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Abstract

In this paper, we focus on the perturbed risk model with dependent relation
and consider the relevance from two aspects. For one side, we use copula
function to model the structure of the claim size and interclaim time, and on
the other side, we establish the change of premium rat depending on the
random thresholds. At last, we obtain the Integro-differential equations and
its Laplace transforms of the Gerber-Shiu functions for the new risk model.
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1. Introduction

Before a hundred years ago, the Lundberg-Cram’er classical model laid the
foundation for ruin theory. For its fundamental position, we also call it the

compound Poisson risk model, and the surplus process of an insurer is denote by
U(t)=u+ct—S(t) (1.1)

where # >0 denote the initial capital, ¢>0 is the constant premium rate.

N
S(t)=D_ X, is the aggregate claims until 4 and X, is the claim in the /-th
i=1

time. {X L2 O} is a sequence of independent and identically distributed non-
negative variables with a common probability density function fand probability
distribution function is F. {N(t),t > O} is a Poisson process representing the
number of claims in the interval [0,[] . We define the ultimate ruin probability
by

w (u)="Pr(r <oo|U(0)=u) (1.2)
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Because of the rapidly development of the financial and insurance industry,
scholars have found that adding perturbations to the original model (1.1) can be
better reflect the growth pattern of insurance. They explored many ways, such as
linear functions, piecewise functions, levy process, jump-diffusion process, etc.
Gerber and Shiu put forward a classical function called the Gerber-Shiu expected
discounted penalty functions to study ruin probability better, and they use the
Brownian motion to be the perturbation term for the first time. The classical
model changes to be

U(t)=u+ct—S(t)+oB(1) (1.3)

B(t) is a standard Brownian motion and it is independent with the aggregate
claims process S(),and o >0 is the diffusion volatility.
The Gerber-Shiu expected discounted penalty function (EDP) is

$(u)= E[e’&a)(U(f—),|U(r)|)I(r < oo)|U(0) = u}u >0  (1.4)

where /(-) is the indicator function, @(x,x,) isa no-negative function of the
surplus defined on [0,00)x[0,00) before ruin U(r—) and the deficit at ruin
|U(z')| .Let 20 be the force of interest.

Since the compound Poisson risk model perturbed (1.3) and EDP function
were proposed, it has received a lot of attention, and the EDP function has been
studied fully (including the equation of integro-differential, the Laplace trans-
form, analytic solutions, etc.), see e.g. [1] [2] [3] [4] [5].

At the beginning, researchers consider structure of the claim sizes and the in-
terclaim time in independent for convenient. With the development of research,
the independence assumption above does not accord with the actual situation.
So many researchers turn to discuss the risk model with various dependent
structures, and they built many dependent structures, see e.g. [6]-[15]. Zhang
and Yang [13] use the copula function to construct the dependence and obtain
better result for the EDP function.

Meanwhile, the research on premium rate is also put forward with the devel-
opment of insurance industry. Zhou and Cai [15] analyze the dependence struc-
ture between the premium rate and the claim size for model (1.3). It doesn’t
consider the dependence of interclaim time and claim size.

This article is based on the above papers. We study the perturbed risk model
as (1.3) and model the dependence structure for two sides. For one side, the in-
terclaim times is dependent with claim sizes by a certain bivariate probability
density function, and on the other side, the premiums are depending on claim
sizes by the random thresholds {Q,.,i = 1,2,---}. In Section 2, we describe the
structure. In Section 3, we analyze the affecting to ruin due to claims or pertur-
bation under the model (1.3) and introduce some ruin measures. We show the
integro-differential equations in two situations of Gerber-Shiu function satisfied

in Section 4. In Section 5, we get the Laplace transforms for the Section 4.

2. Analysis of Dependence Structure

We can use various joint functions to establish dependent structures. In this
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paper, we use the Farlie-Gumbel-Morgenstern (FGM) copula function to de-
scribe the dependence structure. We analyze the former perturbed Poisson risk
model and establish new dependence structure based on it. Although the FGM
function is relatively simple, it can be applied in a variety of environments con-

trolling the size of 6. The FGM copula is shown by
Crom (ul,uz) =uu, +6Guu, (l—ul)(l—uz) » 0<u,u, <l (2.1)

where —1<6<1. We can see that FGM copula also includes the independence
case (6 =0) and allows both negative and positive situations.

