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ability density function of command inputs is hereby restructured and ana-
lysed, to have hierarchical command inputs that are predicated on order sta-
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The Double-Team of decision Maker Model that Boettcher and Levis developed

[1] was extended and generalized by Oladejo [2] to N-Teams of Decision Makers

with N* Bounded Rationality Constraints. A Spectral Analysis of the model was
provided by Oladejo [3], where command inputs were based on uniform distri-
bution. This work considered the same model with modified command inputs
that were hierarchical and whose distribution was predicated on order statistics.
In this new work, the command inputs were categorized according to the supe-
riority of the commander who was next higher in rank to the officer making in-
put. The analytical procedure of optimizing convoluted strategies was used to
derive the optimal distribution functions of the hierarchical command inputs. In

the previous work there was a mixture of vertical and horizontal signal commu-
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nications, whereas in this recent research consideration given to all signal com-
munications must be ascending serially and vertically. This procedure is endem-
ic with optimal sequencing [4], optimal choices [5], optimization of vending
outlets [4] [6] [7], optimal transportation security [8], optimal maintenance pol-
icy [9] and optimized system models [10] [11] [12] [13].

The Model: The model of N-Team interacting decision makers with bounded
rationality constraints was decomposed into coherent component strategies

which were then used to analyze the system of specified CI.

Symbols

X' is the input signal having exponential tempo/inter arrival times of the /*
team.

ris the portioning algorithm of inputs to respective DM.

u is the internal decision.

f'is the algorithm for process ' to obtain the battle scenario.

¢ is the /" team input regulator.

7 is the initial situational assessment.

Z' is the final situational assessment.

géi , ggi are the internal coordination strategies using SITREP Z's and v, the
command input to the /" team.

z' is situation assessment from other organizational members (SITREP or
Feedback).

vis the final choice of decision.

v'is the command input.

v’ is the output of DM i,

v is the final choice or response.

Yis the output or desired result.

1h;is the processing algorithm for the final choice leading to Y.

K is the algorithm for process v.

P(v|z) is response selection strategy that maps z to Y in the absence of v’
and determines choices of A,

P(V|Z,v') is response selection strategy that maps zand v'to v and it also
determines choices of A,

H(x)=-) p(x)log, p(x) isentropy of inputs, where p(x) is probability or
uncertainty associated with Nrandom variables, X.

T (x,z’,v',Y ) is mutual information or transmission or throughput between
inputs x; z, v'and output Y.

G, is the throughput.

G, is the blockage.

G, is the noise.

G. is the internal coordination.

H is the entropy of a random variable with probability p for taking one or
two values, which also gives the amount of information transmitted.

A is the set of situational assessment options or strategies.
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Bis the set of available choices of tactics, modus operandi to remedy problem.
v is the convolution of strategies which is the assumed combined effects of
process activities.
where
i :1,2’...,(]1,]'21 :1,2,...’1/1’]'12 :1,2,...’(]2’]'22 =1,2,---, V2, -,
Jin =1,2,---,UN,--',j2N =1,2,---, V"

This is the structure of the generalized developed model as shown below:

The generalized developed model of Figure 1 is as shown:

DMt(t=1,2,---,N)

G = T(Xt’Zt(N—l)’“_,Ztl;V(N—l)lzlt;'“’Z(N—l)t;Yt>+H(Xz;Zt(N—l);Ztl;V(N—l)r)

_G:+H<ut)+Hz (Vt)"‘i[pigi(pXt)+(ZiH(pi)]+H(Zt,th,-~,Z(N71)’)

+g/ (p(Z'),p(Z”),"-,p(Z’(Nl)))+gft (p(Z’),p(V(N*I)'))
+Zil[pjgf(p(Z’/V’))+a/.H(pj)J+H(Y‘)+H(Z’)+H(Z’>+H(Z’,V’)

+T(Xt :Ztl;_..’Zt(N—]))+TZ—t (Xt;Ztl’.”,Zz(N—l) : V(N—l)')

