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Abstract

In this paper we consider properties of the four-dimensional space-time ma-
nifold M caused by the proposition that, according to the scheme theory,
the manifold M is locally isomorphic to the spectrum of the algebra A,
M =Spec(A), where A is the commutative algebra of distributions of

quantum-field densities. Points of the manifold M are defined as maximal
ideals of density distributions. In order to determine the algebra A4, it is ne-
cessary to define multiplication on densities and to eliminate those densities,
which cannot be multiplied. This leads to essential restrictions imposed on
densities and on space-time properties. It is found that the only possible case,
when the commutative algebra A exists, is the case, when the quantum
fields are in the space-time manifold M with the structure group SO(3,1)

(Lorentz group). The algebra A consists of distributions of densities with
singularities in the closed future light cone subset. On account of the local
isomorphism M = Spec(.A), the quantum fields exist only in the space-time
manifold with the one-dimensional arrow of time. In the fermion sector the
restrictions caused by the possibility to define the multiplication on the den-
sities of spinor fields can explain the chirality violation. It is found that for
bosons in the Higgs sector the charge conjugation symmetry violation on the
densities of states can be observed. This symmetry violation can explain the
matter-antimatter imbalance. It is found that in theoretical models with
non-abelian gauge fields instanton distributions are impossible and tunneling
effects between different topological vacua |N) do not occur. Diagram ex-

pansion with respect to the A -algebra variables is considered.
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Distributions, Symmetry Violation

1. Introduction

The origin of the arrow of time, the possibility of physics in multiple time di-
mensions, the violation of the parity principle, and the matter-antimatter im-
balance are ones of the most exciting and difficult challenges of physics.

Physics in multiple time dimensions leads to new insights and, at the same
time, contains theoretical problems. According to the assertion written in [1] [2]
[3], extra time dimensions give new hidden symmetries that conventional one
time physics does not capture, implying the existence of a more unified formula-
tion of physics that naturally supplies the hidden information. At the same time,
it notes that all but the (3+1)-dimensional one might correspond to “dead
worlds”, devoid of observers, and we should find ourselves inhabiting a (3+1)
-dimensional space-time [4]. The natural description of the (3+l) -space-time
with the one-dimensional time can be provided on the base of the Clifford geo-
metric algebra [5]. In the opposite case of multidimensional time, the violation
of the causal structure of the space-time and the movement backwards in the
time dimensions are possible [6]. A particle can move in the causal region faster
than the speed of light in vacuum. This leads to contradictoriness of the multi-
dimensional time theory and, at present, these problems have not been solved.

The arrow of time is the one-way property of time which has no analogue in
space. The asymmetry of time is explained by large numbers of theoretical mod-
els—by the Second law of thermodynamics (the thermodynamic arrow of time),
by the direction of the universe expansion (the cosmological arrow), by the
quantum uncertainty and entanglement of quantum states (the quantum source
of time), and by the perception of a continuous movement from the known (past)
to the unknown (future) (the psychological time arrow) [7]-[13]. At present,
there is not a satisfactory explanation of the arrow of time and this problem is
far from being solved.

The discrete symmetry of the space reflection P of the space-time and the
charge conjugation C may be used to characterize the properties of chiral sys-
tems. The violation of the space reflection P exhibits as the chiral symmetry
breaking—only left-handed particles and right-handed anti-particles could be
observed [14] [15] [16]. The cause of the parity violation is not clear.

The matter-antimatter imbalance remains as one of the unsolved problems.
The amount of CPviolation in the Standard Model is insufficient to account for
the observed baryon asymmetry of the universe. At present, the hope to explain
the matter-antimatter imbalance is set on the CP violation in the Higgs sector
[17] [18] [19] [20] [21].

In this paper we consider the above-mentioned space-time properties (the ar-
row of time, multiple time dimensions, and the chirality violation), the violation

of the charge conjugation, and find that in the framework of the scheme theory
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these properties can be determined by the spectrum of the commutative algebra
A of distributions of quantum-field densities. Points of the space-time mani-
fold M are defined as maximal ideals of quantum-field density distributions.
The scheme theory imposes restrictions on space-time properties. Schemes were
introduced by Alexander Grothendieck with the aim of developing the formal-
ism needed to solve deep problems of algebraic geometry [22]. This led to the
evolution of the concept of space [23]. The space is associated with a spectrum of
a commutative algebra or, in other words, with a set of all prime ideals. In the
case of the classical physics, the commutative algebra is the commutative ring of
functions. In contrast with the classical physics, quantum fields are determined
by equations on functionals [24] [25] [26] [27]. Quantum-field densities are li-
near functionals of auxiliary fields and, consequently, are distributions. There
are many restrictions to construct the commutative algebra of distributions. In
the common case, multiplication on distributions cannot be defined and de-
pends on their wavefront sets. In the microlocal analysis the wavefront set
WF(u) characterizes the singularities of a distribution u, not only in space, but
also with respect to its Fourier transform at each point. The term wavefront was
coined by Lars Hormander [28]. It should be noted that the microlocal analysis
has resulted in the recent progress in the renormalized quantum field theory in
curved space-time [29] [30] [31] [32]. In our case, the possibility to define mul-
tiplication on distributions leads to essential restrictions imposed on densities
forming the algebra .A. The spectrum of the algebra A is locally isomorphic
to the space-time manifold M, M =Spec(.A), and characterizes its proper-
ties such as the one-dimensional arrow of time, the chirality violation and the
structure group of the space-time manifold M. One can say that the space-time
is determined by matter.

The principal assertion of the paper is the proposition that, according to the
scheme theory, the manifold M is locally isomorphic to the spectrum of the
algebra A, M =Spec(A), where A is the commutative algebra of distribu-
tions of quantum-field densities. So, the paper is organized as follows. In order
to find distributions of quantum-field densities, in Section II we derive differen-
tial equations for the densities of quantum fields from the Schwinger equation
and find that wavefronts of the quantum-field density distributions are deter-
mined by characteristics of the matrix differential operator and by wavefronts of
distributions of composite fields (higher order functional derivatives defined at a
point). The quantum fields contain fermion, boson (Higgs), and gauge field
components. Multiplication on the quantum-field densities and the commuta-
tive algebra A of distributions of fermion and boson densities are considered
in Section III It is found that the only possible case, when the commutative al-
gebra A of distributions of quantum-field densities exists, is the case, when the
quantum fields are in the space-time manifold M with the structure group
SO(3,1) (Lorentz group) and the time is one-dimensional. The asymmetry of
time, the chirality violation of spinor fields, and the charge conjugation symme-

try violation in the boson sector are the necessary conditions for the existence of
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the algebra 4. The quantum fields exist only in the space-time manifold with
the one-dimensional arrow of time and with chirality and charge conjugation
symmetry violations. In Section IV we consider possibility to define a multipli-
cation operation on instanton density distributions in theoretical models with
non-abelian gauge fields. It is found that instanton distributions are impossible
and, therefore, tunneling effects between different topological vacua |n) do not
occur. This leads to the zero value of the Pontryagin index Q and to the zero
neutron electric dipole moment. Fermion, boson (Higgs) and gauge field density
distributions satisfying the restriction requirements considered in Sections III
and IV are generators of the algebra .4 . Ideals, localization, the spectrum of the
density distribution algebra A and the scheme (M,AM) are considered in
Section V. If the algebra A can be determined and is the component of the
scheme, then the space-time manifold M with quantum fields exists. Other-
wise, the space-time manifold is devoid of matter and, consequently, does not
exist. In Section VI we consider diagram expansion with respect to auxiliary
fields and find that wavefronts of distributions of composite fields at a point in-
troduced in Section II are included in the characteristics of the matrix differen-
tial operator and wavefront sets of quantum-field density distributions are lo-
cated on the light cone. Diagram expansion with respect to the .A -algebra va-
riables are considered in Section VII

