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Abstract 

Following the idea of our previous paper we distinguish also in the case of 
Newtonian gravity as in the electrodynamics between extensive and intensive 
field quantities. Between both, a “material’’ quantity produced e.g. by vacuum 
polarisations induced by the gravitational field strength itself is mediated. It 
acts in such a way that it amplifies the field strength in weak gravitational 
fields and reduces the field strength in strong gravitational fields following 
Lenz’s rule. Newton’s gravity is valid only in a very large intermediate range 
of middle field strength F  ( 0 1F F F  ), 0F  and 1F  critical field 
strengths. In this way dark matter and black holes may be avoidable. 
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1. Introduction 

In a previous paper [1] we have proposed in view of the dark matter problem a 
modification of the Newtonian gravity theory in such a way that the assumption 
of the existence of dark matter is not necessary. In detail we have given a theo-
retical explanation of MOND [2] following the structure of the electrodynamics 
assuming also in the case of Newtonian gravity a difference between intensive 
and extensive field quantities. The intensive field quantity described by iF  ob-
eys the homogeneous field equation1  

| | |0 ,i j j i i iF F F φ− = ⇒ = −                      (1) 

where φ  is the gravitational potential; simultaneously iF  determines the 

 

 

1We use the tensor calculus including the sum convention and restrict ourselves to Cartesian coor-

dinates for simplicity; | i  means the partial derivative 
ix

∂
∂
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gravitational force on a massive point particle (mass m) at the position ( )ix t   

according to (
d
dt

⋅ = ) 

i ix F=                              (2) 

using the weak equivalence principle. Thus iF  is the field strength. In conse-
quence of (1) and (2) energy conservation is guaranteed for | 0tφ ≡ . On the other 
hand there exists the extensive field quantity iG  determined by the mass density 
ρ  of the matter distribution according to the inhomogeneous field equation  

| 4πi iG Gρ= −                          (3) 

(G Newtonian gravitational constant). Accordingly iG  is the field excitation, 
because it is determined by the excitation Equation (3). Between both quantities 
the “material” equation is mediated:  

,i iF Gγ=                            (4) 

with the “material” quantity γ , which may depend on the field strength itself in 
consequence e.g. of induced vacuum polarisations. In our previous paper we 
have assumed  

0 1,γ = +
F
F

                         (5) 

where 0F  is a critical field strength, under which the value of γ  increases 
drastically, so that the field strength F  increases compared with the Newto-
nian case ( 1γ = ), and the assumption of dark matter will be superfluous. 

In the present paper we show that the ansatz (5) can be enlarged in a very 
simple way in such a direction that the field strength iF  can also not be larger 
than a critical field strength 1F  also in consequence of vacuum polarisations 
so that singularities (e. g. black holes) may be avoided. Doing this we enlarge re-
lation (5) to  

2
0

1 0
1

1 with .γ
 

= + −   
 



F F
F F

F F
           (6) 

This procedure corresponds exactly to the idea of Born and Infeld in the elec-
trodynamics [3] avoiding there electromagnetic field strengths larger than a 
critical value. Similar impressive influences of vacuum polarisations and fluctua-
tions on the classical physics are e.g. the Casimir effect [4] and the Scharn-
horst-Barton effect [5]. 

According to our proposal (6) we assume that the gravitational field strength 
will be weakened by increasing field-strength and enforced by decreasing 
field-strength in consequence e.g. of vacuum polarisations induced by the gravi-
tational field-strength itself following Lenz’s rule. Herewith Lenz’s fundamental 
rule is implemented in the whole range of field strengths.2 The Newtonian grav-

 

 

1Usually Lenz’s rule is connected with time-variable electromagnetic fields. But it has a deeper 
meaning for all physical systems. If induced quantities, induced by time-variations or variable field 
strengths in space, would reinforce the original cause, the system would be unstable. Thus Lenz’s 
rule is rather a general stability law. 
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ity is valid in the very large intermediate range 0 1F F F   where 1γ   
is valid and where also the Newtonian gravitational constant G is determined.3 
The value of 0F  amounts to 2 × 10−8 cm/sec2 in view of the flat rotation curves 
of the spiral galaxies (see discussions in [1] and footnote 5), whereas the value of 

1F  may be of the order of 1030 cm/sec2, where the vacuum will be unstable e.g. 
with respect to spontaneous particle-antiparticle generations.4 Of course an exact 
theoretical derivation of the ansatz (6) does not exist until now because a quan-
tum theory of gravity is missing. In a quantum theory of gravity vacuum polari-
sation effects would be included, so that a relation like (6), comparable with the 
running coupling constant in the non-Abelian QCD, would be expectable in the 
classical limit. In the electromagnetic case Heisenberg and Euler could show that 
the Born-Infeld ansatz follows from the quantum electrodynamics [6]. In the 
same sense we consider also our proposal as a phenomenological extension of 
gravity taking into account expectable quantum effects on the classical level. 