(1
2. Analysis
Strategies which are probability density functions (pdfs) are given as follows:
U' (xi ) ~ exponential inter arrival times or tempo of operations:
Le 1050
0
f (u’) ~ normal because of a defined goal (i.e. goal is focus):
1 ull x—u)? [o?
L W/ , —o<x,u<o, a>>0 (2)
2no
i . . 1 X
A(z ) ~ uniform distribution: — or , x=0,1,2,---,N or
N b—a
a < x < b, respectively (3)
' p v v2 -1 . -1
V'~ trlangularE,O <VC,F=R= >l v =2R, (z.e forv™ = c) (4)

0

gt is internal coordination strategy of corresponding algorithm which de-
pends on the distribution of their respective inputs.
gcA1 ~ Bernoull: p*¢"*, x = 0, 1 (appropriate strategies are employed. Hence,
2 x;is binomial and all samples are appropriate. These are the internal coordina-
tion strategies among situational assessments represented by set A").
1

g”  ~ geometric: pg", x=1,2,---, depending on x (the strategies would re-

sult in a success hence X x; is negative binomial that all samples are successful.
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X1
T u'flj, ,A', B'h'j,,
- ‘V'
T y
X X2 . Z12 _ Z2! — )
---------- > - -
2 1 U2f2'12A2, Bzhzj22 l
I:_[j—l:!—t_l_!_

Figure 1. N-Team of interacting decision makers with bounded rationality.

These are the internal coordination strategies among final choices and command
inputs represented by set B').

h(v') ~ Weibull (due to reliability of subsystem before reaching final stage:
afX?le*Xx?, X>0, a,f>0).

1(X) ~ expo (this is due to random occurrences).

F(u) ~normal (Le. geared towards a goal).

A(z) ~ uniform (simple random sample , equally likely samples).

B(z,v|V') ~ conditional jpdf {(uniform x triangular) x (g. g¢) yielding
interaction due to Zs to determine choices of v depending on v' from superior
command}.

h(v) ~ Weibull (output ¥ depends on survivability or reliability of other
systems components).

V'~ order Statistic-Hierarchical command inputs.

Now if command inputs v has pdf Ordered statistics: f(y,), f(»)>
fe)s f(3ey))

g () =n[F(y)]" f(3,).a<y, <b 5)

8 (yl):n[l—F(y])T_l f(yl)’a<y1 <b (6)

Let g(y,)=i be hierarchical transformations of signal inputs

|

gk(yk)=m[F(yk)]"" [1-F(3)] " f(n).a<y <b (@)

& (y,.,yj)z (i—l)!(j—:'lil)!(n_j)![F(yi )]H [F(y./)_F(y,' )TH
x[l—F(J’jﬂHf(y,-)f(y,), a<y, <b

8)

and zero elsewhere.
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3. Methodology

An analytical approach was used to derive the optimal distributions of the con-
voluted strategies. Since the various events are independent the convolution of
strategies was obtained by their product. The derivative of this convoluted strat-
egy was equated to zero then solved.

B(z,v|V') ~ discrete conditional jpdfs is given by (uniform x order statistic)
x (gl-gd).

B(z,v|V') of first/initial command input.

3.1. Derivation of pdf

N-1 N N-1
B(E,V|\7):%.N[1—F(yl)] f(yl)[ jP*qu(x_le*qu 9)

x
e v [(NY oo | pp v [N v | oo
=[1-F ()] pHx]Pq }—[1 F(»)] p[(yJPq } (10
pEf(yl)’y1:x>1<y1<N (11)
F(y)=[f(dv  or (12)
F(y)=2f(»). g=1-p (13)
B(z,v|V') of final/last command input.
= 53 1 M-l N n o N=Vn N-1 n o N=Vn
B(z,v|v):ﬁ.N[l—F(yn)] f(yn)(yn)P q (yn_JP q
=[1-F(»,) Nlp[(;\:)Py”qN”'} =y—]\”,, p=f(»).a<y,<b
(14)

B(z,v|V') of intermediate X" command input.

B(z,v|V) =%'@D[F(yk ) -F(v)] .p{(i]quv” Ty_}\,;
O

p=f(y).a<y <b (15)

B(z,v|V') ofinteracting /" and /* command input.