2. Quantum-Field Equations

Quantum fields are determined by equations on functionals. In this section we
consider singularities of the linear components W (X) (densities) of the func-

tional solution
Z(q) =X Jw (x)g* (x)dx
¢

2D [ O (%, )07 (3 )+ 0 (X, ), -+,

n>1¢1-+¢n

(1)

where @°(X) is the auxiliary fields, G (x,---X,) are the higher order dis-
tributions (n >1). For this purpose, we derive differential equations for the
densities of quantum fields from the Schwinger equation. Let us consider fields

Y on the 4-dimensional space-time manifold M
¥ (x)={#° () ={w” (x).77 (), 0" (). 0" (x). AL (¥)), @

where y*(x), w“(x) are the fermion (spinor) fields, ¢"(x), ¢""(x) are
the bosons (for example, Higgs bosons), and A7 (x) are the gauge field poten-
tials. In relation (2) and in the all following relations Greek letter indices «
and f enumerate types of fermions, x#, v and p are indices of the
space-time variables, Latin letters n, m, / enumerate types of bosons, and a, b, ¢
are the gauge indices, respectively. ¢ ={a,n,a} isthe multiindex.

Since wavefronts of distributions can be localized [33] and a differential ma-
nifold locally resembles Euclidian space near each point, we consider the case

when the space-time manifold M is the 4-dimensional Euclidian (pseu-
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do-Euclidian) space with the Euclidian metric tensor g*". In order to derive
quantum-field equations, we consider the action of the fields ¥ on the mani-

fold M [14] [15] [34]

with the Lagrangian
L(‘F(X))=—iﬁw( JE () +ig7” (x) 7 Vigp” ()
7 ()9 (%)= o™ ()" ()3 (x) 3)
o (X)97" ()y” (X)+ V0™ (X) V" (X)
-me™ (00" (0 +v(e” (99" ()
where

a a a b
Fi =0,A —0,A +e,, CL AOA,

be "

Fayv — gypgval:a

po?
are the intensity of the gauge fields,
rrtytrt =29"
are Dirac matrices. x,,, and y;ﬁn are the Yukawa interaction constants. v

is the boson interaction constant. m® and m™ are masses of fermions and

bosons, respectively. cis the light velocity.

Vi, =ho, o) e, T A

ap’

V! =h0,5, —ie, ri, AL, Vi =g“'V,

i(a)“am” vm?

Vi = 10,6, e, T A,

am” u!

T, = T, ] = icngc

acting on spinors as W’—exp(iaaT )w , o° is an arbitrary real number.

is the gauge matrix with the commutation relation [T,,

m

»| is the gauge matrix with the commutation relation [r,,7,]=iCg7,

7, =|r
acting on bosons as ¢’ = exp(la Ta)go. It is supposed that the summation in
relation (3) and in the all following relations is performed over all repeating in-
dices. e i(a) I8 the charge corresponding to the j factor of the direct decomposi-
tion of the gauge group G=[],G; (=SU(3)xSU(2)xU (1)). If the index a of
operators T, and 7, belongs to the subgroup G;, then in the charge €i(a)
i(a)=1.

For derivation of the quantum-field Schwinger equation it needs to add the

linear term (q,¥) with auxiliary fields
q(x):{qﬁ(x)}: q(”;/)(x),q(";/)(x),q(”w)(x),q(”w)(x),q&)#(X)} to the action

where
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(a.%) = [, (as) (0w (x)+ s ()7 (x)+ ) (x) " (x)
+ q(”w) (X)™" () + q(aA)ﬂ (x) A (x))dx.
For fields ¢"(x), ¢™"(x),and A}(x) the auxiliary fields g°(X) are sim-
ple variables and for fields y*(x) and ”(x) the auxiliary fields are Grass-

manian ones, respectively. Then, the Schwinger equation is written in the form
[24] [25]

{Ss(‘y)

OF* (x)

+q§(x)}z(q)=0, (4)

W (x)=h8/ g% (x)
where 5/ &Y is the functional derivative on the left, Z(q) is the generating
functional. The derivatives &S (\P)/ é‘I—’g(X) have been written as
5S .
—22 iV’ (X)-mPey® (x) - "(x)w? (x
&/7{1()() 4 ﬂﬂ'// ( ) v ( ) /uaﬂnw ( )V/ ( )

_ﬂ;ﬂn¢+n(x)‘/fﬂ(x)’
iS =i’ (x) " (hé,,éf +iej, T A (x))+ m“e (x)
Sy “ (x)
+ " ()T (X) + g™ (X)7” (%),
55 -
—_y" Vyk N (% _m(m)ZCZ My
5¢m(x) w1k n @ () @ ()
+2vp" (x) 9" (X) = o (X0 (%),
oS
—_y" V/zk m _m(M2.2 n
5[p+n(x) uk m P (X) m Co (X)
+2vp" ()" (X) = o (X)9” (X),
oS

— a ) a pC bvu —a uTa,, B
5A: (X) (avéb +e](a)chA/ (X)) F (X)+l// (X)7 Taﬂl// (X) (5)

—i(—Tme" (X)Vie" (X)+ V0™ (X) Thu" (X)),
In order to get the Schwinger equation we should substitute of derivatives

hg/éiqg (x) for W (x) in relations (5). The formal solution of the Schwing-
er Equation (4) is the functional integral

Z(q)- jexp[%(S(‘Pﬁ(q,‘I’))}D‘P. ®)

We consider densities of the quantum fields y* (X) , v (X) , " (X) s
9" (x),and A}(x) in the expansion (1)

ly _6Z(q)
w ( )_5qg(x)

q—-0

Taking into account the form of the functional Z (q) (1) and the form of the

Lagrangian (3), from the Schwinger Equation (4) we can obtain differential equ-
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ations for the densities
w(x) = {w§ (x)} :{w(‘;) (%), Wi, (X)), W, (x),w(”w) (%), Wy, (x)}
which can be written in the form
W, (x)(ihy"é,, + m(“)c) =Bg, (Wg‘")(wmp) (x))
(ih;f"éﬂ —m(”)c)mﬁ,)( )=B, ( (n)(comP) (x ))
(o

(hZD +m(”)zcz)w(”¢+) (x)= B(”q] )( Fim(come) (x )

