 77 (@)>0, w Q. (167)
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1_
Let us define o, = sup &< oo. Then, from (165) we obtain the
{amnf(an )>0} —Th

inequalities
H@)<1-—an (@,), 7 (0,)>0, ©, €. (168)
From the definition of ¢,, we have the inequalities
fi(o)<1+amn (o), 77 (0)>0, o, €Qy. (169)
The inequalities (168), (169) give the inequalities
f(@)<l-an (0), 0eQ UQT. (170)

Theorem 10 in the case n=1 is proved, since the set Q7 UQ, has the
probability one.
Now let us consider the case of arbitrary 2 <»n < N . In this case we have the

inequality

({@}, Jvi (el o))+ £ ({o) )2 (o}, (e} )

1 (12 (e ) (7 (o, st )+ (72 (1) (7. 10k, stk ) <1
{

w} ,then the inequality (171)

(171)

Let us put in this inequality {a)}if ={w }

is transformed into the inequality
T (@)t (@) m (@) (@]) T ar

({0}, ,.0)) e, ({0}, .0 )cQ.

Taking into account the first part of the proof of Theorem 10 from the in-

equality (172) we obtain

a, [mn -m,_, ]({a)}n)
m, ({a)}n_l )an ({a)}n—l ) ,

where the constant ¢, is the same as in the first part of the proof of Theorem

/({o},) <1+ am, (o,) =1+ (173)

10. Theorem 10 is completely proved. O
Theorem 11. On the probability space {Q, F, P} with the filtration F, on

n

it, let Q) be a complete separable metric space. Then, every nonnegative su-
per-martingale {f,,F, }:

=0
Proof. Without loss of generality, we assume that f, >d, > 0. From the last

is a local regular one.

fact, we obtain

f” <L, 0"eM,, n=10. (174)

n-1

The inequalities (174) and Theorems 4, 10 prove Theorem 11. O
Theorem 12. On the probability space {Q,F,P} with the filtration F, on

n

it, let Q) be a complete separable metric space. Then, every bounded from be-

low super-martingale { ST }w

n=0
Proof. Since the super-martingale { ﬂ,ﬁ}::

is a local regular one.

, Is bounded from below, then
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there exists a real number C; such that f, +C;>0. If to consider the su-
per-martingale {f,+C,,%,} _, then all conditions of Theorem 11 are true.
Theorem 12 is proved. O
Theorem 13. On the probability space {Q,F,P} with the filtration F, on
it, let Q) be a complete separable metric space. Suppose that evolution of the
risk asset is defined by the formula (114) and non risk asset evolve by the law
B =1n =0,N . If the nonnegative payment function fyv 1s Fy measurable
integrable random value relative to every martingale measure and satistying
conditions Theorem 16 from (5], then the fair price of super-hedge is given by
the formula
sup [ £,dQ =sup [ fydv,. (175)
QeM g veV

Proof. The left part of the formula (175) for the super-hedge is true (see: [5]),

N
since for the super-martingale {ess sup E” {&| ]-'n},Fn} the optional decom-

PeM n=0
position is true due to Theorem 11. The left hand side of the formula (175)
equals right hand side one due to Theorem 8. Theorem 13 is proved. O

5. Description of Local Regular Super-Martingales Relative
to a Regular Set of Measures

In this section, we give the description of local regular super-martingales.
Theorem 14. On the measurable space {Q,F} with the filtration F, on it,
let M be a regular set of measures. If { fos F }x

m=0

is an adapted random process,

satistying the conditions
fo S fos EPE|f| <0, PeM, m=1o0, &c 4, (176)

then the random process

m

{£E" {7, },fm}::(), PeM, (177)

is a local regular super-martingale relative to the regular set of measures M.
Proof. Due to Theorem 3, the random process {EP {f | F. } ,F }wio is a

martingale relative to the regular set of measures M. Therefore,
VARG AN RS R VAR AT
=E (S = 1) E GV BN |y m=Ten

So, if to put g% =(f,.,~f,)E"{&|F,},m=10, then g° >0, itis F,-
measurable and E"g) < E"&(|f, | +|/,|) <. Due to Theorem 1, we obtain

