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Abstract

Using piecewise constant orthonormal functions, an approximation of the
monodromy operator of a Linear Periodic Delay Differential Equation (PDDE)
is obtained by approximating the integral equation corresponding to the
PDDE as a linear operator over the space of initial conditions. This approxi-
mation allows us to consider the state space as finite dimensional resulting in
a finite matrix approximation whose spectrum converges to the spectrum of
the monodromy operator.
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1. Introduction

Linear Periodic Differential Equations (PDDEs) have been of importance for
studying problems of vibration, mechanics, astronomy, electric circuits, biology
among others in [1] several examples of delay effects on mechanical systems are
given, in [2] and [3] effects of the delay in physics and biological processes are
considered. Neglecting the fact that interaction between particles does not occur
instantaneously sometimes is no longer possible or practical, these finite velocity
interactions bring new behaviors that modify significantly the behavior of the
system, see for example [4] and [5]. In the study of these Delay Differential
Equations many problems arise, mainly due to the infinite dimensional nature of

the system, in the case of linear PDDEs the stability depends on the spectrum of
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the monodromy operator, which in the non delayed case corresponds to the
monodromy matrix.

Approximation methods of the monodromy operator have been proposed a
number of times, [6] and [7] make use of pseudospectral collocation methods to
approximate the monodromy operator. The well known method of semidis-
cretization [8] has also been used to determine the stability of a PDDE. In [9]
using a Walsh approximation method from [10] a set of approximated solutions
of a PDDE was used to construct an approximation of the monodromy operator
by numerical integration.

In this work, the main contribution is an approximation of the monodromy
operator of the PDDE by a linear Equation (35) of the form x =, x, , where the
directly obtained matrix I{, will correspond to the approximated monodromy
operator, with no need of approximating solutions or numerical integration.
Stability of the PDDE can then be determined by the spectrum of 4, without
any need of solving any equation. Convergence of I{, and its spectrum is
stated in Theorems 10, 14 and 15. This approximation is made by projecting the
integral equation corresponding to the PDDE in to a a finite dimensional
subspace spanned by finitely many piecewise constant functions. The utilized
functions must belong to a complete set of piecewise constant orthonormal
functions with discontinuities only in dyadic rationals, such as Haar, Walsh or
Block Pulse Functions (BPF). The theoretical framework of this paper will be
based on Walsh functions since most results are stated for these functions. Once
obtained the finite dimensional approximation of the monodromy operator will
be stated in terms of BPF to reduce the computational cost of the stability
analysis.

The main goal of this paper is to provide a computationally light method, with
straightforward implementation, to approximate the monodromy operator of a
delay differential equation, in order to facilitate the computation of stability
diagrams used to study the behavior of the equation with respect to changes in

its parameters.

2. Linear Periodic Delay Differential Equations

Consider the linear PDDE:
x(t) = A(t)x(t)+B(t)x(t—z'), (1)

where x(1)eR", t,reR,, 0<t<®, A(r),B(r) are nxn matrices of
w-periodic functions continuous on [0,1] . Denote as C the space of conti-
nuous functions from [-7,0] into R”, this space is a Banach space with the
o(0)| [111.

A solution of (1) with initial condition @eC at ¢, is understood as a
mapping &:[-7,0]xRxC —R", such that £(6,7,,¢)=¢(0) for —1<0<0
and that £(6,1,0)=x(1+0) for —t<0<0 and r+6>1,, where x(¢) sa-
tisfies (1) for 7>#, with x(0)=¢(6) for 6e[-r,0]. At time ¢ a solution

will be an element of space C. Explicitly we will have:

norm "(0”: max
-7<60<0
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£(0.6.£(0.1,0)) =T (ty.1,+1)£(0.15,0). )

with @ e[-7,0]. The operator T'is called the solution mappingand is analogous

to the state transition matrix of the undelayed case.

2.1. Monodromy Operator

Taking into account the periodic nature of (1) it is relevant to consider (2) when
t =1, + @, in this case we will denote the solution mappingas U (1) 2 T (1,,1, + @).
Next some properties consequence of U () being completely continuous are
enlisted, [12]:
* The spectrum G(U (to )) is a countable compact set in the complex plane.
e 0e O'(U(lo)) , and if A€ G(U(to)) then (Ugp)(t,)=A¢p has a nonzero
solution peC.
» If the cardinality of the set O'(U (to)) is infinite then the only limit point of
o(U(1)) iso.
* The cardinality of O'(U (to)) outside any disc R of radius r,
R =ize (C,|z| < r} is finite.
« o(U(4))=0(U(4)) V.1 eR.
U(0) henceforth denoted simply as U will be called the monodromy opera-
tor of (1) and the elements 1eo(U), 4#0 will be called characteristic

multipliers.