(h2D+m(n)202)Wn)(X)=Bn ( ﬁ(n) comp) )
)

a a ¢(n)(comp)
Oy, (X) = B, (w ™ (x)), )
where
()
a(-)=g*
() g ox*x"
is the d’Alembert operator; B¢ = {B(“ ) B<"u‘7), B(’;), B”(f), B(aA)ﬂ} are polynomials

of distributions g(")(comp)(x) of composite fields (/7”’(X)(//ﬂ (X) >

o" (X’ (x), @™ (x)e"(x), AZ(x)A’(X), --. Distributions ) (x)
(¢ m = {1+.¢ n} , N>2) are defined as higher order functional derivatives at a

point

g(n)(comp) _ S"W ‘
w (X) 5q§1(xl)._‘5q§n(xn)

n

X1, X =X
Equations (7) can be written in the form
NZWE (x) =B (W™ (x)), ®)

where N =zp 8505 is the matrix differential operator. Solutions of the
Schwinger equation (4) determined the generating functional Z(q) and solu-
tions of Equations (7), (8) can be found in the approximate form by the diagram
technique [25] [26] [27], which will be considered in Sections VI and VII. In the
common case, solutions of Equations (7) and (8) are distributions and have sin-
gularities. The question is: which distributions of the densities W* (X) can be
multiplied and, therefore, form a commutative algebra? We consider the densi-

ties W° (X) expressed in the oscillatory--integral form [33] [35] [36]
W (x) = .[T*MFé (x,g)exp[iag (x,;()]d;(, 9)

where T°M is the cotangent bundle over the space-time manifold M,
o°(X,z) is the phase function, F¢(X,y) is the amplitude, y is the covec-
tor, and (X, 7) €T M. It should be noted that relation (9) defines Lagrangian
distributions, which form the subset of the space of all distributions D'(./\/l).
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Any Lagrangian distribution can be represented locally by oscillatory integrals
[36]. Conversely, any oscillatory integral is a Lagrangian distribution. We con-
sider the case of the real linear phase function of ¥

o (X, x) =k 1, (10)
where k¢ is a coefficient. Our consideration of the case of Lagrangian distribu-
tions is motivated by the statement that, if the multiplication cannot be defined
on the Lagrangian distribution subset, then this operation cannot be defined on
the space D'(M).

The wavefront set WF(U) of a distribution u can be defined as [28] [33] [35]

WF(u)= {(X,é) eT'M|éeT, (U)}

where the singular cone T, (u) is the complement of all directions ¢ such
that the Fourier transform of u, localized at x; is sufficiently regular when re-
stricted to a conical neighborhood of &. The wavefront of the distributions
WF(Wg characterizes the singularities of solutions and is determined by the
wavefront of Wg(")(comp)(x) and by the characteristics of the matrix operator

N7 [33] [35]
WF(WC)C Char(/\/g )UWF(B” (Wg("’(mmp))), (11)

where the characteristics Char(/\/ 2) is the set {(X,zf)eT*M \0} defined by
linear algebraic equations of highest power orders in the unknown Fourier
transforms W (&)

S a () W (£)=0,

¢, p=maxk

where coefficients a;. are defined by the matrix differential operator
N, .= Z:ZO azgéf in Equation (8) and are equal to coefficients of linear diffe-
rential operators acted on the densities W(X) in equation (7). The covector
£eT7(x) lies in the cotangent cone I', at the point x. Taking into account

Equations (7), we can find that
Char (N 4 )

M = g/lvgﬂév,

consequently, singularities of solutions are located on this cone. The wavefronts
WF Wg(")(comp)) of composite fields are considered in Sections IIT and VI. In
Section VI we find that in the framework of the diagram expansion wavefronts
WF Wg(")(comp)) are determined by Char(N 4 ) :

Starting from the proposition that properties of the space-time manifold M
are defined by the quantum fields W* (X) and, consequently, by the commuta-
tive algebra A of distributions W° (), in the next section we find that this
statement results in essential restrictions imposed on the space-time manifold

M.

3. Algebra of Distributions of Quantum-Field Densities.
Fermion and Boson Sectors

In order to determine points of the space-time manifold M by means of the
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densities W (), it is necessary to define multiplication on densities, to con-
struct the commutative algebra A of distributions of densities, and to find
maximal ideals of this algebra. According to Ref. [33] [35], multiplication on
distributions u,v e D'(M ) with wavefronts WF(u) = {(x, £ )} and

WF(v) = {(X, 77)} is determined, if and only if

WF(u)NWF'(v) =4, (12)

where WF'(V) is the image of WF(V) in the transformation
(x,7) (x,—n7) in the cone subset I' of the cotangent bundle T'M . The

wavefront of the product is defined as

WF(uv) = {(x,&+n)[(x,&) e WF(u)or £=0,

(13)
(x.7) € WF(v) or =0; &+7 #0}.

Taking into account the linear form of the phase function (10), from relations
(12) and (13) we obtain restrictions on the densities W* (X) For this purpose,
we consider wavefronts of densities for the case of the 4-dimensional space-time
manifold M, when the structure group of the cotangent bundle T M is the
Lie group 50(4— p, p) with p=0, p=1,and p>1.

The fields ¥ (2) are observed relative to inertial frames of reference in the
space-time manifold M. Rectilinear motion transforms the fields ¥ and,
consequently, their densities W* (X) and wavefronts. This transformation can
be considered as a diffeomorphism of M and is described by the arcwise con-
nected part of the SO(4— P, p) group. More precisely, if f:Q—>Q' is the
diffeomorphism of open subsets Q,Q'cM, f :T'Q—>T'Q" is the diffeo-
morphism induced by £ and f.:D'(Q)— D'(Q') is the isomorphism, then
for the distribution U e D'(Q) [33] [35]

WF(fu)=f,WF(u). (14)

Thus, rectilinear motion results in the transformation f. of the field densi-
ties W* (X) induced by the arcwise connected part of the structure group and
the transformation f, of density wavefronts (14). If, as a result of these trans-
formations, the covector & e WF(W4 ) cT'M changes its orientation & —¢&,
then the multiplication (13) on the density W/ (X) with the covector ¢ and
the density w; (x) with the covector —¢ is impossible. We consider trans-
formations of density wavefronts induced by the arcwise connected part of the
structure group (14) and by discrete symmetry transformations—the time re-

versal and the space reflection.

3.1. Time Reversal

We assume that the co-ordinate variables of the space-time manifold M can
be divided by time ctand space rvariables, x = {C'Ll, RRFL® P RPPRR }

( p=012,-- ) . The structure group of the space-time manifold is SO (4 -p, p) .
We consider the time reversal 7 on the manifold M and the possibility of em-

bedding of the time reversal into the arcwise connected part of the group
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SO(4-p,p).

