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Abstract

We apply general tensor calculus to arbitrary nonrelativistic classical Lagran-
gian systems and derive general relationships between the torsion tensor and
other quantities associated with the coordinate configuration space, such as
the metric, the Christoffel symbols, the Euler-Lagrange equations, the affine
connections, and the curvature tensor. Using Euler angle metric spaces as
examples of spaces with nonzero torsion, we calculate these quantities for
nonrelativistic rigid rotators of arbitrary structure. For free rotations, we
show that the Euler-Lagrange equations agree with the manifestly correct Eu-
ler equations.
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1. Introduction

In 1922, Elie Cartan included torsion [1] in Einstein’s general relativity [2] [3].
Work continued on the Einstein-Cartan theory attempts to associate particle
spin and/or rotating matter with torsion [4] [5]. Other investigations considered
general effects of torsion in space-time [6] and in a gravitational model of the
strong interaction [7]. In addition, several authors (including Einstein) investi-
gated the torsion concept in an attempt to unify electromagnetism with gravity
[8] [9] [10]. Trautman [11] also rewrote the Einstein field equations to include
nonzero torsion and solved the system for a model consisting of a spinning
cloud of dust previous to the big bang. Shapiro [12] investigated effects of
including a torsion background in quantized fields. Despite these and many
other investigations, the physical role of torsion is still unclear, and modern
general relativity is still torsion-free.

In what follows, in Section 2, we apply general tensor calculus to classical
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nonrelativistic Lagrangian systems. We establish general relations between the
torsion tensor and other quantities in the coordinate configuration space, such
as basis vectors, the metric, the affine connections, the Christoffel symbols, the
Euler-Lagrange equations, and the curvature tensor. In Section 3, we consider

»

the often-used “zyz” Euler angle spaces associated with rigid rotators as
examples. Very few authors have pursued these examples, e.g. [13] [14]. We
outline the development of a symbolic computer algorithm that calculates the
essential geometrical quantities for anisotropic rigid rotators. The theory and the
computational results, as well as hand calculations, show that the associated
Euler angle 3-spaces are indeed non-Euclidean flat spaces with torsion, and that
for free rotators the Euler-Lagrange equations agree with the Euler equations
derived from conservation of angular momentum. In Section 4, we discuss our
results and provide a list of conclusions and suggestions for future work in this
area. In Appendix, we report the results of calculations for the popular yaw,

pitch, and roll angles.

2. General Theory

We represent the NV generalized coordinates of a classical system by the set
x:[x',~~-,xNJ , where each x” is an independent real continuous variable
that may have any physical dimension and any range. Typical generalized
coordinates are Cartesian and radial variables having dimension length, and
spherical polar and Euler angles having no dimension. A nonrelativistic system
moves on a trajectory in this N-dimensional configuration space (N-space)

given by
[x"=Xx7(t),p=(1,--,N)]

where ¢ is the time. The space may or may not be a Euclidean space E, or a

Riemannian space R, [15].

2.1. Euler-Lagramge Equations

For nonrelativistic non-dissipative classical systems, the Lagrangian functional Z

has the form
Lz(l/Z)mgqupX"+mup(X,t)X”—W(X,t). (1)

Here, the first term is the kinetic energy, m is an overall mass parameter that
may be chosen at will, g, =g, is called the metric of the N-space, and an
overdot indicates a time derivative. We follow the extended Einstein summation
convention that repeated indices are summed over from 1 to N. The u,(X,?)
are the covariant components of an N-vector potential, and w(X,r) is an
N-scalar potential energy. We insert the mass parameter so that the distance ds
between infinitesimally separated points is given by the ususal expression,
ds* = 8y (x)dx”dx?. If the system contains particles having different masses
and/or different moments of inertia, those quantities appear in the metric,

ratioed to m. The conjugate momenta are
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P = 6L/6Xr = mg,,qu +mu,. (2)
The Euler-Lagrange (EL) equation is
dP /dt =8L/oX " . ®3)

This equation is assumed to be the correct physical motion equation. When
applied to Equations (2) and (1) it yields the detailed EL motion equation
8, X +[r, pg| X" X" =0 u, —m™'0,w+ (Orup —0,u, )X”, (4)

where 0, =9/aX" . The quantities [r, pg]=[r,qp] are the Christoffel symbols
of the first kind, defined by

[r, pq] = (1/2)(5pg,q +0,8, _argpq)‘ )

Equation (4) reduces to the geodesic equation if the potentials u, and ware

constants.