We assume {V,i >0} is the interclaim times and a sequence of exponential
random variables V; the density function g(t)=4e™* (1>0), and the cumu-
lative distribution function VG(r)=1-¢*. The joint distribution function of
(X,V) is

Fy,(x.t)=F(x)G(t)+0F (x)G(t)(1-F(x))(1-G(2)) (2.2)
And we can get the joint density function of (X,V) is
Fey (x.)= 27 f(x)+0(24e ™ = 2e ™ ) h(x) (2.3)

where g(1)=Ae™, h(x)=(1-2F(x))f(x). We can also get the conditional
probability density function, that is

Saw= (%)= 1 (x)+6(2e =1)h(x) (2.4)

Then, we analyze the dependence of the premiums and with claim sizes. Let
{ i = 1,2,~~} is a set of independent identical distribution random thresholds
and independent with {X,,i >0}, the c.df.is L(x).If X, islarger than Q,,
we put the insured on the first group, and we assume the time follows an expo-
nential distribution until the next claim(the p.d.f. is g (¢)=4e",4 >0), and
the premium at rate ¢, (>0);if X, issmaller than Q,, we put the insured on
the second group, the time change exponential parameter (the p.d.f. is
g, (t)=Ae™,4,>0,4 # 4,), and the premium at rate ¢, (> 0). Based on the
above assumptions, we denote C (t) the premium growth function and it is a
piecewise function.

So we can establish the surplus process of an insurance company in the way
blew

N(t)
U(t)=u+C(t)- D, X,+0B(1)
i=1
t t " (2.5)
=ute [l ds e[ 1y ds= 3 X, +oB(1)

i=1
J(t) is represent two groups of insured persons. To guarantee U(r) has a

positive drift, we assume that the model following the next condition

%P{X>Q}+Z—2P{X<Q}—u>0 (2.6)

Following the regulation, the insurance company would charge its premium
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when it is higher than the expected loss amount.

At last, we introduce some functions and formulas that used in this paper.
0, (u)=[ o(u.y-u) f(x)dr

In this paper, we also use Dickson-Hipp operator 7., =0 and some prop-

erties following
Lf(x)=["e""f(y)dy,

T.1(0)=f(r).r=0.
T,/ (x)-7,/(x)

nL—n

4.1 20,1 £ 1y,

LT,/ (x)=T,T,/(x)=

Tlerzf(O) =TrzTylf(0) =M,}’l,rz 20,1 #1,.

n—n

3. The Gerber-Shiu Function

Let 7, =inf{1>0,U(¢)<0} be the ruin time for U(r) for the first time under
the zero level, and 7, =c0 if U(¢)>0 forall #>0.

We analyze the EDP function in two situations in initial surplus u
6, (u)=E| ¢ 0(U (7, -).|u () 1(7, <0)|U (0) =u |.uz 0, =12 (3.1)

Because of the perturbation term, we should decompose the EDP function
according to two side, that it is whether the ruin is caused by a claim (denote
¢, (u)) or oscillation (denote ¢, ,(u)) And there are four cases for the ruin

situation:
¢i(u):¢,.’d(u)+¢i‘w(u),i=1,2. (3.2)
8.,(w)= B¢ 0(U(z,-)JU (7)) 1(z <0 (5,-) < 0)[U (0) =u]
i=L2
b4 ()= E[ e "o (U(z,-),JU (7)1 (7, <0,U (z,-) = 0)|U (0) = u |
= 0(0,0)E[ e *1(z, <o0,U(z,-) = 0)|U (0) =]

> (3.3)

(3.4)

In generally, we suppose that ®(0,0)=1. We set a special setting of & =0
and @=1 brings ¢  (u) and ¢, (u) to the ruin probabilities.

4. Analysis of the Integro-Differential Equations

In order to discuss the properties of ¢ () and ¢ ,(u) functions, we usually
have to get the Integro-differential equations at first.

Now we use a Brownian motion W,(¢)=-c;t—oB(t),i=1,2 for an auxiliary
function, and the driftis —c, begin with 0. The varianceis o. Let
W, (t) = sup,.,., W,(s) is the supremum in interval [0,¢]. Denoting the first hit-
ting time by 7, = inf{t >0:W,(¢)=u} . Based on the Formula (2.0.1) by Borro-
din and Salminen [16], we could get for § >0,
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E[e [=e™", where 5, =-L+ =2+, i=12.  (41)
(e

For J 20, we define the following measure

B(u,dv,dx) = E[ ¢ 1(W,(V) <uW,(V) e dy, X e d) ], )
u>0,x>0,y<u,i=12.

We denote ¢, by an exponential random variable and the rate ¢>0. We

could first calculate the following measure.

U, (u,dy)= Pr[Wi(eq) <u,W, (eq) € dy},u >0,y<u,i=12. (4.3)

Next, we introduce two Lemmas in applied probability to obtain the above
Formula (4.3).