Euclidian space-time manifold with the structure group SO(4,0). Let us
consider the case of the time reversal on the Euclidian space-time manifold M
with the structure group SO(4,0) of the cotangent bundle T"M. The signa-
ture of the space-time metric is (——— —) . In this case, p=0 and the time va-
riable ctis identical to the space one (for example, I, ). The image of the inver-
sion &+ —¢ in relation (14) on wavefronts of densities can be reached by the
transformation induced by the arcwise connected part of the group SO(4,0)
(Figure 1(a)). Thus, we always can find densities with covectors & and 7 in
relation (13) such that &+7 =0. Consequently, multiplication on distributions
in the Euclidian space-time manifold with the signature of the space-time metric
(————) is impossible. One can only say about a partial multiplication opera-
tion on a subset of the distribution space. The analogous consideration can be
carried out for manifold M with the structure group 80(0,4) and with the
signature of the space-time metric (++++).

Pseudo-Euclidian space-time manifold with the structure group SO(3,1).
The signature of the space-time metric is (+——-). In accordance with relation
9“"&,&, =0 defining boundaries of a singular cone, the space-time manifold is
separated by three regions: the future light cone 'Y, the past light cone ),
and the space-like region rt (Figure 1(b)). The multiplication of distribu-
tions with singularities in the region I' ) is impossible because of the existence
of the inversion &> —& reached by the arcwise connected part of the group
SO(3,1) . Therefore, singularities can exist only in the cone 'Y or in the cone
I'?). The time reversal T inverts the covector & e WF(W4 ) cT'M from the
future light cone T’ (D to the past light cone T’ (°) (Figure 1(b)). The Lorentz
transformation SO(3,1) acts on future and past light cones separately. Con-
sequently, the arcwise connected part of the group SO(3,1) does not contain
the time inversion. So, if we exclude field density distributions W* (X) with
singularities in the past light cone I’ (P and consider only density distributions
with singularities in the future light cone "), then for these distributions the
multiplication can be defined. Correspondingly, densities of states TP (x) are
forbidden. In this case, we have the one-way direction of time and there is not
the symmetry of time on density distributions. The arrow of time is pointing
towards the future. According to (13), the wavefront of the product of quan-

tum-field densities in the future light cone rt

WF(WQ ___W§n)c{[xyié:§ij|§§i Er(f), ié:ii = 0}’

is given by

where &% = g ;((i) is the covector associated with the density W* , B isa
function of field invariants, such as chirality, charge signs, charge parity, etc.
Taking into account that for the Dirac adjoint spinor density W(".P) (x) and for
the density w”q)+ (x) the exponent term in the integral in relation (9) must
have opposite sign than for densities W(C;/ ) (X) and W(n(ﬂ) (X) , respectively, and,
therefore, is transformed as ic* (X,;() ——ic® (X,;() (for W(‘Z/) (X) — W(”’V) (X),
Wi, (x) = W(”W) (x)), we find that in the cone r
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Figure 1. Transformation of the covector &+ —¢ at the time
reversal of the space-time manifold M with the structure
groups (a) SO(4,0), (b) SO(3,1), and (c) SO(2,2). The
image of the transformation &> —¢ can be reached by means
of a transformation of the arcwise connected part of groups
SO(4,0) and SO(2,2) and is not attainable for the case of the

arcwise connected part of the SO(3,1) group.

By >0 By <0

ﬂ(w) >0, /3(‘” <0. (15)

Pseudo-Euclidian space-time manifold with the structure group
SO(4—-p,p) (p>1). The signatures of the space-time metric are (++——)
(p=2) and (+++—) (p=3). If the time dimension is equal to 2 or higher
(p>1), then the image of the time inversion of densities in the time plane
(Ctl,---,ctp) is attained by means of a transformation of the arcwise connected
part of the group SO(4-p,p) (Figure 1(c)). In this case, one can find densi-
ties with covectors & and 7 in relation (13) such that £+7=0. Multiplica-

tion on distributions in this space-time manifold is impossible.

3.2. Space Reflection and Charge Conjugation in the Fermion
Sector

Another restriction to define multiplication on the density distribution algebra is
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caused by the chirality of fermions and by the charge conjugation. Since, ac-
cording to the above-mentioned subsection the pseudo-Euclidian space-time
manifold with the Lorentz group SO(3,1) and the arrow of time are necessary
conditions for definition of multiplication on density distributions, we consider
fermion distributions with singularities in the future light cone .
Right-handed and left-handed states of the Dirac fields y“(x) and ¥“(X)
are defined by projective operators (1J_r 7’ ) / 2 acting on a spinor [14] [15] [37]

v (=L (x)

The space reflection P converts the right-handed spinor into the left-handed

one, and vice versa
Pyq () =il (X)
Py (x) =iLyyi (X),

where in the Weyl (chiral) basis
L - 0 1
1o

and [is the identity 2-matrix. g (x) and y{(X) are eigenvectors of the op-
erator 7° with the chirality A=1 (the right-handed state) and the chirality
A =-1 (the left-handed state), respectively. Double space reflection P’ can be
regarded as 360° rotation. It transforms spinors as
Pl (x) ==y (%),
where p= {R, L} .
For fulfilment of relations (15) the coefficients [)’(w)
a charge factor &, such that SB(y)=1 and B(¥)=-1. We consider two
cases, (1) f = Ak, with the chirality 4 and (2) f=x,
order to fulfil multiplication on densities W ( ) ( ) W((ZWR) (x),
w> )(X) in the first case, for right-handed and left handed states of the fer-

(7
mion fields we should get

and ﬂ('?) must contain

w1thout chirality. In

The charge conjugation C transforms «x,: Cx, ((//,‘;t (X)) =K, (1/73 (x)) =-1,

Cxk, (1/7;’ (X)) =K, (l//g (X)) =1, Cxk, (l//ﬁ’ (X)) =K, (1/7‘5 (X)) =1, and

Ck, ((/73 (x)) =K, (W‘L” (X)) =-1. The commutative algebra A of distributions
contains densities W (X) of states wg (X), w{(X), wg(x), ¥ (%),
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CPyg (x), CPyy(x), CPwg (x), CPw{ (x), their sums and products. Den-
sities W° (X) of states Pyg (X), Py{(x), Pwg(x), Pyl (x), Cyg(x),
Cy{ (x), Cwg(x), Cw{(x) are forbidden and are not contained in the al-
gebra A . This version of the theoretical model contains particles and antipar-
ticles and can explain the chirality violation. Quantum states of a particle and an
antiparticle can be interchanged by applying the CP-operation.
In the second case, the fulfilment of the relation S =x, with

K, ((//F”{ (X)) =K, (gyf’ (X)) =1 and «, (1/73 (x)) =K, (l/7ﬁ‘ (X)) =-1 results in for-
bidden densities W¢ (X) of states Cyg (X) , Cy/ (X) , Cyp (X) , and
Cy! (X) . Wavefronts of these densities are in the past light cone I (®)
WF (W, ), WR(WE, ), WR(wE,, |, and WF(wft, ) e T At the same
time, the commutative algebra A of distributions contains densities W* (X)

of states wg (X), w{(X), wg(X), w(x), Pyg(x), Py{(x), Py (X),
and Py (X). In this case, the theoretical model does not contain antiparticles
and the chirality is not violated. In the experiment this case of the theoretical

model is not observed.