2. The Integration Procedure 

For solving the equation of motion (2) for a point-like test particle the know-
ledge of the field strength F  is necessary. For this we find from the field Equa-
tion (1) and Equation (3) with the use of (4) for the potential φ  the differential 
equation:  

|
| | | 4π .i
i i i G

γ
φ φ ργ

γ
− =                        (7) 

Herein γ  is given by (see (6))  

| |0
2

| | 1

1 .j j

j j

φ φ
γ

φ φ
= + −

F

F
                     (8) 

Now we restrict ourselves for simplicity to the centrally symmetric case of a 
mass-sphere of mass M with constant density ρ  and radius R and consider at 
first the area outside the sphere, i.e. r R> . Than the field Equation (7) reads  

( '
r
∂

=
∂

):  

2
r

γφ φ φ
γ
′

′′ ′ ′+ =                         (9) 

with the first integral:  
2 , const.r A Aφ γ′ = =                     (10) 

(A integration constant). With  
2

0
2

1

1 φγ
φ

′
= + −

′
F

F
                     (11) 

according to (8) we obtain from (10) the following quadratic equation for 2'φ :  

 

 

3General Relativity would be also valid only in this intermediate range. 
4By this acceleration an electron reaches approximately a distance of a Compton wave length during 
a Compton time necessary for spontaneous electron-positron pair creation. 
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( )
222 2 2 2

0 2
1

1r A A φφ φ
 ′

′ ′  − = −
 
 

F
F

             (12) 

with the solution:  

2 22 2 2 2 2
0 0 02

2 2 24 2 4 2 4 2
1 1 1

2 21 1 .
2 4

A Ar A Ar A

r A r A r A
φ

 + +
′  = + −

 + + + 

F F F

F F F
   (13) 

For r →∞  we obtain  

0
1 ,A
r

φ′ = F                         (14) 

so that the flat rotation curves of the spiral galaxies are guaranteed with the con-
stant orbital velocity ( ) ( )1 4

0v r A→∞ = F .5 This is in accordance with our 
previous paper and confirms also the Tully-Fisher law [7]. The exact value of the 
constant A can be only determined by the connection of the solution (13) with 
the inner one for r R< , see Equation (28). 

Thus we consider now the case r R< . With the abbreviation  

4πC Gρ=                           (15) 

we obtain from (7) the differential equation  

|
| | | 0,i
i i i C

γ
φ φ γ

γ
− − =                      (16) 

which goes over in the centrally symmetric case into:  

2 .C
r

φ φ
γ γ

′′ ′ 
+ = 

 
                      (17) 

We solve this inhomogeneous differential equation by the method of the vari-
ation of the constants. The solution of the homogeneous equation belonging to 
(17) is already known and given by (10) as  

2 ,A
r
γφ′ =


                         (18) 

where A  is now the integration constant, which is to vary for solving (17). This 
gives the differential equation for A   

2A Cr′ =                          (19) 

with the solution  

31
3

A Cr B= +                       (20) 

(B new integration constant), so that Equation (18) goes over into:  

3
2

1 ,
3

Cr B
r
γφ  ′ = + 

 
                   (21) 

where γ  is finally given by (11). Herewith we obtain once more a quadratic 
equation for 2φ′  with the solution:  

 

 

5Herewith the value 0F  can be estimated, c.f. (28) and [1]. 
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3 2 3
0

2
2

24 3
1

1 2
2 2 2

23 2 3 3
0 0

2 22 24 324 3
11

1 12
1 3 3
2 1

3

1 1 12
1 3 3 3 .
4 11

33

Cr B r Cr B

r Cr B

Cr B r Cr B Cr B

r Cr Br Cr B

φ

  + + +  
  ′ =

 + + 
 

 
      + + + +           + − 

      + + + +          

F

F

F F

FF

(22) 

Setting 0C =  we obtain the solution (13), where B plays the role of A. Ac-
cordingly B has the meaning of  

0 ,B M G=                            (23) 

where 0M  is the mass value of an additional central point mass (see Equation 
(28)). For 0r →  one gets for the case 0B ≠   

( ) 22 22
1 0 1

10 1 1 4 .
2

rφ  ′ → = + −  
F F F             (24) 

Obviously this is the solution for an additional point mass at 0r = , where 
the field-strength possesses no singularity but reaches its maximum possible 
value 1F  for 0 1 1F F   independently of the mass value 0M . Therefore 
also the existence of black holes should be avoidable. 