Lemma 1. Assume that e, is independent with {7, (¢)}. The following ran-
dom variables W,(eq),W[(eq)—W[(eq),i =12 are independent and have expo-

nentially distributed rates

2 2
c; 2 c; c: 2 c .
ho= oy e ey == e P Sion,
’ o o o ’ o o o

Respectively, we have for 0<y<u,
U, (u,dy)= J' E[M)Pr[Wi(eq) e dx, W, (eq)—Wi(eq)—i-Wi(eq) € dy}

= Vv, .efvl"‘xvz’[efvz"‘ (H)dxdy (4.4)

xe[y,u) Li

— vl,iVZ,i |:efv1ﬂ' _e’(Vl,i+V2,i)"+V2,iY:|dy
VitV

We have for y <0,

U,; (u,dy)= J‘xe[O,u)PrI:VVi (eq) € dx, W, (eq)—Wi(eq)—i-Wi(eq) € dy}

— VX "’Z‘i(x’/") 4.5
Le[oyu)vue v, € dxdy (4.5)
_ vl,ivz,i |:er|),»y _e*(vz,ﬂr"z,, )HVz,i,V}dy
Vi tVy,

For each u>0, U, (u,dy) is absolutely continuous with respect to the Le-
besgue measure.

Lemma 2. The measure P,(u,dy,dx) has a density in the following

For 0<y<u,

pi(u’y’x)

A1, ( “my g Juem 'y)
= LA e MY g TR (£ (%)~ Oh(x (4.6)
(//Li+5)(771,i+772,i) ( ( ) ( ))
24,00, ,0,

i (2/11. + 5)(0)]’1. ‘”02,,-)

(efw],;y _ e*("’l-i ron Jureny )h (x)

And y<0,
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pi (U,yax)

A T, ( my (it Jutn -y)
= - e —e NS (x)-6Oh(x (4.7)
(ﬂ’[+6)(77li+772i) ( ( ) ( )>
2400, 0,

(¢
22 +§ a)l +a)21)

/1+5 /1+5
437721 +_ l—12
¢ 2 2&1.+5 Cz' ¢ 2 2/1i+5 C,- )
=—+ —2+—4,0)2’I-:——2+ —2"1‘—4,1:1,2.
(o2 (e (e (e (e O

Proof. Take into account the value of V'

P (wdy,dx) = ["2e W £ e[ W (1) <u, W, (1) € dy |dxds
= [ 20 A (f ()= 0 (x)) Pr| W, () <, (1) € dy | ded
+[" 24,06 () Pr[ W, (1) <, W, (1) € dy | dvde
A, 24,0
= (f(x)=0n(x))U, .5, (u,dy)dx + Y

7

@y —e (“1,1*“’2,[)““12,»’ )h(x)

h(x)Uuiw,,.(u,dy)dx

With U, ;. (u,dy) and U,, ,,(u,dy), we could get the results.

Now, we could obtain the equations of integro-differential for the Gerber-Shiu
functions by using the above results.

Theorem 1. ¢, (u).4,,(u) satisfies the following integro-differential equa-

tion

_ A1, + V)i
o )= Sy e () T ()= (1)

(4.8)
2400, 0, o
+(2j1 +5)(‘01,1 Jr0)2,1)(”11’2 (M)+Tw2’]72 (V) ¢ 7/2(602’1))
_ 12771,2772,2 s
o) = (4 +8)(m, +772,z)(m2'( VT ()= 7(m,)) (4.9)
2/126"01,2(02,2 :

' (2/12 + 5)(“’1,2 +®,, ) (mz’z (14) " Twz’z 72 (v) e (w“ ))

m, (u)= I: e M (u*V))/1 (v)dv.i=12,
J e V) ,(v)dv,i=1,2.

Proof. At first, we analyze the time and size for the first claim, and utilize the

proofed p, (u,y,x), we have
¢1.w(“)=f,e<o w)-[yE(*w e R W (1) <, (1) < v |
XLEOV }[P x>0, (u-y-x)+P(x<0),, (u-y-x)]
< fop(ra)ddre [ [ e Pr W, (1) <u, W () € dy |
x LE(H’w)w(u— yx—(u=)) fip (x.1)dxdr
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By lemma 2, we can get the following form

¢, (u I I [P (x>0)¢.,(u—y—x)+P(x< Q) (u—y- x)] 10)
i [ o) o)t
And

b (0)= oo B (1) < (1) e
XJ‘XEOL ) [P (x>0)¢, (u—y—x)+P(x<Q)p,, ,(u—y—x)]
X fry (x.1) dxdt+I LE(_M)/%Z (B vo Pr[W( )<u,W2(t)edy]
ije(u—y,w)a)(u_y’x_(u_y))fX,V(x’t)dxdt

=[000 (PG>0, (= =x)+ P(x < Q) (u-y-2)]

X p, (u,x,y)dxdy+‘[;'[iya)(u —y,x—(u —y))p2 (u,x,y)dxdy

(4.11)