3.3. Charge Conjugation in the Boson Sector

We consider the common case of the boson (Higgs) sector containing the quan-
tum fields ¢"(x) and ¢""(x). We assume that ¢"(x)#¢""(x). By analogy
with the fermion case, the covector of singularity of the density of ¢"(X) is
B, x and the analogous covector of the density of ¢ (x) is -5 o TE
spectively. In order to fulfil relations (15) and the requirement that Bipx s
—/3( AXE T'"), we must write the coefficient f in the form

B, =K ((on (X)) =1 and ﬁ(é‘”) =K, (qf” (x)) =-1. The charge conjugation C
changes the sign of the factor «,: Ck, (go” (x)) =K, ((p*” (x)) =-1 and
Ck, (gf” (X)) =K, ((p" (x)) =1. Thus, densities of ¢"(x) and ¢ (X) can be
multiplied and are included in the algebra 4. On the contrary, wavefronts of
densities of states C¢"(Xx) and Cg™(X) are in the past light cone r'® and
must be excluded. This leads to the charge conjugation symmetry violation in
the boson sector.

It should be noted that in the modified theoretical models of the Higgs boson
sector [17] [18] [19] [20] [21] [41] [42] [43] [44] extending the BEH model [38]
[39] [40] some particles in the Higgs sector have negative charge parities and are
charged. In this case, the above-mentioned C-violation on density distributions
in the Higgs sector can explain the observed matter-antimatter imbalance.

Thus, as a result of this section, we define the multiplication on distributions
of the fermion and boson (Higgs) quantum-field densities. Fermion and boson
density distributions with singularities in the future light cone r'" are genera-
tors of the algebra A, which is commutative for boson densities and super-
commutative for fermion ones (Grassmanian variables). The asymmetry of time
(T-violation), the chiral asymmetry (P-violation) and the charge (C) conjugation
symmetry violation are caused by singularities of density distributions and these

space-time manifold properties are local. In the next section we consider restric-
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tions imposed by fulfilment of the density multiplication operation for gauge
fields.

4. Gauge Fields and the Density Distribution Algebra

Multiplication on distributions in the density distribution algebra .4 imposes
restrictions on theoretical models with non-abelian gauge fields. In this section
we demonstrate that instantons ensured tunneling between different topological
vacua cannot be included in the algebra .A. Let us consider the gauge fields A}
with the non-abelian gauge group G in the pseudo-Euclidian space-time ma-
nifold M (the Minkowski space-time) with the structure group SO(3,1) and
discuss the generally accepted instanton model, in which instantons are func-
tions. At the given time ¢ the space variables form the Euclidian space R®. Ad-
joining the single point oo, we can form the compact topological space
R3U{oo}. This one-point compactification of the 3-dimensional Euclidean
space R® is homeomorphic to the 3-sphere S°. If the local transformation
U(x,t)eG of the gauge Lie group G is trivial at |X| —> 0
limU (x,t)=1,

‘X‘%oc
then the gauge potential A = AT, (T, is the gauge matrix belonging to the
Lie algebra of the group G) at |X| — 0 is the pure gauge
A, =U7(xt)o,U(xt). (16)

and the gauge fields F2

uv

are vanishing. The map on the gauge group §
f:S°>¢

defines the homotopy group 7;(G).If G=SU(N), then, using the Bott peri-
odicity theorem for unitary groups SU(N) (N =2), one can find that [45]
[46]

73 (SU(N))=2. (17)
In this case, the gauge potential A, (16) is characterized by homotopy

classes neZ of the group =, (SU (N )) (17) and can be classified by the to-
pological index [47]

1
n=s S3gyvpgtr[AApAajdaﬂ, (18)
where ¢, =(-1)", pis the parity of the permutation {uvpo}. If the Min-

kowski space-time M can be substituted by the Euclidian space-time manifold,

then the topological index (18) can be written via the Pontryagin index

1;2 jtr[lfWF*‘V]d“x, (19)

F”"/Z is the dual fields in Euclidean space, F*" =F*"T?,

Q=

where F, =¢, .
=~ _ pFcaTa
and Fﬂv = FWT .

Taking into account (16), (17), and (18), one can find that vacuum states are

characterized by the topological index n. The gauge operator U with the to-
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pological index m transforms the vacuum state [47] [48] [49]

U, [n)=|n+m). (20)

According to [14] [15] [47] [48] [49] [50] an instanton is a gauge field confi-
guration fulfilling the classical equations of motion in Euclidean space-time,
which is interpreted as a tunneling effect between different topological vacua
|n) . Instantons are labeled by its Pontryagin index Q (19). If Q =1, the instan-
ton solution is written as [14] [15] [47] [48] [49] [50]

2
A, =[p2p+ lzlull(x,t)aﬂul(x,t), 1)

where A is the scale parameter giving the instanton size,

p= ‘xz +(ct )2 —|a|2r/2 , ais the instanton center point. One can imagine that the
instanton (21) ensures tunneling between the topological vacuum |n) at
t - —o0 and the vacuum |n +l> at t— oo. Taking into account that topolog-
ical vacua |n) are connected by instanton tunneling and requiring the physical
vacuum state to be stable against gauge transformations (20), one can find that

the physical vacuum is
|6)=Xe™|n), (22)
n

where 6 is the phase angle. In this case, U |¢9> =g |¢9> The gauge theory
with @-vacuum (8 #0) (22) can be regarded as the theoretical model with the
additional term proportional to #Q in the action (3) [14] [15] [47]

S —>S-ifQ

in the case of the Euclidean space-time and
S—>S+6Q (23)

in the case of the Minkowski space-time. Q is the Pontryagin index (19). The
additional term 6Q breaks Pand CPinvariance [14] [15] [47] [51].

In the instanton solution A, = AT, (21) the gauge potentials A’ are func-
tions. Can the instanton solution (21) be generalized on the distribution space
D'(M)? And can instanton density distributions are multiplied? In order to
answer these questions, we consider theoretical models, in which Euclidean in-
stanton solutions have been found and the tunneling behavior has been
transfered on the Minkowski space by the Wick rotation [47] [49] [50] [52] [53],
and models, in which vacuum tunneling has been studied directly in the Min-
kowski space [54] [55].

Euclidean instanton solutions.

In order to look for a tunneling path in gauge theory which connects topolog-
ically different classical vacua |n) , one performs an analytic continuation of the
action S(‘I’) (3) to imaginary (Euclidean) time 7 =it [47] [49] [50] [52] [53].
In this case, instanton solutions (21) are functions and the analytic continuation
is correct. In contrast with function spaces, the analytic continuation of density

distributions of quantum fields W(E’1 A)y(x)e AeD'(M) to imaginary time
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7 =it changes their singularities. The changes in singularities are due to

changes in the functional integral (6)

2(@)= fexp| L(s()+(a.1) jow

ejexp[%(S(‘P)Jr(q,‘P))}D‘P.