N! -1

("—1)!(1'—1'—1)!(N—j)![F(yf)]H [F(0)=F ()]
.[I_F(yf )JNVI f(yi)f<yj)(NJPyinYi (]J\’[j_—yijyqu‘yj-y,v

Vi
N! j=i-1

:(i—l)!(j—i—l)!(N—j)![F(y[)]H [ZF(%)‘F(%)]]
[1-F()]" b, K]y\jjp,-y’qf'”} -

2
y/ N- Vi

B(z,v|V)=
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pizf(yi),pjEf<yj),a<yl.<yj<b (16)

3.2. Optimal Probabilities

iB (E,\_z|\7’) =0 to get optimal prob of command inputs. These derivatives

dp
yield:

(v-F 0] (—p>(p){[ijqu-n H

Vi
v [(NY o T o V-1
+H[1-F(n)] pq" ™ | L+2p[1-F(y)] 17)
Vi N
ﬂ N o N-n N] n-1_N-y _ N— ” Ny|1:|=0
N|:(y’}p ! :||:[yl NP d ( J’1)p q

Z(N_l) NN

-1
N

—__,___,_ZP( jp/"quYl:|
_F()’1) N N |: B2

(18)
N -1_N- N-y -1
|:( }ylpyl q i (N—y)py'q N :|=0
Simplifying Equation (18) to get
p’(N-1) [y. N—%]
LS G S, 5% 4 W 4 ) (19)
1-F(y) AU
»n N-y pz(N—l)
1+2p| 2 - (20)
p[p q j 1-F(»)
2p p(N-1)
1+22(qy, - p(N=-p,)) =~ 1)
pq(qy p(N-»)) FO)
e oy Pla(N-1) ~
q+2(qy, —p(N yl))——l_F(yl) =q+2(»(qg+p)-Np)  (22)
p’q(N-1)
1-F(y)= (23)
) g+2(» (¢+p)-Np)
(N-1)p’q (N-1)p’q
F(y)=1- —1- (24)
() q+2(y(g+p)-Np)  q+2(»—Np)
Similarly
N-1)p’ N-1)p’

 g+2(ne(g+p)-No)  g+2(vy—Np)
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B(z,v/v') for intermediate X" command inputs

B(Z,v /') =%[}JZJ[F( )] -F ()] pKN ) g T %

%B(E,V/v’):o (26)
%B(E,\_z/v')

A H et - ro0) ()]
-0l - e0] (Ve ] e

+2p[F(y)] [1-F(n)] K]y\:jy"pyk_lqm ‘(N—yk)p”qN_yk_l}

]

Simplifying Equation (27) to get

(k-1)p* (N-k)p’ (yk N—ykj
1+ - +2p| =——1|=0 (28)
F(J’k) I_F(J’k) b p q

F(y)[1=F (p) ]+ (k=)[1-F (3) ] P’ (N =k) F (3,) P’
F(y)[1-F(»)] (29)
+§(qyk _(N_yk)p) =0

F(y)[1=F (5)]+p* (k=)[1=F (5,)]-p* ~(N=k) F (1)

=—%(yk(q+p)—Np)F(yk)[1—F(yk)] G0

F(3)=[F(5)] + 0> (k=1)=p* (k=) F (5)+ p*F (3,) = p* (N=k)F ()
- —s[yk (q+p)—Np]F(yk)+§[yk (a+p)-Ne][F(3)]

(31)

F(n)=[F()] + 92 (k=1 =k F (3)+ P°F (3) = Np*F (3.)+ b0 F ()
- —S[yk (q+p)—NP]F(yk)—§[yk (g+p)-Ne][F(3)]

(32)

{1—5[% (q+p)—NP]}[F ()]

5 (33)
+{—1+p2 (k-1)+p° (N—k)—g[yk (q+p)—Np]}F(yk)—p2 (k-1)=0

(200 )W [P0

) (34)
Jr{(N—l)p2 —l—g[yk (9+P)—NP]}F(yk)—p2(k—l):0
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By quadratic equation: ax’ +bx+c =0, solution: (x—a)(x-)=0,