(178)

the proof of Theorem 14. O
Corollary 1. If f, =a,m :1,_00, aekR e A,, then {aEP {f | 7';1}’]';1 }w,o
is a local regular martingale. Assume that & =1, then {f,.F, }::0 is a local
regular super-martingale relative to the regular set of measures M.
Denote F; the set of adapted processes
Fo={r={)e 0 P S| <) =1, PeM. £, < 1, }. (179)
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For every & e A4, let us introduce the set of adapted processes
L= {f =\LETEIRY A Sulny e FuETElS, | <o Pe M}, (180)

and
v=UL.. (181)

Sedy

Corollary 2. Every random process from the set K, where
K:{ZCJI.,ZGV, CiZO,izl,_m,mzl,_OO}, (182)
i=l1

is a local regular super-martingale relative to the regular set of measures M on
the measurable space {Q,F} with the filtration F, on it.
Proof. The proof is evident. ad
Theorem 15. On the measurable space {Q,]—' } with the filtration F, on it

n

let M be a regular set of measures. Suppose that { £ F }m

m=0

is a nonnegative
uniformly integrable super-martingale relative to the set of measures M, then the
necessary and sufficient conditions for it to be a local regular one is belonging it
to the set K.

Proof. The necessity. It is evident that if { £ ,fm} belongs to K] then itis a

0
m=0

local regular super-martingale.

The sufficiency. Suppose that { fm,.i'-:n} is a nonnegative uniformly in-

o0
m=0

tegrable local regular super-martingale. Then, there exists a nonnegative adapted

process {g_,(; }wil JE'g) <oo,m=1,00, and a martingale {M,,,,fm}::() , such
that
fo =M, => 8", m=0,m. (183)
i=1
Then, M, >0,m=0,00, E'M, <o, PeM . Since 0<E’M, = f, <o, we

have E” Zg.o < f,.-Letus put g =lim zg’ . Using the uniform integrability
m—0 -1

i=1

of { f.F, }::0 , we can pass to the limit in the equality

Ep(fm+2§l.°j=fo, PeM, (184)
i=1
as m —> 0. Passing to the limit in the last equality, as m — o, we obtain
E*(f.+g,)=/y PeM. (185)
. I _fote.
Introduce into consideration a random value & =+->—=*.Then,
0
E"E=1,Pe M .From here, we obtain that & e 4, and
M, = f,E"{&| 7} m=000. (186)

Let us put fnf = —Z g’ . It is easy to see that the adapted random process
i=1

f= {frf , fm} , belongs to ;. Therefore, for the super-martingale

©
m=

DOI: 10.4236/apm.2019.96029

602 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.96029

N. S. Gonchar

=17, }::O the representation
f=fi+ b

is valid, where ]_‘1 :{foEP {§|]-‘m}"7-“m}°°:0 belongs to L§ with &= fw}-gw

0
and f=f,m= 0,00 The same is valid for f, with &=1. This implies that £
belongs to the set K. Theorem 15 is proved. g
Theorem 16. On the measurable space {Q,F} with the filtration F, on it,
let M be a regular set of measures. Suppose that the super-martingale

{ f.F, }:: , T€lative to the set of measures M satisty the conditions

£, £ C&, m=Loo, & €4y, 0<C <o, (187)

then the necessary and sufficient conditions for it to be a local regular one is be-
longing it to the set K.

Proof. The necessity is evident.

The sufficiency. Suppose that { fm,.ﬂl}mzo
Then, there exists a nonnegative adapted random process

is a local regular super-martingale.

{52} y E"g) <o, m=1,0,and a martingale
=

{Mm}::0>EP|Mm <°0,m:1,T°O,P€M , such that

fo=M, =Yg m=0,0. (188)
P

The inequalities f +C& 20, m= 1,0, give the inequalities
[ +CE{E | F 20, m=0,0. (189)

From the inequalities (187), it follows that the super-martingale { fm,ﬁ,}::o
is a uniformly integrable one relative to the regular set of measures A/ The mar-
tingale {EP {fo |.7:m},.7-:n}::0 relative to the regular set of measures M is also
uniformly integrable one.