Let L(x)=P(x>Q),L(x)=1-L(x), then

b ()= [ [ L) (u=y=2) + L (x) gy, (u=y =) ] p (1,3, ) dxdy
+H L) (u=y=x)+ L(x) 4, (= y=x)] (1,3, ) dxdy
+I,wfu,,,w u—y,x—(u—y>)pl(u,x,y)dxdy

o] @(u=yix=(u=)) py (u,x,v) dxdy

G S T =) W) ()]

e —a ) f () - 00 (1)) dxdy
] elu=y, x—(u—y))(e_""‘y —67(”“””2")“"2”)(f (x) - Oh(x))drdy
[0 L) ey =)+ L(x)d, (1 =y )]
(e - ““J*”ZJ)“*”W)( £(x)=0h(x)) dxdy
L ol pox= () (e e ) ) 0 ()) |
+(2Aij;6)’?;f2+’lwz {H L), (u=y=x)+L(x)fy,, (u=-y=x)]
x(e*“’w’ g (o mz’ly)h(x)dxdy
o R R TS g B S
[0 TL@ ey =)+ L) (=)

y (ewz,u —e (w|,1+wz,|) ut@y 1y )h(x)dxdy (4.12)

+ J.leiya)(u —y,x—(u _y))(e‘”Z,ly _e’(@.l +wy ) )u+a)2»]y )h(x)dxdy}

In the same way,
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b, (1)

(ﬂz+ﬂ5277(172717722-2’_n ){fj- [L ¢1w u—y-— x)+L( )¢2’W(u—y—x)]

(e e 1 ) () 0 ) vy

w0 o=y (=) (e e B 1 ()= 00 (x)) dxdy
LT @ =y =)+ L ()8, (0= =)

(e —e (el ) () - o (x)) ey

S A e ORI

24,00, ,0, ,
+(Zﬁz+5)(wl‘2+a)22 {-f.[ TL(x)d, (u-y-x)

+L(x)dy, (u—y—x)}(e““ e(”’12+“’22)+wzzy)h(x)dxdy
+.[J' a)u y,x— u y) (ewlzy (@12+@2 Ju w“y)h(x)dxdy

_[ j [L u y- x)+ ()¢2w(u y—x)]

(ewzz —e (“)12+sz +sz}) x)dxdy

(
+-[ I a)u yox—(u— y)(em“y (@n2nz)e +mz‘zy)h(x)dxdy}

Let

(4.13)

2(%) = L(x)(f (x)-0h(x)),
& (x)=L(x)(f (x)=0h(x)) = (1 (x)=0h(x)) - 2 (x)
2:(%) = L(x)h(x),& (x) = L(x)(x) = h(x) = 2 (x)

/1177117721
¢1,W() (’11"'5 7711'”72 {J.I [51 ¢1w“ - X)

+;(1(x)¢2,w(u—y—x)]><(e may _ gt +'72’”)dxdy

+J'ur0 1) u—y,x—(u—y))(e_”‘*ly —ef(m’ﬁ”z'l)uﬂh’ly)(f(x)—@h(x))dxdy
+Lm‘[ [51 ¢1W u—y-— x)+;(1( )¢2’w(u—y—x)]

x(e"z"y —e (maemJe H]Z’ly)dxdyﬂ-leLiya)(u—y,x—(u—y))

x (ew - e’(”'v‘*”zv‘)““””)( 7(x) —Hh(x))dxdy}

2400,,0,,
+(221+5 (0)114.(0 ){II [62 ¢1w U—y-— x)

+ 2 (x)¢2m,(u —y_x)](e A _a (@11 +@p Ju+ Dz‘ly)dxdy
A e

e ()b =y =x)+ 2 (2 (u—y—x)]
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(e et g,

+ j_()oo.[:o_}a)(u -V, X —(u _y))(e’“z,ly _e’(“'l,ﬁwz,l)wwz,ly )h(x)dxdy}

ol b )

[0 (& () (u=r=2)+ 1(x)d, (u=y—x))dx+ @, ,, (u=y))dy
+jio(efiz,1y e ('711+1721)u+7721y)j ((4:1( )¢Lw(u—y—X)
+;(1(x)¢2,w,(u—y—x))dx+¢2,.,gh (”_Y))dJ’}

N 2/1'960],]602’] {J-u(e,wuy _e—(ml’ﬁwz’])wwz,]y)
(24, +6) (e, + @, ) 0

Ju—y((fz( )¢1M(u—y—x)+}(2(x)¢2 (u—y—x))dx+¢h(u—y))dy (4.14)
+J‘ (wzu wn+rvzl)u+amy)J' ((fz(x)¢1,w(”—y—x)
+l2(x)¢2,w(”_y_x))dx+¢’h(”_)’))dJ’}

We bring the change of variable v=u—y into the above equation

_ ﬂ’1771,1772,1 { “lmma(u=y) _ mmguemgy
¢1w(”) (/11"'5)(771,1""772,1) '[0 (e ) )

J.v(((:l( ). (V_x)+?(1(x)¢zW(V—x))dx-i-(ﬁf,gh(v))dv
+I ( my(u-v) o nzlv)J‘ ((51( )¢1’W(v—x)+}[1(x)¢2,w(v—x))dx

2400, 0, uf coy(uv) | —opuewyy
+Qf_ah(V))dv}+(2ﬂ1 +5)(co1,1+a>2,1){j° (= e )