(a ﬂ)— —b++b* —4ac
S 2a
Let
F(y)=x (35)
1-(N-1)p +g[yk (q+p)—Np]
L F(y)= 1

2{1—§[yk (q+p)—Np}}
1—(N—1)p2 +g[yk (q+p)—Np:| 2 +4 l—z[yk (q-i—p)—Np](k—l)p2
q q
Z{I—E[yk (q+p)—Np]}

+

(36)
N! i1 N N- 2)’
= F(y. Y Yio| 2L
F(y/) (1_1)1(]_,_1)1(1\/_])'[ (yl)] PKJ} pi'q } N -
N=g NY 5 Neyo ’ J
[F(v)-FO0] [1-F ()] p,[ y]jpj’ , } Ny_y.
d = 1 ry _
@B(Z /V)—O
Let
_ i1 N W Ney, 2&
¢1_|:F(yi):| p[|:[yini 4q; :| N (38a)
b=[F(r)-F(n)] " (38b)
N-j N=y,\ o ~yy : ;
¢3=[1—F(J’j)] Pjﬂyj_yljpijj J } N)iy. (38¢)
%B(Ei/v’)wﬁ{m+¢1¢;¢3+¢1¢2¢;=0 (39)

e o T o]
w2 [ O] (V)pra -y a1

N

O 2 LB [ 2
v

-2 {(i—l)[F(yi )] ! +1+q3[yl- ( +P)—NPJ}[F (] szv ]p e }

i 1

(40)
b =(i-i-D)[F(»)-F0)] " (- ) a1
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(42)

(43)

+(j_i_1)(pj+p[)|:F(yj)_F(yi)j|71 (44)
~(N-))p[1-F ()] +1—§[yj(qj +p;)-Np, |

=0
Simplifying Equation (44) to get

(=0 [F(v,)-F)|[1-F(»)]
+{”§,.[y,-<qi+pi>—sz-]}F(%>[F(yf>—F<yf>][l‘F<yf)]
H(=i=0)(p, =P ) F()[1=F () |- (N =) piF () F (3,)- F ()]

D20 0) -3 Jfr 01 0] 0

(45)
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+(=1=0)(p, =) F)[1=F (3) |- (N = ) piF (5) [ F (v,) = F ()] 49)

+{1—%[yj(q,.+p].)—ij]}[F(yf)—F(yj)‘F(%)F(yf)z}

J

.|:F(yi)2+F(yj)F(yi)2:|:0

{(N—J)pf -1+f[yf (4, +p/)-NPJ—1-f[% (4, +pf)—pr]}(F(yi )’

J J

+[(=1-1)(p, —pf)—(i—l)p,.z]F(y,-)—[(i—l)pf(F(yj))2 —F(y,«)}
A0 ) #0520 -0
-[F(y,-)(F(y[))2 —[F(y,-)(F(y,))2}{(1'—1)17? +1+q%[yl»(q,« +p;)-Np, |

{(j—i—l)(p_,- -p)-(N-))p; —l—f[y; (4, +P;)—NP1]}}F(%)F(% )] =0

J

Then from Equation (35)

{(N—j)pf —1+q£[y, (¢, +p,»)—Np,»]—l—§[y[ (4, +1!9,-)—N10,-]}(F(y,~))2

J

[ (J=i=1)(p, =)~ (i=1) p |F (3,)+1=0

VF(y)= _(j_i_1)<pj _pi)_(i_l)pfzi\/[(j—i—l)(pj—pi)_(i_l)pizilz E

2{(N—j)pf- —1+q£[y,-(q,- +p,-)—Np,-]—1—§[y,-(q,- +p,)~Np, |

J

qz[y,-(q,- +p,)—ij]—1—;[y;(qi+p,~)—NPJ[(i—1)Pf][(F(yf))2‘F y/')}_l

(
{ N 2 2
2 (N—J)p,—1+q[y,-(qﬁp,-)—Np,-]—l—q[y,-(ql»+p,»)—Np,-]}

J

(49)

Simplifying the above quadratic equations to get

L0t (F () = (3,)]1-0 0

:(i_l)pfz[(F(«Vj))z—F(y,)}l:o 51)
L F(y))= (i-1)p} i\/z(éi—_ll))p;iz—4(i—l)pi2 .
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But
F(3,)(FG)) -FO)(F(3,))