Let us consider these changes in distributions W(a A)M(X) in detail. Suppose
that a gauge field has the topological vacuum | n) at t— —oo0. In order to find a
tunneling path, we consider t>-o and perform the complexification
t° >t+ir (t,7 € N). In this case, the time is 2-dimensional. According to Fig-
ure 1(c) (Section III), one can find densities W(a A (X) with covectors £ and
n in relation (13) such that £+7 =0 and multiplication on distributions in
this space-time manifold is impossible. If we consider the restriction of distribu-
tions on the imaginary time 7, then the space-time manifold is Euclidean. As in
the above-mentioned case, we always can find densities with covectors ¢ and
n in relation (13) such that £+7 =0 (Figure 1(a)). Consequently, multipli-
cation on distributions W(a A)H(X) is impossible, too. Thus, instanton density
distributions are not contained in the algebra A.

Vacuum tunneling in the Minkowski space.

Vacuum tunneling of non-abelian gauge theory directly in the Minkowski
space has been studied in [54]. In order to connect vacua of different topological
indices and to obtain the potential-energy barrier in winding-number space,
through which tunneling occurs, the authors introduce a family of intermediate

field configurations as
A =0,
A(x,t): f(x,l(t)), (24)

where A is a parameter describing the field configuration within the family.
The initial potential is A® = f |4:/1 and the terminal potential is A® = f i
The function f varies continuolusly from AY to A? as i varies from
A, to A,. The WKB vacuum-tunneling amplitude has been found from diffe-
rential equations in which the parameter A(t) is the dynamical variable.

But, the attempt to generalize the above-mentioned family of intermediate
field configurations on density distributions W(aA)y (x) of quantum fields results
in impossibility to define multiplication on these densities. Indeed, the motion
along the curve Z(t) (24) in the winding-number space is possible in forward
and backward directions. Consequently, the time reversal 7"inverts the covector
e WF(WE‘A)#) cT'M and one can always find densities W, ,S)ﬂ (x) and
W(a SL (X) with covectors ¢ and 77, relatively, in relation (13) such that
&+n=0. Multiplication is only partial defined and, therefore, one can conclude
that instanton density distributions must be excluded from the algebra A . As it
is shown in Section V, these distributions cannot define ideals and points of the

space-time manifold M.
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The additional term 6Q in the action S (23) breaks Pand CPinvariance and
contributes directly to the neutron electric dipole moment [51] [56]. According
to the above-mentioned consideration, instanton distributions are impossible
and, therefore, tunneling effects between different topological vacua |n) do not
occur. This leads to a degeneration of the energy density of the € -vacuum (22)
with respect to the phase 6. The vacuum energy density becomes 6 -invariant.
In order to achieve the @ -invariance in the action § (23), one should require
that the Pontryagin index Qis equal to zero. This leads to the zero value of the
neutron electric dipole moment.

Thus, in Sections III and IV, we define the multiplication on distributions of
the quantum-field densities and construct the commutative density distribution
algebra A . Multiplication is well-defined operation for all elements of the alge-
bra. Fermion, boson (Higgs) and gauge field density distributions with singulari-
ties in the future light cone rt satisfying the restriction requirements are ge-
nerators of the algebra A. Spectrum of the density distribution algebra A

and the scheme (M, AM) are considered in the next section.

5. Ideals and Spectrum of the Density Distribution Algebra.
Scheme (M, A,,)

For definition of the scheme (M, A,,) contained the spectrum of the com-
mutative density distribution algebra A isomorphic to the space-time mani-
fold M, it needs to carry out localization and to determine the sheaf of struc-
ture algebras and the spectrum of the algebra A. To this end, we define prime
and maximal ideals of this algebra. The algebra .4 consists of density distribu-
tions W°(x) with singularities in the closed future light cone subset,
WF(Wg)c 'Y «T"M. The complement of the future light cone subset rt"
is the open cone subset T'") . In the cone subset T'") the densities W* (X) are
C” -smooth functions. We define the maximal ideal at the point X, as the set
of distributions equal to zero at the point X, in the cone subset " (Figure
2)

= e () tim wé =0'f“)}.
m,, W(x)|XLnX10W (x)=0in

p is called a prime ideal if for all distributions W,(X) and W,(x)e A with
Wl(X)WZ(X)e p we have Wl(X) EpP or WZ(X) e p [57] [58]. Every maximal
ideal m, is prime.

In the process of localization of the algebra .4 we find a local algebra con-
tained only information about the behavior of density distributions we (x)
near the point x of the space-time manifold M. We consider the case of max-
imal ideals. Then, the local algebra A, is defined as the commutative algebra

consisting of fractions of density distributions W, (x) and W, (X)

A :{Wl(x)

w, (x)

W, (X),w, (x) € A, Wz(x)emx}, (25)
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7

>
f

re w(x,)=0

Figure 2. Maximal ideal is defined as the set of
distributions equal to zero at the point X, in the

cone subset L") , which is complement of the
future light cone.

where m, is the maximal ideal at the point x. The fraction Wl(X)/ W, (X) is

the equivalence class defined as

if there exists the distribution Vv(x)e A, v(x)&m, such that
v () (w () w5 (x) = w, (X)W (x)) = O.
Operations on the local algebra A, (25) look identical to those of elementary
algebra
W (x) | Wi(x) _w (x)w; (X)+ W (X)W (X)
w0 W) 00w ()

and

w (X)) w(x)  w(x)w/(x)

W () W (x) v (X) ()’
Algebras A, onopensets U, cM
A, = N4,

xeU;

determine the structure sheaf [59] A, :{Aui} on the space-time manifold
M. The inverse limit of the structure sheaf .4, coincides with the algebra A
A=lim A,

UjeM
where {U;} is the open covering of M.

The spectrum of the algebra A, denoted by Spec(A), is the set of all prime
ideals of A, equipped with the Zariski topology [22] [59] [60]. The prime ideals
correspond to irreducible subvarieties of the space SpEC(A) . Maximal ideals of
the algebra A correspond to points.

The structure sheaf and the spectrum of the algebra .4 are used in definition
of schemes [22] [59] [60]. In our case, the scheme over the algebra A is the
pair (M,AM) such that there exists an open covering {Ui} of M for
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which each pair (Ui A, ) is isomorphic to (Vi O, ), where {V,} is the open
covering of Spec(A) and Q, is the restriction of the structure sheaf (’)Spec( A)
to each V;. As a result, one can say that the local isomorphism M = Spec(.A)
imposed by the theory of schemes and by restrictions on multiplication on the
quantum-field-density distributions in the algebra 4 lead to the dependence
of the space-time properties on the matter. The arrow of time, the chirality vi-
olation of spinor fields, and the charge conjugation symmetry violation in the

boson sector are consequences of this dependence.