2.2. Stability

It was shown [12] that Floquet theory is valid for PDDEs in a certain sense, and
that stability of (1) will be related to the spectrum of U. The following theorem
from [13] establishes the conditions for the stability of (1):

Theorem 1. If the characteristic multipliers are situated inside the unit circle
{/1,||/1||<1} , then the zero solution of the system is uniformly asymptotically
stable. If the multipliers of the system are inside the closed unit circle, and if
multipliers situated on the unit circumference correspond to simple elementary
divisors then the zero solution is uniformly stable.

Remark 1. If 7> ® all the above statements are valid for U", where
ro>7 and reZ [12].

Remark 2. Note that Theorem 1 extends the properties of an undelayed case
[14] [15].

3. Walsh Functions
3.1. Definition

Walsh functions are a set of piecewise constant complete orthonormal functions
introduced in [16] and defined on the interval [0,1), although easily translated
to any other interval. Formal definition of the Walsh functions may be done in
many ways [17], with the use of Rademacher functions the /-th Walsh function
may be defined as [17]:
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w, (t) =

where the &, are the coefficients of the unique binary expansion of ¢, namely

[sign(sin Zi’lnt)T , (3)

k
i=0

k
[ = Za‘iZi, with ¢, € {0,1} (4)
i=0

There are as well many ways of ordering the Walsh functions, in this paper we
will use the so called Dyadic ordering [18]. Figure 1 shows the first eight Walsh
functions in this ordering.

To a function f € Lfo,1] will correspond the Walsh approximation:
S(0)~ 2 how (1), 5
i=0

where h, = J.; f(¢)w,(r)dt. The right side of (5) will converge in norm to ffor
any f 61120,]] and if n=2", it will converge uniformly for any continuous
function that has, at most, jump discontinuities at dyadic rationals (numbers of
the form Za—b,a eN,beN) [16]. When n =, (5) will be called a Walsh expan-
sion.

3.2. Properties of Walsh Functions

We will define a Walsh matrix #[k] as the 2‘x2° matrix consisting on the
discretization values of the Walsh functions over the interval [0,1] .

For example we will have for k=3:

1111
11 -1 -1
W[4]:1—1 1 -1
1 -1 -1 1

We can also define the Delayed Walsh Matrix W[-m,k] as a Walsh matrix
of order 2* shifted m columns to the right and with the first m columns being

zeros. In the same manner we define a Forwarded Walsh Matrix W[+m,k] , but
shifted to the left:

= = 1
< 0 < 0 l | |
| 2 4
0 0.5 1 0 0.5 1
t
1
LT
-1
0 0.5 1
t
oL L[
0 0.5 1

t
—~ 1
io_| |
B L—
0 0.5

t

w (0
wg(t

w, (1)
w(1)

w, (1)
o

Figure 1. Walsh functions in dyadic ordering.

DOI: 10.4236/am.2018.911086 1318 Applied Mathematics


https://doi.org/10.4236/am.2018.911086

E. A. Vazquez, J. Collado

001 1 1 100
001 1 -1 -1 0 0

w[-2,4]= 00 1 -1 w(+2,4] = { -1 0 0 (6)
001 -1 -1 1.0 0

We define the vector consisting on the first 2" Walsh functions as:
T

1/T}k (t):|:W0 (t) Wl(t)“' Wz’@](t):| : (7)

Since the order of the approximation should be clear from context we write

simply w(z). We define as well the dyadic sum @ between tho nonnegative
integers as:

k
q®r=>|q,-r2, (8)
i=0

where ¢, and r are respectively the coefficients of the binary expansions of ¢
T

and ras in (4). To a vector o = [0'0 0,0y 71] we associate a 2f x2* sym-

metric matrix A(c) whose j jth entry will be given by o, 5, ,. If for example

o= [00 o, 0, O, ]T , then:
A(O') =

We make use of the following Lemma:
Lemma 2. [19] Let o € R* , then:
w(t)w' (1)o =A(o)w(z). )

The integral of a Walsh vector can be approximated by a Walsh expansion of

the form:
[ (s)ds = Pin(r), (10)
where Pis given by [20]:
- l _l -
e
4 0 7#121@—1
P _ : —#IQk—l
o #1219*1 02k—1 (11)
LI k—1 0 k—1
L 2k+1 -2 2

The approximated integral converges to the exact integral uniformly [21].

To a function matrix A(¢) we associate the Walsh approximation ﬁ(t):

A(t) = o)1), (12)
where
a, @, a, w(t) 0 0
_T _T _T w e
ao|® T G gy | O W) e 0 gy
(ZlTl 5:2 5:" 0 0 W(t)
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and each ¢, ; is the vector of coefficients of the Walsh approximation of each
entry of A(z).