2.2. Basis Vectors

We use the coordinate basis vector approach to general tensor calculus in metric
spaces; see e.g. [16] [17]. In this work, we need only the covariant (subscripted)
basis vectors e, (x), which are tangents to the coordinate curves [18]. In general,
they are not unit vectors and they carry physical dimensions; for example, the
covariant basis vectors in an Euler angle 3-space have the dimension of length,
as shown below. The generalized dot or inner products among these basis
vectors are defined so that
€, € =8y (6)

We also need the inverse matrix g” such that g”g, =5/, the Kronecker
delta.

These generalized-coordinate basis vectors at any point x may be expressed as
a linear combinations (LC) of a set of N Cartesian unit basis vectors
é,,i= (1,---,N ) that are independent of position xin the N-space:

ep(x):Api(x)éi’ (7)

where the Cartesian basis vectors satisfy ¢;-¢;, =9,

In many cases the generalized coordinates x” may be obtained by a global

the Kronecker delta metric.

coordinate transformation x” (i’) o F (xp ) from global Cartesian coordinates
%', eg., consider spherical polar coordinates [xp ] =[r,0,4] in Euclidean
3-space. Then the matrix (A) is given by A, =0%'/ox” . In such cases, the
matrix elements satisfy the integrability condition 0, A, =0,A,, = %% [ox’ox?
In other cases, such as torsional spaces, this condition is not satisfied, and the
space is non-Euclidean. Such matrices (A) may always be found. They provide
the easiest route to detailed expressions for the affine connections and the

torsion tensor for Euler angle and other isolated spaces.

2.3. Affine Connections and Torsion

In this work, we consider only isolated spaces, as defined recently by Goedecke

[18]. In such spaces, the coordinate derivatives of the N-space basis vectors at
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any point x may be written as LC's of those same basis vectors:
0,6, (x)=T", (x)e(x). ®
(This relation is not valid in non-isolated spaces such as some subspaces of
higher-dimensional ones, e.g,, a 2-sphere embedded in Euclidean 3-space [18].)

The coefficients I', are exactly the conventional affine connections. In terms
of the matrix A defined by Equation (7), the connections are given by

7, =(8,A,)(A). ©)

In isolated spaces, the matrix A is square, and its inverse exists.
These connections themselves do not constitute a mixed tensor of third rank

[1]. However, their antisymmetric parts,
1, =(1/2)(T;, -T,, ) =-T,, (10)

do form a tensor of third rank, called the torsion tensor. In terms of the

matrix A,
Toe = (1/2)(817Aqf _anpi)(Ai_fl ) (1D

Evidently, in any Euclidean space, the torsion tensor is zero in all coordinate
systems.

A pertinent general relationship exists among the Christoffel symbols, the
symmetrized affine connections, and the torsion tensor. To derive it, we apply
Equations (6) and (8), and obtain

e.-0e =g, =T

and add these to get

apgqr = Frapq + F‘]v}"' (12)
Then, using this equation and Equations (5) and (10), we obtain
[r.pa]=T, 0 + T + T, (13)

where the notation L, (,,) means the symmnetric part, Ze.
Lo =(1/2)(T,, +T,,,)-

2.4. Curvature

We assume an isolated space, as above, so that Equation (8) holds. We follow

Goedecke’s method [18] by calculating
(0,0,-0,0,)e, =R,e (14)

pgte
where

R, =0, - +T' I ~I'T" (15)

poar qr- ps preogs

is the usual 4th rank curvature tensor of the space. But since

(8 ,0,—0,0 p)(anything) =0 provided the second partials exist, which they do
almost everywhere, then R/ =0 for an isolated space, so such a space is by

definition flat. For example, isolated Euler angle 3-spaces are indeed flat, despite
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being torsional and thus non-Euclidean, as we verify by direct calculation of
Equation (15) in the next section.
Note that in a torsional space, the affine connections that appear in the
curvature tensor are not equal to the Christoffel symbols of the second kind.
P s _ TS s
Instead, they satisty I, =I' ,+T, , and T