XJV((é( >¢1 (v=2)+ 7(x) 8, (v—2))dx + 9, (v) ) dv
+[; ( e )I (& (x)4,,.(v-x) (4.15)
+lz(x)¢2,w(v_x))dx+(0h(V))dv}

At 310 1 (u 1 =112 2V
¢2M(u)_(ﬂz+577(771772+7722){10( et | )

<[y (& )m(v x)+ 7(%) . (v X))dxwf o (v))dy

+.[ ( 2 g ATy )IOV( v x)+;(l(x)¢2,w(v—x))dx (4.16)
+(af_6h(v))dv}+L (e 2= _ gmnaumanay )

<[ (& (=) 22 (5) o (=) e+ 9, (v) )

Let

71 (J’) = .[Oy(gl(x)¢l,w(y_x)+;{l (x)¢2,w(y_x)>dx+¢f—0h (J’) >
1) =[ (& (X) b, (y=x)+ 1 (x) by, (y %)) dx + 9, ().
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We can rewrite the equation

_ Attt wf mma(u=v) _ =y
¢1,w(u)_(21+5)(7711+7721){J.0 (e © )7/1(v)dv

+J' ( m(u-v) e 1“*772,1")7] (V)dv}
2400,0,, “f o (uy) _ ooy
+<za+5>(w“+wzl){fo (e o)

+I ( 2] o m“v) 7, (v)dv}

Aty i1, { 11 (u=v)
— > 5 1,1 d
(% +5)(771,1 +772,1) .[0 ) & (V) ’

IO ()= [ (1)

24,00, @, { oy (u)
e : d
e +5)(m, +@,, ) Jie 7 (v)dy

+ J.:O e (“_V)yz (v) dv— j: e My, (v) dv}

(4.17)

Ao 21055 ma(u=v) _ ~mau-nyv
¢2,w( ) (/12_‘_5)(77]2_’_’722){_[ (e e )7’1(V)dv

+I ( ~12(u=v) U ’]22v) l(v)dv}
2229601,2002,2 W[ consluy)  oysu-ony
+(2/12 +5)(a)12 +a)2,2){-"0 (e 2 e )71(V)dv

+I ( @22(e) _ ‘”'2“7“’2”);/2 (v)dv}

A1 270;.2 { u oy (u—v)
— 2712, 1,2 d
(ﬂ’z +5)(771,2 +’72,2) .[0 ) & (V) ’

+ J‘:o efﬂz*Z("fv)yl (v)dv- j: e My (v) dv}

+ 2129[01,20)2,2 {J': 37@’2(M7V)71 (V) dv
(2],Z + 5)(501,2 +0,, )

+ I:’ ewz,z(H)y2 (v) dv— J‘: e’“’l,z“’”’z,zvj/z (v)}

(4.18)

So

_ A1, 410, m RN
¢1,w(”)_ (11"'5)(771,1""772,1)( 11( )"']:;2]71( ) ¢ 71(772,1))

24000, , ot~
+(21|+5)(a)1,|+a’2,1)(m12( )+Ta,21}/2(v) 7/2(%‘))

/12’71,2772,2
(’12 + 5)(771,2 +1,, )
2129601’2602’2 —wy 1 ~
’ (24, + 5)(“’1,2 + a’z,z)(mz2 () T (v)=e ™7, (602,2 ))

NOE (o ()T, 1, (V)= "7 (1m,.,))

Theorem 2. ¢ ,(u), ¢,,(u) satisfies the following integro-differential equ-
ation
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¢d00=e“”+(A+§Q;f;m0[m&u%4Aﬁiu%fmﬂi(%JJ

24,00,,0,, o (4.19)
(24 +0)(m, ;wﬂ)[”u(“)+Twz,1“z(“)—e i (@)
brq(u)=e " + B +§)’7(1;’72’2+n )[nz,l (u)+T,, e (u)~e "' (1,,)]
2000, p o (4.20)
" (2/12 +5)<a;1 5 ';'wz 2)|:n2’2 (u)+Twz,2a2 (u)_e " a, (wz,z ):|

.f e M) v)dv,i=12, n,(u)= I:efw""(“fv)az(v)dv,i:1,2.

Proof. We analyze the first claim size, and according to whether or not oscilla-

tion lead to ruin, we have

¢4 (u .[ A hror .[ Pr( ) <u, W, ( edy).[ Srw (x,1)
x[P(x>0) ., (u-y- x)+P(x>Q2)¢2!d( —x)]dvds (4.21)
+E[e“%‘[(r1 < v)]

b (u I Ae (A+0)r _[ Pr( ) <u, W, ( edy)j fXV x,t)
[ (x>0) by (u—-y- x)+P(x >0)) g (u—-y- x)} dxdr (4.22)
+E[e’5’2[(r2 < v)]

Because of the independence between Vand {W(t)} , we can get the expecta-
tion for the random variable exponentially distributed (z,,i =1,2 is the first hit-

ting time).