Let A(t) bea nxn function matrix with Walsh approximation A(7) and
f(#) a function vector with Walsh approximation i (), whose elements are
of the form f(z)=h'w(¢), i=1,---,n where h e R* s the vector of Walsh
coefficients of the approximation of each element of £ Define
H= [}HT R T , then from (9) we have:

=1 r=1 ’ (14)

Lr=1 | Lr=1 n
Q" (1)A(a) .
where:
AMa,) AM@,) - AM@,)
— Ala,) Al Al
Aar) = () (?‘22) (@) (15)
A(_nl) A(anZ) A(_nn)
3.3. Approximation Error
Regarding the error of Walsh approximation we have:
Lemma 3. [17] If f satisfies the Lipschitz condition, then:
p=2F
E, =X cw(t)-f(1)| <c27*, (16)
i=0

for some constant C.

3.4. Block Pulse Functions

The set of Block pulse functions of order p is defined on the interval [0,1) as
the set {l//o (l‘),"',l//”kl (t)} , where [22]:

1 e i i+1
vi()=y"  Lp p ) i=lip-L (17)
0, otherwise

Block Pulse Functions, shown on Figure 2, are orthogonal, easily normalizable

[23] and when m — oo they form a complete set [22]. We restrict ourselves to

DOI: 10.4236/am.2018.911086

1320 Applied Mathematics


https://doi.org/10.4236/am.2018.911086

E. A. Vazquez, J. Collado

—~ 1 —~ 1
= o1 = [
) =
Cale | . s Cale | . .
0 0.5 1 0 0.5 1
t t
—~ 1 —~ 1
— 0 o 0
S 4 > 1
0 0.5 1 0 0.5 1
t t
~ 1 ~ 1
« 0 © 0
s 4 =4
0 0.5 1 0 0.5 1
t t
—~ 1 —~ 1
o 0 ~ 0
S 4 S 4
0 0.5 1 0 0.5 1

Figure 2. Block pulse functions.

the case p =2" for k integer. Walsh functions and Block Pulse Functions are
related by a one on one correspondence, meaning that there exists a unique
bijective linear transformation that maps the first 2° Walsh functions on to the
set of Block Pulse Functions of order 2* [24]. The existence of this transfor-
mation and the completeness of the Block Pulse functions ensure that the
properties of Walsh functions are inherited to Block Pulse Functions. In
particular we have the following:

Lemma 4. [24] Matrix P in (10) is similar to the upper triangular matrix

F. éW[k]PW[k]:%I2k +Q+Q2+---+Q2k’1, where Q is a nilpotent matrix

with ones above the diagonal and zeros everywhere else:

Iy
2
1
0 — --- 1
R = 2 ) (18)
0 0 1
L 2

Lemma 5. [25] Let f(7)=c"w(z) be the Walsh approximation of the
function f(r), with ceR” being the vector of coefficients of the Walsh
approximation. Then A(o) is similar to a diagonal matrix:

A (o) =W "[k]A(c)W k]

o -
f(z_"j 0 0

(1
0 f(z—kj 0 (19)
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4. Approximation of the Monodromy Operator

Without loss of generality we assume @ =1. We approximate the monodromy
operator by projecting (1) on a finite dimensional subspace of 17[0,1) formed
by the span of 2* piecewise constant orthonormal functions. We will assume
the orthonormal functions to be Walsh functions, the analysis can be carried to
the case of Block Pulse Functions or Haar functions by means of similarity
transformations. We also restrict ourselves to the case of commensurable delays,
thatis mr=w forsome meN.

Integrating (1) from 0 to twe will have:
= _[;A(s)x(s)derL;B(s)x(s—r)ds, (20)

with x(0)=¢(0) for 6e[-7,0]. A solution of (20) will correspond to a
solution of (1) [26]. Let =z, denote the projection mapping that takes the
Walsh expansion f (t) = Ziocéw( (Z) to the Walsh approximation

f(t) = 21 oSV, ( ) . Along with (20) we introduce its projection onto the space

2

fc(t) x ﬂkIA ds+7z jB s T)ds (21)

n
M=span{w0,w1,--- W, } :

where #(tf)eM and ¢(0)eM since it is a constant. A(z) and B(r)
correspond to 7,4(t) and 7z,B(r), this is, the approximations of A(7) and
B(t), respectively, as in (12). £(x)(@) is still not defined for 8 e[-7,0), we
cant define yet the projection of the initial condition since its defined on a
different domain than the domain of definition of the Walsh functions. For this
we have:

Proposition 6. The value of the Walsh approximation of order 2* at an
. i i+l
interval {?,2—,{
at that same interval.

J, i=0,---,2° ~1, depends only on the value of the function

Proof. It follows immediately from Theorem 2.1.3 in [17].

Thus we define the projection ﬂk(p(ﬁ)=Zi(;lc[wf(¢9+a))é(ﬁ(€) as the
Walsh approximation of order 2* of an integrable function @ (6) defined
on [-w,0), that is equal to ¢(¢) in [-7,0) and 0 everywhere else, and we
make £(0)=¢(0) for 6e[-r,0]. Since Walsh functions were not defined at
t=1
we simply set @(0) = (ﬁ[—zikj )

We split the second integral in (20) as:

th S x s —
—I )ds+_[B x(s—7)ds o)
—.[ z')ds+J.B x s — z’)ds

—.[ l S s r))B s z' ds+ﬂS(s—r)B(s)x(s—z’)ds,
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where S(z) is the unit step function.