(r0) satisfies Equation (13),

(pa)

whereby
o=l ]+ T 8" (7,4 T,,,) (16)
is a general relation valid in all N-spaces. This relation and Equation (13) were

derived by Schouten [15], using quite different nomenclature and notation.

3. Rotations of Rigid Bodies

This familiar topic provides calculable examples of the general relations presented
above for torsional spaces. Leonhard Euler (1707-1783) introduced the angles
named for him as coordinates to describe all possible rotations of any rigid body
about a center point, usually the center of mass. These angles expressed as
functions of time connect a Cartesian triad of basis vectors fixed in a rotating
rigid body to a non-rotating Cartesian reference triad, both with origins at the
body center of mass, which itself may be translating nonuniformly under the
influence of various force fields. In this section we investigate the properties of

Euler angle metric spaces associated with a rigid body having arbitrary structure.

3.1. Euler Angles and Angular Velocities

We choose the Euler angles (al,az,of) corresponding to the (a,[)’,;/) used
by Arfken [19]. This choice is called the “zyz” set [20], corresponding first to a
rotation by @' about the non-rotating Cartesian system z-axis, then a rotation
by o’ about the new j-axis, then a rotation by &’ about the final z-axis.
Altogether there are 12 sets of Euler angles that may be used, but the principal
results of our investigation will be the same for all sets. (In Appendix, we
present these results for another popular set of Euler angles.)

Let the e, be the unit basis vectors of the “barred” Cartesian coordinate
system that rotates with the object, and the ¢, be the same for the non-rotating

(“unbarred”) system, where i=1,2,3. These basis vectors are related by
2 =R (“(f))éj (17)
where
R(a)=FR ()R ()R (') (18)

is the rotation matrix for given set [ab ] The constituent matrices R® and

R” are given by

cosu sinug 0 cosu 0 —siny
R (u)=|-sinu cosu O R'(u)=| 0 1 0o | (19)
0 0 1 sing 0 cosu

We may obtain the angular velocity 3-vector @ from the defining equation
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i

. =wxe(1). (20)

With @=¢,w =em, , we also obtain expressions for the nonrotating and

rotating Cartesian components of the angular velocity from Equations (20) and
(19):

w =a,d"; @ =>b,d". (21)
These equations imply that
by, = Ryay, %(b):(R)(a)’ (22)

where (b) and (a) are 3x3 matrices given by

0 —sing' sina’cose! —sina’cosa’® sina® 0
(a)=|0 cosa' sina’sina' |; (b)=| sina’sina’ cosa’ 0| (23)
1 0 cosa’ cosa’ 0 1

The relations in this subsection are independent of the structure of the rigid

body that rotates with the barred system.

3.2. Kinetic Energy and Metric
The rotational kinetic energy for a general rotating rigid body is
lr——y =y =7 M ..
T=—|lo +1o,+lLo, |=—g, aa, 24
2':11 20, 33:| 2gbc (24)
where Z are the three principal moments of inertia in the rotating (barred)

body-fixed system; we have chosen a principal axis rotating Cartesian system, as

we may always do. Combining Equations (21) and (24) yields

Ehe = m_liibibbic =By, B, (25)
where for convenince we have defined the quantities
B, =1b,, (26)
with principal axis radii of gyration [/, given by
I,
L=, (27)
m