E[e1(5, <v)] = EE[ ™1 (5, <v)|{W ()} | = E[ e W [ =e ™ (423)
E[e1(z, <v)|= EE[ ™ 1(z, <v)|{W (1)} |= E[ e+ [=e ™" (424

Following the proofed p, (u,y,x), we have

¢1d :eﬂhlu+J‘ Jm yl:L ¢1d u-y- x)
+L(x)¢4 (u=y=x)]p, (u,,x)dxdy

—_— An 1,
v e [H L)y (u=y=2)

Z( )¢2d (u _y_x)]( MY e ~(matm Jutmy )(f(x)—&h(x))dxdy
L0 [E W (= y =)+ L (x) s (= =)
X(e”z"y _e*(ﬂl,lﬂiz,l)umzjy )(f(x)—@h(x))dxdy}

2400, 0, , R
+(2ﬂq+5)(a)u+a) [IJ. [L (%) g (u—y-x)

_( )¢2d (u—y—x):|( Sy g (mnwm)wwz,ly)h(x)dxdy
+.[ J‘“ }[L ¢1d u-y- x)+L( )¢2,d(”_y_x)]
X(efvz,ll _e (wl+wz,1)u+wz,1}) (x)dxdy}
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YN AT, { :(e—m,ly _e—(m,1+ﬂz,l)u+f72,1y)
(2'1 + 5)(”1,1 + 772,1)

X[J.u_y(é(x)ﬂ"(u_y_x)"_zl( ) (u=y— x) }

)
24000, {J‘“( oy _ g (auter “"NV)
0 [§]
22, +6)(w, +o,)

i
xjo y( X)dh(u—y- x)+;(1( by (u—y- x)dxdy
Hf! (e —e b ) g (- -x)
(

+ 1, (%) (u—y—x) ] dxdy|

(4.25)

— At o1s ul —may A matmg urna oy
PSRN Y S R
(22 + 5)(’71,2 +772,2)

X[J.giy(fl (x)¢y (u—y—x)+ 1, (x)dy (u —y—x))dx}dy
[ (e O ) (6 (1) (- )

2}‘205‘)1,20)2,2
(24, + 5)(5"1,2 to,, )

(e e ) G (1) (- -)
# 20D (=) dudys [ (2 e () g
ju }[52 u y- x +ZZ( )¢2d(u—y—x)]dxdy}

We bring the change of variable v=u—y into (4.25) and (4.26)

b e

X|:J.ov(§' (x)¢hd (V_x)"'ll (x)¢z,d (V—x))dxj| dv
+jj(e”2,l (u-v) _e*m,lufnz,w)J‘OV(é (x)dy (v=x)+ 1, (%), (v—x))dxdv}

24000, { —o(u=v) _ ey
+(221 +5)(a),,1+602,1) J.O (e ) )

va(é( )¢1d(v_x)+lz(x)¢z,d(V_X))dXdV
+I ( — oy v )I [52’/51,4 (v=x)+ 1, (x) ¢, (v—x)]dxdv}

U Z1771 17,1 { wl —my(u-v) —1 =TV
=¢ M, + > > e 11 —e LU =21 a (V)dV
(ﬂq +5)(771,1 ""772,1) IO( ) 1
2ﬂﬂga’l,la’z,l

B gy Ty
+ L (e e )Oll (v) dv} + 24+ 5)((0] " 602,1)

y {J.: (e-wl,l(““’) e, 1") dv—i—j ( oy (u-v) _ e—wl,lu—wz,lv)az (v) dv}

+ 1 (x)¢2’d (u—y—x))dxdy+
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—n U /11771 1712, { oy (u-v) D v
=e ™"+ = e ™o (v)dv+| ™M (v)dy
(’11 +5)(771,1 +772,1) I 1( ) L l
2/119@1,1(02,1

[ ey d }
IO ¢ o (v)dv+ (24, +5)(a)1,, +w,,
+ J':oemz*ly()z2 (v) dv—J-(:c e MM, (v) dv}

/i AL ﬂ'1771,1772,1 s

T ol L () T ()= )
+ 22,00,,0,,

(24 +5)(a’1,1 +w2,1)

1y ot 1’2’71 212 uf —ma(u—v) 1| 2l—1]3 2V
¢ e Mt 2712, { e M2 —e M2 ) o () dy
Zd( ) (/124_5)(77"2_‘_772'2) IO( ) 1( )
2/12‘9501,25‘)2,2

+I ( P e ’mv) l(v)dv}Jr(Zﬂz +68) (@, +o,,)
y { .[0( e 12(0) _e‘”’m”‘”‘”) v)dv+ [ ( “22(47) —e_(”"z”_wz‘zv)az(v)dv}

e an

[”1,2 (u)+ T, a (u)-e™"a, (a’z,l )]