Then, M, +CE"{& | F,}>0,m = 0,00. Since

0<EP[Mm+CEP{§O\fm}J:fo+C<oo, we have Epigfo<fo+C. Let us

i=1
_ i N 50 . : . - N —0
put g, =lim > g’ . Using the uniform integrability of f, and > g’, we can
= i=1

pass to the limit in the equality

E”(waE?j:J%, PeM, (190)
i=1
as m —> o0 . Passing to the limit in the last equality, as m — o, we obtain
E*(f.+g,)=/y PeM. (191)
+C& +
Introduce into consideration a random value ¢ :% 20. Then,
+
0

E"E =1,PeM . From here, we obtain that & €4, and for the su-
per-martingale f ={ fm,fm}::O the representation
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Jo = TG | F S+ LE G B+ LB (& | By} om =00, (192)
is valid, where f'=-C, f}=f,+C, f. :—Zm:g.o,m:(),_oo, &, =1. From the
i=1

0
m=0 be_

longs to the set K. Theorem 16 is proved. (|

last representation, it follows that the super-martingale f ={ fm,]:m}

Corollary 3. Let f,,, N <x, be a F, -measurable integrable random value,
sup E” |fN| <, and let there exist o, € R' such that

PeM
oM+ fy 20, e,

where {Mm,]-'m}::0 = {EP H ‘7:"’}’]:,”}30:0 ,£€4,. Then, a super-martingale

{ 1 +J7m} , isa local regular one relative to the regular set of measures A,

m=

where
fP=aM,, (193)
J? 3 0, m<N, (194)
"\ fy—aMy, m>=N.

Proof. 1t is evident that f, , —f >0,m =0,00. Therefore, the super-mar-
tingale

aM,, m<N,
S+ S =1 Sy m=N, (195)
fv—oMy+a,M,,, m>N

is a local regular one relative to the regular set of measures M. Corollary 3 is
proved. O

6. Discrete Geometric Brownian Motion

In this section, we construct for the discrete evolution of risk assets the set of
equivalent martingale measures and give a new formula for the fair price of su-
per-hedge. Let Q) =R', F’ = B(Rl), where R' is a real axis, B(Rl) is a Bo-

rel o-algebra of R'.Letusput Q =Q,F’=F"i=10, and let us construct

i

the infinite direct product of the measurable spaces {Q?,]—'l.o}, i=1,0 . Denote

Q=]]Q. Under the o-algebra F on Q, we understand the minimal

i=1

o-algebra generated by sets [[G,, G, € 7;°, where in the last product only the

i=1
finite set of G, do not equal Q. On the measurable space {CQ,F}, under the
filtration F, we understand the minimal o-algebra, generated by sets

11G..G € F°,where G, =Q for i>n.Suppose that the points
i=1

ty =0,1,,t,,

n’

.-, belongs to R with Ar=¢—¢

i-1

not depending on the
index 7 Let us consider the probability space {Q, F, P} , where

P=TIR". B =R i=1w,

i=1
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LR
1310 (A)ij‘e ZAtdy, AE.HO. (196)
A

Define on the set ¢, =0,¢,t,,:-,¢,, -+, the discrete Brownian motion. We say

that the random process w(z,),i=0,00, is a discrete Brownian motion, if on

{Q,F} the joint distribution function is given by the formula
£ (w(tl.I ) €4, ,'--,w(tl.k ) € A)

| I iR fy,-/(,l]z (197)
D I e Mcxe dy, ---dy, , 4, 6‘7'7,0,
D, . '

X Ay

Tk

1/2
D=[2x]"[ A, ><-~~><Atl.k]/ AL =t 1

So defined above the random process w(#;) on the set f,,,t,," "t , ",
with w(0)=0, is a homogeneous one relative to the displacement on kAt,
where k2>1, and is a natural number, with the independent increments, the
zero expectation and the correlation function E"w(z )w(7,)=min{z .} .

We assume that the evolution of non risk asset is given by the formula
B =e", n= O,_oo , where ris an interest rate. Let us consider on {Q, F, P} the

evolution of risk asset given by the law

_ [y%]au
S =S, . (198)
Further, we consider the discount evolution of the risk asset
2
S, = Z— = Soe[#_z_r}"w(t") (199)
It is convenient to present these evolutions in the form
S, =(1+p,)S, ,, n=10m, (200)

with p, = e[ -1.