We make use of the following Lemma:
Lemma 7. [17] Any function f(¢) constant on the intervals of the form

il
[;—k,%j , 0<i<2"-1 can be represented in the form:

f(t)= zicfwé (1), (23)

Le. the non zero coefficients of the Walsh expansion of f(7) have indices no
greater than 2* —1. Moreover, this representation is unique.
From linearity of 7, and from Lemma 7. we have that we can split the

second integral in (21) as in (22) with this being consistent with the projection:
ﬁkJ.tlA?(s)fc(s —7)ds

(24)
:ﬂk.f (1 S(s— z’)) ()(ﬁ(s—Z')ds+ﬂkf;S(s—T)l§(s)£(s—r)ds,

Since %(¢)e M we have that %(¢)= [hl w(t), -, h,w(t )J , we also have that
(?)(9):[ w(0+®),-,c,w 0-1—60] with each 4 and ¢, being vectors of

Walsh coefficients. Defining H = [ - h, J |:CIT er ] , and recalling
(7) and (12), we can write (21) as:

Q" (1) H -#(0)
= nqj;aQ(s)QT (S)Hds+7rk-.-(;ﬂQ(s)S(s —T)QT (s —r)Hds (25)
+ﬂk_[(:ﬂQ(s)(l—S(s—z’))QT (s—7+w)dds,

From Lemma 7. we have that both, S(¢—7)Q"(s-7) and
(1 - S(t - z’))QT (s -7+ a)) , can be uniquely represented in terms of Q(r):

S(t-7)Q" (t-7)=Q" (1),
(1-8(t-7))Q" (s—t+0) = Q" ()W, (26)

W, and W, are 2nx2*n block diagonal matrices, whose diagonal entries
are given respectively by W, and W, , which satisfy
Wow(t)=(1-S(t-7))w(s—7+w) and W,w(r)=S(t~7)Ww(t—z) When ap-
proximlating by Walsh functions, matrix W, is given by
W, = 2T(W [-m.k]W[k]) anditis called the Walsh Shift Operator [10]. W, is
given in an analogous way as W, = (W[+ 1-m) k]W ) The term  %(0)

will also have an unique representatlon
2(0)=Q" (1)@, (27)

since £(0)=¢(0). W, will be again a 2nx2‘n block diagonal matrix,
whose diagonal entries are given by ¥, . In the case of Walsh functions, matrix
W, evaluates ¢(7) attime 2F 1 and assigns its value to the coefficient of the
constant Walsh function wj (¢), hence w! = [W(Zk - 1),0,...,0}T .
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From (14), (27) and (26) we have that we can write (25) as:
Q' (t)H-Q" (1)W.D
=7, [[Q" (s)dsA (&) H + 7, [, Q" (s)dsA (B) (28)
+7,[ Q" (s)dsA (B)W,H.
From (10) we have that:
7 [[Q" (s)ds =Q" (1) P, (29)

where P isa 2'nx2'n matrix given by:

PT 0 - 0

— o P ... 0

P= . (30)
0 0 P’

from which we arrive at:

Q' (t)H-Q" (t)W @

T () PR (@) HOT (1) PR (S)F.04 0 (O PR(P) Ty,
Since Q(¢) is nonsingular we have:
H =[1-PX(a)-PA(B)W, | [W.+PA(B)W, |o. (32)
From (32) we can define a mapping 7, : M — M :
T, =[1-PA(a)~PA(B)W, | [W.+PR ()W, ] (33)

However by construction we can see that the domain of 7, is in fact the
subspace of M consisting of al functions generated by linear combinations of the
first 2 Walsh functions, that are equal to 0 for ¢ e [0,0—7), we denote this
subspace as M'. Likewise we can extend the domain of definition of the

solution map of (1) from the space Gorop O the subspace of Lf—w,O] consisting

r,O] >
of al functions that are continuous on [-7z,0] that are equal to 0 for ¢ e[-w,7),

this space, denoted C' is isomorphic to the space ¢ and its projection on

7,0
the space M corresponds to M'. We can say now that 7]; is an approximation
of the solution mapping 7"of (1), we obtain an approximated solution
£(1)=Q"(t)H which satisfies (21), and thus, we have an approximation of the
solution map of (1).

In order to study the monodromy operator of (1), we must study the state at
t = @, this is, we must know the solution of (1) for ¢ e [a)— r,a)] corresponding
to an initial condition. Since M' is the projection in the space M of C' and

since C' is isomorphic to C[ , the approximation of the state at =

w-7,0)
will be given by the projection of the approximated solution into M'. Hence, by
Lemma 7 we will have:

H'=W,H. (34)

where VI_/p is a 2*nx2'n is a block diagonal matrix which projects the
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approximated solution Q' (¢)H into the subspace M', with diagonal entries

W, . In the case of Walsh functions, we will have

1
Wy :2_kWS(t—(1—m))[k]W[k]

where Ws(tf(lfm)) [k] are given by Walsh matrices of order 4k that instead have

0Os in the first (1 — m)th columns.