6. Densities of Composite Fields in the Framework of the
Diagram Expansion

Let us consider approximations of Schwinger equation solutions expressed by
the diagram expansion and find singularities and wavefronts of composite field

(™) 50 relation (11). For this purpose, it needs to define the ge-

densities W
nerating functional of connected Green’s functions W. In the abridged notation,
the action in the exponent of the formal solution Z(q) (6) of the Schwinger

equation can be written in the form
i &1
—(S(¥ )= —4, PP

(26)
4
EZ% 3 [ A5 (g )W ()8 (),
=1 Pigg,
where 4, =0 = {q_g (x)} :{iqg (X)/h} are the auxiliary fields, 4, are the op-
erator variables —7”5;, —im(“)C/h , —ihD—im(n)zcz/h , and —ilJ/h acted on
fermions, bosons and gauge field potentials, respectively. These operators are
defined by Equations (7). A, are constants of the three-particle interactions de-
fined by the Lagrangian terms (3) Way”ej(a)T;;A;l//ﬂ N VRPN 7 /R /A
Mo @ "y, by terms with A;AbA;, and by terms with Ajp™"¢". The
four-partizcle constants 4, are originated from the Lagrangian terms
v(9"9") and €, 09" CACLALAAIA .
By definition, the generating functional of connected Green’s functions is

written as
W (A Ay gy Ay ) =INZ (A, 2, 2, Ay ) = INZ (T, Ay Ay A ), (27)

where Zis defined by relation (1). The Schwinger Equation (4) for the functional
W can be written in the form [25]

4 1
A+ A H, =0, (28)
p=2

(p-1)!

where

H {%i}“i_
P A

Solution of the Schwinger Equation (28) can be found by iterations in the

form of the power series expansion for the functional W with respect to the ver-
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tices 4;, ,.In the zero approximation (4, =4, =0) the formal solution (28)

of the functional Wis written as
W =Etrin(-4,1),
,rin(-2")

where & =1 for bosons and x =-1 for fermions, respectively. —1," (X, —X,)
is the kernel of the inverse operator —A, called the propagator. The next itera-
tion can be found by the substitution of W for Win terms H pq in Equa-
tion (28) and so on. The third order vertex approximation of the functional
W (21,/12,/?3,/14) is presented in Figure 3. We assign solid lines to the propaga-
tors —A,'. Propagators —A," connected to single (4, ), triple (A, ) and
quadruple ( 4,) vertices must be integrated over space-time variables and must
be summed over indices ¢ .

Taking into account the causality, which means that an effect cannot occur
from a cause that is not in the back (past) light cone of that event [61] [62], we
use causal Green’s functions and propagators. Thus, propagators
A= {S;" (x), Dy (x), Dg (X)} can be written in the following form [61].

For fermions

S5 (x) = (170, +m"“e/n) 55 D° (x),
for bosons
Dy (x)=D°(x)8,.,

and for gauge field potentials

(b)

Figure 3. (a) Propagators —A,*, vertices 4, A,
and /,. (b) The third order vertex
approximation of the functional W (4,,4,,4;,4,) .

w© =§tr|n(—ﬂ,2’1).
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D (x)=0* (x)|,. 29)
where
D (x) = (1) (x)-0(~1) D" (x),
D+(x):$e(t)5(p)$8”mipH(p)[Nl(m\/;)Trig(t)Jl(m 5)]

p=(ct) -2
e(t)=0(t)-6(-t).
N,(x), J;(x), K (x) are Neumann, Bessel and Hankel functions, respec-
tively. Propagators —A," (29) are equal to zero in the light-cone exterior and
have singularities on the light cone. Taking this into account, we find singulari-

g(n)(comp)

ties and wavefronts of composite field densities W , which can be written

as a derivative of the functional W

Wi(n)(comp) (x) _ (Ljn oL ¢n (comp) (x)

h
:(L)" 5"W ‘

n) 6t (%)--6q7 (%) (30)
SN R

--~<—/1§" )7l(xn ~2,)A" (z,,+-,2,)dz, ---dz,,

where n is the number of fields, A" (z,,---,z,) is the residual part of the dia-
gram which is depicted by the index p. Summation is drawn out over all dia-
grams. Differentiation of the functional W with respect to auxiliary fields §°
results in the removal of the corresponding A, -vertices in diagrams. In Figure 4
hollow single vertices denote the removed A, -vertices and, therefore, the cor-
responding differentiation operation. For these vertices the integration over
space-time variables and the summation over indices { must be dropped out.
In this case, singularities of derivations of the functional W (30) are determined
by propagators —A4," (29) connected with hollow single vertices and the com-
. . cps g(n)(COmp)
posite field densities W
fronts WF(w ™™

Char(]\/ J4 ) and wavefront sets of quantum-field density distributions are lo-

have singularities on the light cone. Thus, wave-

in relation (11) are included in the characteristics

cated on the light cone.
Now we return to relation (11) and consider a possible extension of the wave-

front set WF(Wg) formed by wavefronts WF e

) of composite fields.
(comp)

In other words, can wavefronts WF(w"™® of composite fields vary the

wavefront set WF(Wf) without loss of multiplication in the algebra A?
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_¢, N
lim % _ & : <
=X 5G7Y(x) 89 (y) a4(y) o—
y=>X —)\’;

Figure 4. Differentiation of the functional W with respect
to the auxiliary fields g% (x) and g% (y). Hollow single

vertices denote the differentiation operation. The dotted
line bounds residual part of the diagram.

According to the above-mentioned, one can see that the only possible case, in
which the multiplication of distributions of quantum-field densities can be de-
fined, is the case, when the quantum fields are in the space-time manifold M
with the structure group SO(3,1). Let us assume that wavefronts of
Wg(")(comp)(x) are in the space-like region rt (Figure 1(b)) and wavefronts
WF( w ™ take part to the wavefront WF(Wg). The transformation f of
the space-time manifold M induced by a rectilinear motion transforms the
wavefront of densities WF(Wg ) in relation (14) such that in the space-like re-
gion ' the covector inversion E £ eWF(Wg) can be reached by the
arcwise connected part of the group SO(3,1). Consequently, the extension of
the wavefront set WF(Wg) on the space-like region ' should be ignored
because the multiplication on these distributions is impossible. The extension on
the past light cone I'? should be ignored too because one can find covectors
& € r'") and & € " such that & +¢&, =0. Thus, the multiplication on the
densities W° (X) can be defined in the only case, in which the densities are dis-

tributions with the wavefront set WF(Wg ) ert’,

7. Diagram Expansion with Respect to the A-Algebra
Variables

The multiplication on the commutative density distribution algebra A gives us
possibility to define differentiation of functionals of A -algebra variables and to
construct diagram expansion with respect to densities. Let us assume that func-

tionals can be given in the form of power series with respect to the densities
W:{wﬁ(x) wgm(x)}eA
Z Z J' R (e X YW (X)W (X, )X, (31)
n=0g;--
The differentiation of the functional R(W) with respect to the density
W (Xp) is reduced to the elimination of the density w (Xp) and to the

dropping out the integral over variables X, in the power series (31)

5R() z Z J‘ J’FQ ¢n )

5WSP( ) n=0¢, - ,gp &n

xg/(pk wet (Xl)v'\\/ép (xp)...wln (Xn)dxi"'d)’ip "'an

n-1

(32)
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where the mark " points out that the given variable must be dropped. The
summation over indices &, &,,---,¢, in relation (32) is performed over all
sets {gp,gz,---,gn}, e {{1,---,§n_l,§p}. Since the densities Wg'(xi) can be
Grassmanian variables, we define the differentiation as left one. The term
Hk Ko appears from p(jrm;l‘;catlons between densities W* (Xi) during the
differentiation. = (-1)"" v
degw* of densities W™ (Xp), W (X, ).