On the probability space {Q,F,P} with the filtration F, on it, for further
investigations it is convenient to present the Brownian motion in the equivalent
form. We present the Brownian motion by the sequence of random values

n

$o=Y v,y e n= 1,00, with the joint distribution functions
i=1
P(é’il € A7'1 ’”"é/ik € Afk )

B ” _[yik Vi ]2 (201)
L .[ € ZilAtX“'Xe Z(ik_[kil)mdyi "'dyi 5 Az E};O,
D A X+ xA: ' ¥ ) ;
i i
D =[2a] A [y (5 =i ) e ox (i, =i )]
Then, the discount evolution of the risk asset we can rewrite in the form

2
{yf%ﬂ‘]nm+a(;“

S, =S,e (202)
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It is convenient to present discount evolution in the form

S, =(1+p,(,))S,.. n=1Lo, (203)

2
y—%—r]AHo’yn

with p,,(yn)=e[ ~1=p(»,)-
On the measurable space {QN JFY } with the filtration F ,n =1,N, on it,
N N

where QY =J]Q}, F" =[]#°, we introduce into consideration the set of
i1 i=1

N
measures M " . A measure Qbelongsto M",if Q=[]0 O €M, . For every
i=1

Qe M the representation

P (y
)= [ [xi(n)a(3.5,) #dﬂ(%s%)
oot o (n)+p (1)

. . AL (n)
QII-QI/A (2) (yl’yZ)pf(yl)wf(yz)

(204)
du(y,y,), Ae R,

2
o
———r |At
4= =)

O ={yeR,p(y)<0}= yeR',yS—f ,

( ] ]

H————1 |At
2

Qf:{yeRl,pl(y)>O}: yeRl,y>—7 )

2
y—%—r}AHo’y

is valid, where p,(y)=p (¥)-p; (), pl(y)=e[
u=P xpP",

-1,

2

P (4)= Wje ZA’dy, 4eB(Q),

2

P (A) m:‘[e ZAtdy, AEB(Q+)

On the measurable space {Qf XQT,B(Q{)XB(QT )} , the random value
a(y,,y,) satisfy the conditions

a({(nrn) e <0 a(v,3) >

po)-rle)r(@). e
[ () o (m) e (v,)

) dp(yy,p,) <o (206)

arar pr (n)+po (1

.[ Ia(yl’yZ)dﬂ(yl’yz):L (207)

Qrof

for every bounded a(y,,y,)>0, since E” |,01 (y)|<oo. Denote M, =M}
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the convex linear span of the set of measures M". On the measurable space
{QN,}"N} with the filtration F,n=0,N, on it, in correspondence with

no

Theorem 8, the set of measures M, is a regular set of measures with the
N

random variable & :H(1+pl.(yi)), since the random value 7 =p,(y),
i=1

figuring in Theorem 8, is an integrable one relative to the measure B’ and,

therefore, E°E =1,0e M, . It means that the set of equivalent martingale

2
{yf%frJnAHo{,,

measures M, for the discount evolution S, =S,e of the risk

asset contains more than one martingale measure. In this case, the financial
market is an incomplete one.
Theorem 17. On the measurable space {QN,}"N} with the filtration

F .,n=0,N, on it, let the discount risk asset evolution is given by the formula

n

2
[‘uf%f}']nAHo{H

S, =8,¢e . For the payment function f (S, ), satisfying the condi-
tion sup E°f (S, )<, the fair price of super-hedge is giving by the formula
OeMq
sup E2f(Sy)
QeMév
d+yls*!
2 N ) N © ( : ) -1 (208)
= sup Z f{SOH(Hp(y? ))]H — VL
v <=,y >=d i=1,N ij=1,--,iy =1 s=1 =1 ‘”‘ g ) _e(f(“’ﬂ/‘f)
o2
[ M- - rJ At
wherewe put d =~———2%—, > =y!.
c

Proof Since R' is a separable metric space then due to Lemma 7 the Borel
o-algebra B(R‘) has the exhaustive decomposition. Therefore, the filtration
F.,n=0,N, has the exhaustive decomposition, due to Remark 1. Theorem 11
guarantee the formula for the fair price of super-hedge [5]. Due to Remark 3

after Theorem 8, the set of measures H ﬂ ) where
> Vi

=1 U

pi(37) e (v) 200
I )W’ .

o (v)+e! (v
(v.3])eQ Q1,0 =0, Q =Q,i=1,N

40 ()= 24(07)

YisVi

forms the extreme points of the convex set of measures Mév . The formula (208)

is obtained by integration relative to the measure H,u{ 2 of the random
1y

=1
value f(S,) and taking the sup on the set of all extreme points. Theorem 17 is
proved. O
7. Conclusions

In the paper, we generalize the results of the paper [5]. Section 2 contains the de-
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finition of local regular super-martingales relative to the set of equivalent meas-
ures. Theorem 1 gives the necessary and sufficient conditions of the local regu-
larity of a super-martingale. In spite of its simplicity, the Theorem 1 appeared
very useful for the description of the local regular super-martingales.