From (34) we obtain our approximated monodromy operator, given by:

U, =W,[1-PR(a)~PR(B)W, | [W.+PR(B)T, ]. (35)

Approximation by Block Pulse Functions

Equation (35) for the approximation of I, is valid for all sets of orthonormal
functions that can be obtained by linear combinations of Walsh functions. For
the numerical calculation of the approximation of the monodromy operator,
Block Pulse Functions are the most advantageous set since with their simplicity
comes a lesser computational load. In particular for the Block Pulse Function

approximation we will have:

WP:diag{W;,---,WPT}, (36)
WT: OZk—mXZk—m 02k—m><m
’ 0m><2k7m [mxm ,
WC:diag{ng'"an}ﬂ (37)
0 01
0 01
Wg = . . ’
0 0 01
P = diag{P",---,P"} (38)
1 1 .. 11
2
1
110 — 1
Pl 2 |
1
0 0 —
L 2]
If we define:
K 0 0 0] K 0 0]
0 0 O 0 0 0
O =|: .t or o, 0= o T, (39)
0 0 0 0 0 0 0
|10 0 0] |10 0 0 0]
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we will have:

W, = diag{Wy . W, | (40)
w, =0",
and
W, = diag{W} W'} (41)
wi=0"".
ay (1) ay(t) - a,(t)
Finally, if in (15) we have A(f)= a”:(t) a2 1) az”:(t) , then A(a)

will be given as in (15) with:

o _
W2 0 e
1
0 a..(_j 0
— i k
R L T
L (2f-1
oo afZ)
where
: i+
&y(z’—k} i.kaij(t)dt, i=0,1,---,2° -1, (43)
2k

with the same for A(S) and B(¢).

5. Convergence of U,

We denote as C, the space of functions from [0,1] to R", whose limit from
the left exist at every point in (0,1] and whose limit from the right exists at
every point in [0,1) and that are also continuous at every point that is not a
dyadic rational, this is, C, is the space of continuous functions on [0,1] that
may have jump discontinuities at dyadic rationals.

Proposition 8. The space C, isa Banach space with the sup norm.

Proof. Let {x,} bea Cauchy sequence in C,,then V&>0, 3N such that
n,m2= N implies:

sup "xn (t)-x, (t)" <e.

te[(),l]

x, () -x, (t0)||< &, for nm>N.

Thus {x,, (1, )} is a Cauchy sequence in R", therefore convergent, we denote

Therefore for every ¢, €[0,1] we have |

such limit as  x" (¢, ) , then we have that for every &, there exists NV, such that for

n>N:

X, (xo)—x* (xo)” <g, Vxe [0,1],
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thisis {x,} convergesto x uniformly.

Now let 7, €[0,1), then for every x, the limit from the right at 7, exists,
this is, Vx, e{x,}, 3!L, such that for every &>0, there exist &, >0 such
that:

O<t-ty<d=> <E. (44)

X, (t) -L

The sequence {L;} is defined on R", therefore is convergent if and only if
it is Cauchy. We assume by contradiction that {L;} is not Cauchy, then there
exist & such that for every N, thereexist n,m, 2 N, such that:

||L _L”l

m

> g, (45)

Since {x,} is Cauchy we have that there exists N, such that n,m> N,

implies:

sup
te[0,1]

x, (1) =x,(1)] < %

Let n;,m, >N, such that (45) holds. Let &, such thatfor 0<¢—¢ <9, we

have:
81

<,
3

x, (1)-1L,
similarly let &, suchthat 0<¢-¢, <0, wehave:
£
Jo ()2, <5

Take 6=min{5,,d,},thenfor 0<z—t, <5 wehave:

5 ()=, (0] <5

£
(5, ()=, +x,, (0)-£,) (£, - 13, )| < =
&,
H|xn1 (0)-L, +x, (1)-L, |-z, - L, <
but (L, —L, |>& and |x, (¢)-L, +x, (t)-L, <%,therefore:
e <|L, -1 ||~ ()-L;, +x, (6)-L, [ <&
&
& <|\L, - L, <?‘+ X, (1)- o T X, (t)—L;1
g <||L, - L) <ﬁ+ﬂ+ﬂzel,
! ! 3 3 3

which is a contradiction, therefore the sequence {L;} converges to a limit L.
Nowlet £€>0,let NeN and 0 suchthatfor 0<t+7,<3:

ey (1) =" ()] <5

3

&
< =
3

”xN (1)-Ly
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L,-L'

<8
)
3

then:

E & €
<—t+—+—=g¢.
3 33

+

x*(t)—U

< "xN (1)-x (t)" + "xN (1)-Ly

L,-L'

Therefore L' is a right limit of x* at ¢=¢,, hence the right limits exist.
Repeating the process for the left limits we conclude that the left limits of x°
exist where required.