—1y ﬂ'zﬂ 77 u - u—-v @ U=y
e v e || SR TU L R TOT

o0 2 u — —
—I e Mg (v)dv+ A2001,0,, {j g2l v)az (v)dv
0 (22, +§)(a)1,2 +a)2,2) 0

+ J:O e g, (v)dv- j: e M a, (v) dv}

/W1 12771,2772,2 ot s
S T ) () T () )

2129501,2502,2 o
+<%+6)(w1,2+w2,2)[”2v2(”)+%ﬂz(u) ACH]

and

Q, (J’) = J.Oyli51¢l,d (y_x)"‘ﬂ(l (x)¢2,d (y—x):|dx >
aQ(y)=I;[§2¢l’d(y—x)+;(2( )¢2d :|dx

5. Laplace Transforms

Firstly, we consider the Laplace transforms of m, ; (u)

iy (5) = J-we_syjyefﬂ” 0™y (v)dvdy = .[:J':O e e MUy (v)dvdy

~[le Ws+ml Ll (V) dv (5.1)
- )
e e ™7, () du =7 () ;e O = S+1ml Almy)  (52)
So
iy, (s)=["e" e ™y (v)dvdy = le” 7, (v) (5.3)
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_[: e e M, (0)2,1 )d” =7 (0)2,1 )Iw e “du = 1 7 (a)z,l) (5.4)

0 sta,
iy, ()= j e je’“ )dvdy—ﬁlm2 7 (v) (5.5)
[Teme™ 7 (1, ) du =7 (1,5 e (sma e du:s+lm2 Ai(m.) (56
i, (s)=[ e[ e a2l dvdy—HwL2 7 (v) (5.7)

J' e e (a)”)du—y/z(a)zz)j:e_(‘m)”)udu: ! }72(602’2) (5.8)
s+a,

And then we consider the Laplace transport

7 _ ﬂ1’71,1772,1 + ; -
¢1’W (S) B (2’1 + 5)(771,1 +1, )( - ( ) g Tn2171 (0) S+, 7 (772,I )J
)(’ﬁu (5)+ 1T, 7(0)= s +1a)1,1 72 (@ )J

2400, 0, ,
1'1771,1772,1 [71(S)_771(772,1)_771(5)_771(772,1)J

i (Zil + 5)(0’1,1 T,

) (ﬂ'l +5)(771,1 +’72,1) S+, S§=1,,
+ 21196‘4,10)2,1 7 (S)_772 (a)z,l)_772 (S)_772 (‘02,1)
(211 +5)(a)1’1 +co2q1) S+(0L1 S_a)Z,l

ﬂl’71,1’72,1 ~ ~
=) oo U ()7 )

22’100)1 10)21 ~ s s
(2/71 +5)(S+6011)(S 602,1)(72 (0’2,1) 72( ))
_ /11771,1772,1 = ~ .7 -
) (ﬂ'l + 5)<S +7, )(S —Th, ) (51 (’72’1 )¢LW (772~1) A (772.1 )¢2§W (772,1)
+Pron (7721) 51( )(51 (s)-Z (s ) W (5)=9/ 0, (S)) (5.9)
24,00, ,0,, ~ . oV (o
(211 +6)(s+ay, )(s- wz,l)(é(wﬂw (o)t 2o ) (021)

ACHEAOUMOEFAOMGEAG)

@,w (s) _ SR [ ( )+ sz?/l (O)

(s )J

(/12 +5)(7712 +772,2) S+,
24,00,,0,, |
Jr(2/12 +0 (a),2+a)22)(m22 +TT 22 (0) s+o, & (%,2)}
_ o1 77( ) 71(’722) 771(5)_771(772,2)
(}‘2 + 5)(771,2 +772,2) S+, ST,
N 22,00, ,0, , 7 (S)_772 (0)2,2)_772 (0)2,2)_772 (a)z,z)
(24, +5)(a)1~2 +a)2’2) S+, s—w,,

12771,2772,2 - -
B m )7 0)
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22,00, ,0, ,
(2/12 + 5)(s+co1 2)(5 W, ,

0.

+¢f—€h (772 2)_51( )451 W(S)—)?l(S)sgz,w(S)—@fgh (S)) (5.10)

2400, 0, z 7 (o N+ 5 (0. Ve (o
S A

+(/)h(a)2,2)_§2( )¢1,w(s)_;~(2 (S)&z,w(s)_@h (S))

o))

And
) e a8 )
0= gy s ) )
)G ) ) )
(0= e e )7 )

Theorem 3. The Laplace transforms of the Gerber-Shiu functions given (4.8)
and (4.9) are

(1+Alcfl(s)+81§2(5))¢31,w(5) (4

= 4(& (10) 80 (110)+ 21 (1121) .
+B,(& (@) (@2,)+ 2 (@,,)

(14 A& (5)+ BE, (5)) . (5)+ (42 () + Bo o (5)) s (5) = Ban (5))

= (& (722) o ()4 2 (12) B (122)+ B (122 (4.12)
By (& (@22) o (@:2)+ 7 (@3) 8.0 (@) + 6 (,,,) = 3, (5))