Section 3 contains the important Definition 3 of the set of equivalent meas-
ures consistent with the filtration. In Lemma 3, we give an example of the set of
equivalent measures consistent with the filtration. Theorem 2 contains the suffi-
cient conditions under that there exists a nonnegative super-martingale on a
measurable space with the set of measures consistent with the filtration. In
Theorem 3, the sufficient conditions are founded which guarantee the existence
on a measurable space a regular martingale.

Lemma 4 gives the sufficient conditions of the existence of a set of measures
consistent with the filtration and such that the mean value of a nonnegative
random value relative to all measures equals one.

Further the problem of constructing the set of equivalent measures satisfying
the conditions of Lemma 4 is investigated. In Lemma 5 on a probability space we
describe the set of equivalent measures satisfying the condition: the mean value
of a random value relative to this set of measures equals zero. At last in this sec-
tion, Theorem 4 gives the necessary and sufficient conditions of the local regularity
of a nonnegative super-martingale relative to the equivalent set of measures.

In Section 4, in Lemma 6, we investigate the closure of the set of considered
set of measure in the case of the countable space of elementary events. It is
proved that in metrics (69) the closure of the set of considered set of measures
contains the set of measures (70).

Further, we introduce the notion of the exhaustive decomposition of a mea-
surable space. Lemma 7 states: if the measurable space is a complete separable
metric space with the Borel o-algebra on it then has an exhaustive decomposition.

Using this notion, in Lemma 8, we describe the closure of the considered set
of measures relative to the pointwise convergence of measures and the closure of
expectation values relative to this set of measures. Theorem 5 is a consequence of
Lemma 5 and contains the description of the set of measures, being equivalent to
the given measure, expectations relative to which equals one. Theorem 6 states
the necessary and sufficient conditions when the set of measures (95) is consis-
tent with filtration.

Theorem 7 states the necessary and sufficient conditions of the consistency
with the filtration of the set of measure (95).

Using Lemma 5, in Lemma 9, we construct an example of the set of equivalent
measures consistent with the filtration.

Further we consider an evolution of risk asset with memory. In Theorem 8, we
describe completely the set of martingale measures for the considered evolution
and prove that every martingale measure of this family is an integral over some
measure on the set of extreme points of the set of martingale measures. Theorem

9 describes the closure of the mean value of integrable random values relative to
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the contractions of martingale measures onto the filtration. In Theorem 10 the
bound for every nonnegative ¥, measurable random value the mathematical
expectation for which relative to every martingale measure is bounded by 1 is
found. In Theorem 11, it is proved that every nonnegative super-martingale rel-
ative to the regular set of measures is a local regular one. The same statement, as
in Theorem 11, it is proved in Theorem 12 in the case, as a super-martingale is
bounded from below.

Section 5 contains the description of the local regular super-martingales. Us-
ing Theorem 1, we prove Theorem 14, giving the possibility to describe the local
regular super-martingales. Further, we introduce a class K of the local regular
super-martingales relative to a regular set of measures. Theorem 15 states that
every nonnegative uniformly integrable super-martingale relative to a regular set
of measures belongs to the class K. The next Theorem 16 states that all su-
per-martingales that are majorized by elements from the set 4, also belong to
the class K. At last, in corollary 3, we give an example of the local regular su-
per-martingale playing an important role in the definition of the fair price of the
contingent claim [5].

Section 6 contains the application of the results obtained above to calculation
of the fair price of super-hedge, when the risk asset evolves by the discrete geo-
metric Brownian motion. In this case, we describe the set of regular measures.
We find the set of extreme points of the regular set of measures. It is proved that

the fair price of the super-hedge is given by the formula (208).
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