Now let 7, €[0,1], ¢, not a dyadic rational, then each x, is continuous at
t,» therefore }Ln}cxn =x" is continuous at f,. Then we have x"e(,, which

concludes the proof.
We make use of the following:
-1
Lemma 9. [20] Let the dyadic intervals A, (f)z{é—k,;;kj, (el with
r, = {1,...,2"} and let y i [)(t) be the characteristic function of the interval
A, (1), then:

0, osz<2ik

' 1 /-1 !
”kIOXAk(z)(S)dSZ P St<2_k (46)

R

27 kT 1

Now we state:

Theorem 10. Let the Banach space C,, the approximated monodromy
operator U, converges in the strong operator sense to the monodromy operator
U.

Proof. Let x, denote the projection mapping that takes the Walsh expansion
f(1)= ijoc[w(, (f) to the Walsh approximation f(t) = Zioc,fwf(t) .
Without risk of confusion we will denote as 24,¢(8) the operator U z,p(6)
andas 7,¢(0) to the operator 7,7,¢(6).

Denote as x(1)=T¢p(6) the solution of (20) corresponding to an initial
condition ¢(8) for 6e[-7,0]. Likewise denote as %(¢)=7,4(6) the solu-
tion of (21). Clearly x(1)=Ugp(0) and %(¢)=U,p(0) for te[w—7,0]

Let A(t)=n,A(t), B(t)=nxB(t) and ¢(t)=7z,p(t). Then:

"fc(t)—x(t)" < ||7rkx(t)—x(t)|| + "fc(t) —ﬁkx(t)". (47)

Since the solution x(7) is continuous we have that the first term on the right

converges to 0 as k —> . We now observe that %(¢) and x(¢) satisfy:
(1) =(0)+ 7, [ A(s)3(s)ds+z, [ S(t—7) B(s)&(s—7)ds

, A (48)

+m [ (1=S(t=7)) B(s)p(s—7)ds

and
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( )+-[(:A(s) ds+_[S t z' ( )x(s—z')ds

(49)
f(l S(t z' (s—z')ds,
respectively. Set A(¢)= (t)+S( ) (1), B )—(1—S(t—r))B(t), the
same way set ./Zl(t) and B(t) as their respective approximations. Define
v (1) =x(¢)—m,x(r) . We have:

x(1)=

v (t)=m, J.(:fl(s)fc(s)ds+7rk I;A(s)ﬂkx(s)ds—ﬂk I;A(s)x(s)ds 50)
+7, U;l%(s)g?)(s—T)ds—B(s)(p(s—r)ds},
v ( ﬁij )ds+7rk_[ [.fl(s)ﬂkx(s)—fl(s)x(s)]ds 51

+ﬂkjo[l§(s)(}3(s—r)—B(s)go(s—r)st.
We have that the right side of (51) is piecewise constant, so if we define the
/-1 ¢

dyadic intervals A ( ) {2‘ s kj,for fel with T = {1,---,2k},wecanwrite:

7 [A(s) e (s)ds = ﬁijA[ j (qzkljlmﬂ()ds (52)

where ;(Ak(q)(t) is the characteristic function of the interval A,(g). From

Lemma 9, we will have for re A, (¢):

7 A (s) 7, (5) = k;A( j (;j %A(%)y(%) (53)

-1
Since y,(¢) is constant on the dyadic intervals then y,(¢)=y, Ez—k for
t € A, (). Therefore:

Vzklj 7 ZZ_IA(qz_"ljy"(qz_"lj e A(%j y[%]‘
+max 7, [[[B(s)g(s-7)-B(s)o(s-7) o] (54)
+max 7, L:[.,Zl(s)ﬁkxl(s)—A(t)xl(t)]dsH.
Define C; =1~ max (q 1, and assume € >0. This restraint is

not significant since A() and B(¢) arebounded, therefore A(¢) and

We have:
A

(t) are bounded, and S —5—0 as k> o,
)

e e sy e

From all of the above and defining D, =— C* , with 4, = max
qe

(55)

]

< max
qel’

(g
Al

and denoting:

B, = Cik[rogzg ﬂkj.;[./‘i(s)ﬂkx(s)—_A(t)x(t):|ds”
g 861605 -B6)ots-o]
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we arrive at:

-0\ .. 2 (g-1
Vi (2_"j ‘ < B+ D) |l (7]“ (56)
gq=1
Which gives:
-1 . -1
v, (2—kj <B/(1+D]) . (57)

Indeed, for /=1, < B, , and assuming

/-1
Yk Z_k

o3 g-1 . -2
B +D,Y |y, T SBk(1+Dk) we have:
g=1
(Z—lj <B*+D*§ (q—l} D [ﬁ—zj
Vi P el kq:l Yi ok k| Ve ok
* «\(—2 * o «\(—2
<B/(1+D;) +D;B;(1+D;) (58)
<B(1+D})"