#(s )+Bl;~(2(s))¢;2 (5)
( 21)+§0f 9h(7721) (bf-ah(s)) (4.11)
¢7 (w2,1)+(ph(w2,l)_¢h(s))

_ /11’71,1772,1 _ 2/110‘01,1“)2,1
! (A4 +5)(s+771,1)(s—772,1) ' (24, +5)(s+a)l,l)(s—a)2,l)
j*2771,2772,2 _ 221‘96"1,26‘)2,2

Ao ) sma) T A o) s ron) (s o)

And then, we consider the Laplace transforms of 7, (s)

iy (s _[ e’v'fye maly v)dvdy =

o a(s) (5.13)

_[(:067 e (7721)(1” 051(7721),[00 (Hm)udu = 1 071(772,1) (5.14)

s ()= [ e [ e e, (v)av=—— a2, (5) (5.15)
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I:e’ e ”””dz(a)ﬂ)du:dz(a)z’lﬂ.: AR 072(0)2,1) (5.16)

sta,
iy (5)=["ev [ el dvdy—s+m2&1(s) (5.17)
j:e ‘e Mg, (1, ) du = 0{1(7722)-[ o lsrma)u du:SJrlm2 & (m,,) (5.18)
i (s)=] e[ e Y VZS+1601,2d2(S) (5.19)
[Fee ™ a, (@, )du=a,(w,,)] e o)y, - S+lwl’2 a,(@,,)(5.20)

So, we could get the Laplace transport

3 _ 1 /11771,1772,1
¢1d( ) s+, * (21 +5)(771,1 +772J)

)|
&, ()T, oty (0)—— &z(wz,lﬂ

s+a),,,

1
TT 0
XI:S+7711 ( )+ ’ ’7210[]( )

+ 21196"1,16"2,1 |: 1
(211 +5)(a’1,1 + a’z,l) S+,

1 N j1771,1772,1 )(dl (772,1)_071 (S))

B S+, (/11 + 5)(3 +771,1)(S —Th,
2/11‘95‘)1,15‘)2,1 ~ —a (s
ETw) e p CICORGD)
_ 1 + 11771,1772,1
S+, (A| +5)(s+77|,])(s—772’1)
X(El (’72 1 )?31 d (772 1)"'721 (772,1 )&Z,d (772,1)_921 (S)&I,d (s)_/%l (S)¢2,d (S))
24000,
(221 +§)(s+a)n)(s 0)2’1)
(égz (a)z,l )¢1,d (a)Z,l ) +7 (a)2,1 )&2@ (a)Z,I ) _622 (S);Zl,d (S) ~ 7 (S)fzz,d (S))
n _ 1 /12771,2772,2
oa ( ) - S+, " (/12 +5)(s+771’2)(s—772’2)
X(f] (772 2 )¢1 d (’72 2 ) +7 (772,2 )¢2,d (772,2)_51 (S)¢1,d (S)_;ZI (S)¢2,d (S))
2400,,0, ,
(2/11 +§)(s+a)12)(s 602,2) ) o )
(étz (wz,z )¢1,d (0)2’2)+ 2 (wz,z )¢2,d (a)z,z)_gz (S)¢1,d (S)_ifz (s)¢2,d (S)>
Theorem 4. The Laplace transforms of the Gerber-Shiu functions given (4.19)
and (4.20) are

(1+A1§~1(s)+31§~2( ))¢Z ( ) ( 1)(1( )+B1;~(1(S))¢Zz,d(3)
= 1 +A1(51(772,1)51,(1(772,1)"'5(1(n2,1)¢;2,d (772,1)) (5.23)

s+,

+By (& (@) (@21)+ 22 (@)1 (@2))
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(A& (5)+ B,E (8)) By (5)+ (14 4,2, (5)+ Bu 72 (5)) o ()
1 (42 7722 (7722)"‘)(1 (7722>¢2d<7722)) (5.24)

5+m2
+B, (‘:Ez (wz.z )&1.(1 (wz,z ) + 1 (wz,z )&2@ (wz,z ))

4 = j'1771,1772,1 B = 2/1'196‘)1,1‘02,1
() (sHmy)(s—my) T (2A4+0)(s+o,)(s-o,,)

A = 515 B = 22,00, ,0, ,
? (4 +5)(s+771,2)(s—772’2)) ? (24, +5)(s+a)1,2)(s—a)2’2)'

>

6. Conclusion Remarks

Researchers are more and more inclined to study the theory of ruin in combina-
tion with the actual situation. But the actual situations are various, and they
could not be show out just in one way. We will continue to study the dependent
risk model and get the solution of the Laplace transform of the inte-
gro-differential equation in the dependent risk model. We can consider more
risk models by changing the expressions of disturbance and premium rate. The
disturbance could be a levy process or a jump process and so on, meanwhile the
premium rate could be linear function. There are many follow-up studies that

need to be done.
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