Avoiding in the following this central point mass we have to set 0B = . He-
rewith it follows from (22):  

3 2 3
0

2
2

24 3
1

1 2
2 2 2

3 2 3 3
0 0

2 22 24 324 3
11

1 12
1 3 3
2 1

3

1 1 12
1 3 3 3 .
4 11

33

Cr r Cr

r Cr

Cr r Cr Cr

r Crr Cr

φ

 + 
 ′ =
 +  
 

 
      +           + − 
      +  +          

F

F

F F

FF

  (25) 

Now we obtain for 0r →  after inserting of C according to (15) ( 34π
3

M Rρ= )  

( )
1 2

030 ,MGr r
R

φ  ′ → =  
 

F                   (26) 

which means that the orbital velocity v has the value  

( ) ( )
3 4

1 4
00 .rv r MG

R
 → =  
 

F                  (27) 

This is greater than the Newtonian one by the factor 
1 43

0 R
MGr

 
  
 

F
. Therefore  

https://doi.org/10.4236/ijaa.2019.91006


H. Dehnen 
 

 

DOI: 10.4236/ijaa.2019.91006 68 International Journal of Astronomy and Astrophysics 

 

the high star velocities near the center of the galaxy should be discussed newly 
avoiding the assumption of a black hole in the galaxy center. 

Finally we have to determine the meaning of the integration constant A in the 
solution (13). It follows from the condition, that the solution (25) for r R<  
goes steadily over into the solution (13) for r R>  at r R= . On this way one 
finds immediately  

.A MG=                           (28) 

Now we can give the complete solution for the massive sphere of radius R and 
mass M. It is valid for r R≤  (see (25)):  

03 3
2

2

13

1 2
2 2 2

0 03 3 3

2 22

1313

2
1
2

1

2
1 ,
4

11

r rMG MG
R R

rMG
R

r r rMG MG MG
R R R

rr MGMG RR

φ

 + 
 ′ =

 +  
 

 
      +           + − 

      +  +          

F

F

F F

FF

 (29) 

and for r R≥  (see (13)):  

02 2
2

2

12

1 22 2

0 02 2 2

2 2

1 12 2

2
1
2

1

2
1 .
4

1 1

MG MG
r r

MG
r

MG MG MG
r r r

MG MG
r r

φ

 + 
 ′ =
 +  
 

      +         + −       + +          

F

F

F F

F F

     (30) 

The square root of (29) and (30) is given by (32) and (33). In the case of 
0R →  the solution (29) results in the finite value (compare (24))  

22
1 0 1for 1,φ′ = F F F                   (31) 

so that black holes may be avoided, although the field strength is very high. But 
for confirming this consequence finally a general relativistic investigation of the 
situation may be necessary. 

3. Alternative Solution of the Centrally Symmetric Case 

Considering the Equation (4) and Equation (6) one can solve these with respect 
to iF  in the centrally symmetric case, i.e. with respect to φ′ . After that one 
can insert for G  the Newtonian expression NF  according to (3). In the cen-
trally symmetric case the condition (1) is fulfilled as one can test easily. In this 
way one finds:  
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( )
( ) ( )

( )
( ) ( )

1 2

0 0
2 2

1 1

1 2

0 0
2 2

1 1

21 1
2 2 1 1

21 .
2 1 1

N N N

N N

N N N

N N

φ

 + ′ = + 
+  + 

 +  + −  
+  +  

F F F F F

F F F F

F F F F F

F F F F

        (32) 

For the mass-sphere with constant mass density ρ  and radius R one has to 
insert  

3 2for : and for : .N N
MG MGr R r r R
R r

< = > =F F        (33) 

Squaring of (32) results into (29) and (30). 
We mention however explicitly that this procedure is in general only applica-

ble in the centrally symmetric case because of the condition (1) and in the case, 
where the mass density distribution ρ  is not determined by the gravitational 
field strength iF  itself. For the latter case, where ρ  is determined e.g. by the 
Euler equation  

( )| | |i t i k k i iv v v F pρ ρ+ = −                    (34) 

( ( )p ρ  pressure of the substratum) as e.g. in stars and galaxies or polytropic gas 
spheres the procedure of chapt. 2 is to be used. 

4. Conclusion 

Considering induced vacuum polarisations we could show in the framework of 
Newtonian gravity, that the assumption of dark matter and the existence of gra-
vitational field singularities can be avoided. However our proposal discussed in 
this paper should be translated finally into a general relativistic form. This is not 
possible in an immediate way, because in the general theory of relativity the dis-
tinction between extensive and intensive field quantities is impossible. Therefore 
the modification of the theory has to start from the very beginning by a modifi-
cation of the Lagrangian in the form of a ( )f R -theory [8] as it is done also in 
the Born-Infeld electrodynamics. This will be our further aim. 
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