(-1
For reA,(¢) wehave z—kSt,then (—1<2"t, therefore:

N 25
| (2)| < Be (1+ D7) (59)
Taking into account the definition of D, we have:
2Ky Zkt—ﬁt A—’tr
2 2
o2 4, 4 A

(D)) <1 =2 | |1 l+—2 | (60)

Y P Y

2 2 2

*

and

2"t—§t 2 2":—%:
1k _ B *+i A, |+ <e' <e (61)
P A 2y A
2 2 2
A,
2
A ok e
14—k =(1+D,{)2 §(1+Dk)2. (62)
2F Tk
2
From (61), (62) and (59) we arrive at:
. A
|y () < Bie* (1+ D)2, vee[o.1]. (63)

. A
The expresion e (1 + Dk) 2 isbounded, and clearly x e C,, and since
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p(t-w)eC,, we have B, >0 as k—>o, therefore we have |y —0 as

k — o, this is:

||7;(D—T¢||W>O, Vepel,, (64)

from where it follows immediately that:

[tho-Up|——=—0, VoeC,, (65)

which concludes the proof.
Corollary 1. If ¢ is Lipschitz, then the error of the approximation U,

satisfies ||Mk(p - U(p" € O(zikj .

Proof. From (59), we have that since ¢ is Lipschitz and x(t) is differentiable,
the result follows immediately from Lemma 3.

We now prove that the approximated solution is indeed equal to the Walsh
approximation of the exact solution. First we state:

Lemma 11. [21] Let Zj;oc,w/(t) be the Walsh expansion of a function
F(2),if D7 ¢, (1) converges to zero everywhere, then ¢, =0, i>0.

Now we are ready to prove:

Theorem 12. Let x(¢)=T¢(8), the solution of (20) corresponding to an
initial condition (@) for 6 e[-7,0]. Likewise let %(¢)=7,¢(0), the solution
of (21), then %(¢)=rmx(¢).

Proof We have ()= Zjioc/w/(t) and 7.x(1)= ZELOdZWZ (1), for some
coefficients ¢, and d,,then:

()= 2(6)] < ()~ 2] e () x(0)] (66)

Since the solution x(t) is continuous and from (64) we have that the two
terms on the right converge to zero, therefore z;:o(c/ —dé)wf (t) converges
to zero uniformly, hence everywhere, and from Lemma 11. we have ¢, =d,, for
0=0,---,2°, thisis %(¢)=rzx(¢)

Corollary 2. Up(t)=7Ugp(t),

Lemma 13. Let X < C, compact, then for very &>0, there exists k€N,
such that:

||7rkx—x|| <g, VxelX. (67)

&
Proof. Let ¢ >0, since Xis compact, there exist finite open balls of radius 3

£
centered around finite x,,---,x, € X that cover X, then Vxe X, |x—xl.|| < E,

for some ie{l,---,N}. Let k such that for any ie{l,---,N}, |7rkxl.—x,.||<§.
Let x€ X ,then for some ie{l,--,N}:
sl msl b sl b -

Sl =2+ e =]+ fmx = x| < e

Since there are finitely many x, , the desired result follows immediately.
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The solution of (1) will be given by:
x(t) = X (1,0)p(0) + IiX(t,s+r)B(s+z’)¢(s)ds, (68)

where Xis a solution matrix such that X (0,0)=7 and X (z,0)=0 for £<0
[13]. If @€ C, then the solution x(t) will be continuous and the solution
matrix X will be the same that in C. Furthermore we will have a bounded

operator:
<] =l7 (@) <[l @)]. (69)

and like in C, we will have that 7 maps arbitrary bounded sequences into
equicontinuous sequences, then by the Arzelad-Ascoli Theorem we will have that
Tis compactin C, .

We now have:

Theorem 14 The approximated monodromy operator U, converges uni-
formly to the monodromy operator U.

Proof Let B denote the closed unit ball on C; . Since T'is compact, then the
image TB is also compact, and by Lemma 13 we will have that for any & >0
there exists & such that:

||Tk —T|| = sup"ﬁka - Tx" <e. (70)
=

The fact that |[¢f, ~U[|—>0 as k —> o follows immediately.

With this we can establish convergence of the spectrum:

Theorem 15. The spectrum of the approximated monodromy operator U,
converges to the spectrum of the monodromy operator U. More precisely, for
any open set )V, such that o(U)cV, then there exist K such that
o(U,)cV, for any k>K . Furthermore, let 3 eo(U) and let I' be a
small circle centered at A, such that any other eigenvalue of U is outside T,
then the sum of the multiplicities of the eigenvalues of U/ within I' will be
equal to the multiplicity of A4, .