In order to construct diagram expansion of Schwinger equation solutions with

depends on parity degrees degw" ,

respect to densities W* (X) belonging to the A -algebra, we use the first Le-
gendre transform of the generating functional W. The technique of Legendre
transforms makes it possible to find anomalous solutions of the Schwinger equa-
tions (4) and (28). Anomalous solutions contain nonperturbative information
about quantum field models at spontaneous symmetry breaking and at phase
transitions [25] [63] [64] [65]. Furthermore, the use of the diagram expansion of
the Legendre transform greatly reduces the number of diagrams. The first Le-

gendre transform Y of the functional Wis defined as [25]

Y (W 250 A5, 4 ) =W (T, Ay, Ay, Ay ) — ijf g* (x)dx, (33)

where the functional Wis defined by relation (27) and
5’\/v —

W (x) = n W (%) = (@)

i 5G° (x)

Taking into account relations (33) and (34), one can obtain the variable
d° (x) as the functional of the density W* (x)

SY (W)

SW* (X)

(34)

=-7° (x). (35)

The Schwinger Equation (4) for the functional Y can be written in the form
(25]

5Y 4
W ,;( ! v (36)

where in the abridged notation

sy s |
Hp = V_V— TZ — V_V

oW oW
AR

is the kernel of the inverse operator of
5%

—F——f(y)dy.

I(sw(x)sv—v(y) (v)dy

and

By analogy with solutions of Equation (28), solution of the Schwinger equa-
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tion (36) can be found by iterations in the form of the power series expansion for
the functional Y with respect to the vertices 4;, 4,.In the zero approximation
(4 =4, =0) the formal solution (36) is the Gaussian functional integral and
the functional Yis written as

YO (W 4,) = gtr In (—ﬂgl)+%v_v/izv_v,

where x =1 for bosons and x =-1 for fermions, respectively. The next itera-
tion can be found by the substitution of Y© for Yin the term H, in equation
(36) and so on. In diagrams describing these iterations propagators —A,", ver-
tices 4, and 4, remain the same as shown in diagrams in Section VI. The A,
-vertices should be removed from diagrams and the variables W should be in-
cluded. The first order vertex approximation of the functional Y (W;4,,4,,4,)
is presented in Figure 5. We assign wavy lines to the variables W . Propagators
-A; ! and variables W connected to triple (4;) and quadruple (4,) vertices
must be integrated over space-time variables and must be summed over indices
g.

The anomalous solution is found as an extremum

&D p—
5 ()

0

at the stationarity point W5 (X) of the functional

cp(v_v;ﬂ,l,ﬂz,ﬂg,/y)=Y(W;ﬁz,ﬂs,/14)+;jv_v¢(x)q_¢(x)dx.

In order to find the anomalous solution, the Legendre transform Y should be
given in the relevant diagram approximation.

The natural next step should be to go from bare to dressed lines in diagrams,
which requires analysis based on the second Legendre transform of the func-
tional W. But, it should be noted that in the generating functional W (27) coeffi-
cients A, are operator variables. Since, differential operators and density dis-
tributions W (X) form a noncommutative algebra, the differentiation of the
functional Wwith respect to A, may be incorrect. This is required accurate de-
finition of the functional derivative SW/84, and, consequently, the second Le-
gendre transform. This problem is planed to consider in the next study. In con-
trast with this case, in models in statistical physics (for example, for the classical
non-ideal gas and for the Ising model) coefficients A, are not operator va-

riables and the second Legendre transform is well defined [25].

8. Conclusions

In summary, in this paper in the framework of the scheme theory we describe
the dependence between quantum fields and properties of the 4-dimensional
space-time manifold M. Contrary to algebras of smooth functions, densities of
quantum fields, which can be found from the Schwinger equation, are distribu-

tions and, in the common case, do not form an algebra. In order to determine
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N =W ) = }\’3
= -7»-; o =) 4
(a) _
W1
YW, A )= YO+ 1 ;jj
) 2’ 37 4 6 _
W, 3

Figure 5. (a) Propagators —/12’1, vertices A, , 4,, and

variables W. (b) The first order vertex approximation of the

functional Y (W;4,,4,4,). Y =§tr|n(—z;)+%mzw.

the commutative algebra A of distributions of quantum-field densities, ideals
and its spectrum, it is necessary to define multiplication on densities and to
eliminate those densities, which cannot be multiplied. This leads to essential re-
strictions imposed on densities forming the algebra A. Taking into account
that in the framework of the scheme theory the space-time manifold M is lo-
cally isomorphic to the spectrum of the algebra A, M= SpeC(A) , and points
of the manifold M are defined as maximal ideals of quantum-field density
distributions, the restrictions caused by the possibility to define multiplication
on the density distributions result in the following properties of the space-time
manifold M.

1) The only possible case, when the commutative algebra .4 of distributions
of quantum-field densities exist, is the case, when the quantum fields are in the
space-time manifold M with the structure group SO(3,1) (Lorentz group).
On account of the local isomorphism M = SpeC(A) , the quantum fields exist
only in the space-time manifold with the one-dimensional time.

2) We must exclude field density distributions with singularities in the past
light cone r'? . The algebra A consists of the density distributions w* ()
with wavefronts in the closed future light cone subset,

WF(W4 (X)) T ©T"M. In this case, we have the one-way direction of time
and there is not the symmetry of time on the density distributions. The arrow of
time is pointing towards the future.

3) The restrictions caused by multiplication on the density distributions can
explain the chirality violation of spinor fields. The densities of right-handed and
Ppl(x), Pwg(x), Pwl(x),

left-handed fermion states Pyg (X) ,
Cyg (X) , Cy( (X) , Cyg (X) , Cy! (X) , where Pis the space reflection and C
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is the charge conjugation, are forbidden and are not contained in the algebra A.
The commutative algebra A contains densities W (X) of states wg (X),
wi (), wa(x), wi(x), CPwg(x), CPy{(x), CPwg(x), CPw(x),
their sums and products.

4) For bosons (for example, in the Higgs sector) the densities of states
Co"(x) and Ce™"(x), where ¢"(x)=¢™(x), must be excluded from the
algebra A. The algebra A contains densities of ¢"(x) and ¢"(x). This
leads to the charge conjugation symmetry violation and can explain the observed
matter-antimatter imbalance.

5) Multiplication on distributions in the density distribution algebra 4 im-
poses restrictions on theoretical models with non-abelian gauge fields. In the
framework of the scheme theory instanton distributions are impossible and,
therefore, tunneling effects between different topological vacua |n) do not oc-
cur. This leads to a degeneration of the energy density of the @ -vacuum with
respect to the phase 6, to zero value of the Pontryagin index Q and to zero val-
ue of the neutron electric dipole moment.

The well-defined multiplication on the density distributions W* (X) and the
commutability of the algebra A give the possibility to construct diagram ex-
pansion with respect to the .A -algebra variables. The technique of Legendre
transforms makes it possible to find anomalous solutions of the Schwinger equa-

tion.
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