Then

2

=F)F()[FOn)-F ()] 69

{1+q%[yi(q,~ +p,~)—Npi]}[F(y,-)—F(yf)J
:—@—pr+§{M(%+pJ—Nh]—U—i—UO%—PJ (54)
-(N-j)p; _1_5[3’/ (qj +pj)_pr]

(i-1)p; +1+;[yi(q[ +p,~)—NP,~]—(J'—i_1)(pj —p,-)

S F(y)-F(y)=
(v)=F 1+5[y,-(q,-+17i)‘Npi}

(V=) Pt 1=y, (q,+p,)- N, ]
9, (55)

* 2
1+;[yi(qi+pi)—Npi]
. o . 2
(z—l)pf—(]—1—1)(pj—p,.)—(N—j)p]2. —I—Z[yj(qurpj)—ijJ
— J
=1+ >
e [3.(¢:+ 1) Np, |
4. Results
10-1)(0.3)* (0.
F(y)= —( 0-1)(03) (07)=1—0'567=1+O.171818=1.172 unrealistic
0.7+2(1-3) 33
2
FQ@%&—gQﬁlﬁzQ=1—0m=OJ9
0.7
10-1)(0.3)* (0.
F(y10)= _( 0 )(03) (0 7)=1—0'567=1—0.0386=0.9614
0.7+2(10-3) 14.7

These results indicate:
1) F ( yl) not feasible due to no (or low) command input(s).

2) F(y,) feasible.
3) F(y,) feasible. As the hierarchy increases correspondingly the distribu-

tion increases. This can be taken as workload.

Example 1: Given p, =03,k=5N=10,y, =k

1-9(0.09)+ 2 (5-10(03))
2{1+(5 10(0 }
J{ 1+9(009)- 25 woa} w41+ 2 (5-10(03))3(0.09)|
2{1+m(5—10(0.3)}

F(y)=F(y5)=

*
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2
1-081+ * 4 (-o.19+4j +4(1+4(0.36))
0.7 0.7 0.7

2{1 + 4}
0.7

| 0.12+5.7143/(5.5243) + 4(3.0572)

2(6.7143)
5.8343£4/30.5179+12.288  5.8343++/42.7467 5.8343+6.5381
13.4286 13.4286 13.4286

12.3724  0.7467
13.4286° 13.4286

Example 2: Given p, =0.3,p, =0.5,i=4,j=7,k=5N=10,y, =K
~(2(0.2)-3(0.09))

2{3(0.25)—1+(55[7—5]—1—(57[4—3]}

=0.92135,-0.05241(unrealistic)

F(y,)=F(y,)=

. \/[2(0.2)—3(0.09)]2 + 4{3(0.25)—1+025[7 —5]—1—(37[4—3]}

2{3(0.25)—1+(55[7—5]—1—(57[4—3]}

~(0.4-027) (0.4 -027) +4{0.75-1+4(2) ~1-2.8571}
- 2{0.75-1+4(2)-1-2.8571}
_ —0.13+15.5885 _ —0.13£3.9482

7.7858 7.7858
38182 6 40041, 220782 (\nreatistic)
7.7858 7.7858
3(0.09)% /(3(0.09)) +4[3(0.09)]

Fy)=F () 2(3(0.09)

~0.27£+0.0729+1.08  0.27++/0.1529 0.27£1.073732

0.54 0.54 0.54

1387325 sgea, TOBBTZ_ 1 4884 (both unrealistic)
0.54 0.54

~ (0 certainly unrealistic

3(0.09)+1+%[4—3]—2(0.2)—3(0.25)—1—%[7—5]

F(yj):F(y'):
! 2 2
1+—-2(02)-1———(2
+0.7 ( ) 0.5( )
:M:Log%
—5.5429

~ 0 certainly unrealistic

5. Discussion

The distribution of events at various stages of interactions were convolutions to

obtain system distribution. Thereafter, analytical approach was used at various
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stages to obtain optimal distribution of the command inputs.

6. Conclusion

Optimal distribution values obtained can be taken as system efficiency of the

model, which can be used for system control.
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