Proof. Let ' be a small circle with center at 1, € o(U), such that any other
eigenvalue of U is outside this circle. Then the spectral projection of A, is

given by:
1 -1
P=—0¢ (A/-U) dA. 71
2mi 9Sr( ) (71)

The spectral projection of the spectrum of U, inside I' will be given by:

1 -1
P=—o (A-U,) dA 72
Y omi r( ) 72)

Since |[U-,||->0, then P, converges uniformly to P, therefore, there
must exist & such that part of the spectrum of {, isin I'.

Since P and P, are finite dimensional operators and since F, converges
uniformly to 2, we will have that for sufficiently large &

dim(P) = dim(ka), (73)
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this is, the algebraic multiplicity of A, will be the same as the algebraic

multiplicity of the spectrum of f, containedin I'.

6. Approximation of the Solution of a Delayed Mathieu
Equation

If one considers a generalization of a Mathieu Differential Equation to a
Functional Differential Equation, we will find that we can consider different
cases depending on where the parametric excitation is placed [9]. We consider

the scalar equation:

¥+(a+ Bcost)x =(ycost)x(t—7). (74)

The operator 7, in (33) provides a natural way to approximate the solution of

a periodic delay differential equation. Consider Equation (74), with a =5.35,
2

p=25, y=05,and 7 =é. Figure 3 and Figure 4, show the comparison
between the solution obtained by simulation and the approximation of the
solution obtained from 7, ,for k=7 and k=10 respectively, for
te [0,27t] .

Figure 5 and Figure 6, show the magnitude of the error for the appro-
ximation of the solution obtained with the approximated operator 7, , for

k=7 and k=10, respectively.

2 T T T T T T
— — —x,D
! Xsim( t) |
< Or \
-1+ .
-2 | 1 i i I 1
0 1 2 3 4 5 6

t

Figure 3. Solution of (74) for te [0, Zn]. The solid line corresponds to the simulated

solution and the dashed line corresponds to the approximated solution for k=7.

——=x,0
x_ (f)

sim

2 ! 1 ! ! ! 1
0 1 2 3 4 5 6

t

Figure 4. Solution of (74) for te [0, 27t] . The solid line corresponds to the simulated

solution and the dashed line corresponds to the approximated solution for k£ =10.
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0.1 T T T T T T

0.05

le, (D)l

Figure 5. Magnitude of error of the approximated solution correspondingto k=7.

x102

le, (D)l

Figure 6. Magnitude of error of the approximate solution corresponding to k=10

7. Stability Chart of the Delayed Mathieu Equation

We will use the approximated monodromy operator to determine the stability

chart of a particular case of delayed Mathieu equation:
5é(t)+(a+ﬂcos(t))x(t):7cos(t)x(t—z-). (75)

Stability charts are used to to determine the stability of periodic differential

equations with respect to some parameters. Figure 7 shows the stability diagram

2
of (75) for the plane aff with 7= 3—; and y =1.5. For this equation stability

zones are disconnected and there is no symmetry with respect to the horizontal
axis, contrary to the case of the undelayed Mathieu equation.

Now consider the equation:
5é(t)+[a+,8cos(2m)]x(t):5x(t—r). (76)

This equation has been studied in [8]. Figure 8 shows the stability diagram for
the parametric plane @f with 6=0.15 and 7= %

8. Conclusion

The use of Walsh functions provides the finite dimensional approximation (35)
of the monodromy operator. This approximation and the analysis leading to it
are virtually the same for any piecewise constant orthonormal basis which can be
formed by linear combinations of Walsh functions such as Block Pulse

Functions. The use of Block Pulse Functions provides a computationally
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4.5

3.51

Q 2.5
2.
1.5
14
0.54

0 051 15 2 25 3 35 4 45
a

Figure 7. Stability diagram for the parametric plane af of Equation (75).
Asymptotically stable zones (grey) and unstable zones (white) are shown.

0 05 1 15 2a2.5 3 35 4 45

Figure 8. Stability diagram for the parametric plane af of Equation (76).
Asymptotically stable zones (grey) and unstable zones (white) are shown.

inexpensive method that is useful when obtaining stability diagrams. The rate of
decay of the error will be maintained regardless of the orthonormal set used [27].
The use of Block Pulse Functions provides a method with a light computational
load, due to the simplicity of the functions and the sparse structure of the
involved matrices. Implementation of the algorithm is straightforward, it is only
necessary to compute matrices (42) corresponding to the matrices A(7) and
B (t) in (1), and to substitute the remaining matrices in Section 4.1. Furthermore,
the approximated monodromy operator might be used to provide insight in the
nature of the PDDE, specially with a second order equation if the solution space
is confined to a two dimensional vector space [28], since a similar approximation
with the use of Block Pulse Functions has been used to analytically prove

properties of Periodic Ordinary Differential Equations. [29]. However a downside
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of the proposed method lies in the rate of convergence, which for certain cases

is slower than the convergence of Fourier functions, and is certainly slower than

the rate of convergence of approximations with, for example, Chebyshev

polynomials.
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