Applying Equation (23) and Equations (25)-(27) yields the following metric

components:
g, =1 cos’ @’ +1} cos* a’ sin® @” +1; sin” &’ sin” &’
gn = (122 —llz)cos o’sina’sina’ = g,
g =Lcosa’ =g,
gy, =l cos’ a’ +1}sin’ o’
83 =0=gy (28)
833 2132
The basis vectors e, of the Euler angle 3-space yield the correct metric,
Equation (25):
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& e =Ble (29)

3.3. Affine Connections

Using Equations (29) and (17), we obtain
e, =M\, ¢ (30)

5>
where

A, =B,R.. (31)

b = DiptYy

Then, using Equation (30) and its inverse yields 0.e, = (66Abj)(A;; )ed , from

which we infer an expression for the affine connection
4, =(0.A,)(A%)- (32)

Equations (30) and (32) correspond to the general Equations (7) and (9).
While it is possible to hand-calculate detailed expressions for these affine
connections and Christoffel symbols in terms of the Euler angles, the algebra is
difficult for a general anisotropic rotator. In Section 3.6, we outline our
construction of a symbolic computer algorithm that produces the desired

expressions.

3.4. Euler Equations

The well-known Euler equations [20] for a torque-free rigid rotator follow from
the constancy of the body’s intrinsic angular momentum 3-vector § . A simple
derivation that takes advantage of rotating basis vectors begins with the expression
S=el,. (33)
We apply Equation (20) to obtain
ds/dt =0=¢,1,&, +wx e, (34)
Expanding the cross-product using @ x eLl. = ékekfiéj yields the Euler equations
for @, :
Lo, +e,1,0,0,=0. (35)
We expect these equations to be equivalent to the geodesic equation applied to
an anisotropic free rotator:
g.,0" +[a,bcld’a =0. (36)
We may investigate the equivalence of Equations (35) and (36) as follows.
First, substitute Equations (21) and (27) into Equation (35), then multiply the

whole equation by b,, and use Equation (25), to obtain

20" +T, a6 =0, (37)

where

fa,bc =b, [l:acbkb + li26kjibjcbib:| (38)

are defined as the “Euler affine connections”, with symmetrized forms defined
by
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1’:‘a,(bc) = (1/2) (fu,bc + 1:‘a.cb)‘ (39)
These results show that the relation
l:a’(bc) = [a,bc] (40)

must be satisfied in order that the Euler equations for a free rotator are indeed
equivalent to the geodesic equations. The hand calculations of the l:a’(bc)
quantities are also quite difficult for anisotropic rotators. We verified Equation
(40) for such rotators using the algebraic computer algorithms described in

Section 3.6 below and also using hand calculations.

3.5. Isotropic Rotators

We make hand calculations for an isotropic rotator, defined as any rigid body

for which [/, =/, =/, =/. The metric reduces to

1 0 cosa?
g=rF 0 1 0 | (41)
cosa’® 0 1

The Christoffel symbols of the first kind are easily calculated:
[1,23]=[3,12] =—[2.13] =—(1/2) *sina?, (42)

with [a,bc]=[a,cb] and with all others zero.

One fairly efficient way to obtain expressions for the affine connections in this
isotropic case is to begin with Equation (30), put /, =/, note that R;R;, =5
and find that

e, =la,e,, (43)

where g, are the elements of the matrix (&) given by Equation (23). Then,
continue by using the derivatives and the inverse of Equation (43), and obtain

0.e,=(0.a, )(a;,.1 )e , » which reveals that the affine connections are given by
re = (0.a,, )(aa;il ) (44)
If we then apply T, , =g, , we obtain
[,y =T,,=-T,,;=-sina’, (45)

with all others zero. Therefore, the symmetrized affine connections are simply

equal to

Ty 55 =Tz = Ty =—(12/2)Sina2, (46)

1,(23) 3,(12)

with of course I', , ) =T ) etc., and with all others zero.Then, using

T, = (1/ 2 ( B Cb) we obtain the covariant torsion tensor,
T, = —(12/2)sin a’e,. (47)

where €,  is the completely antisymmetric Levi-Civita 3-index symbol. As
indicated by Equation (13), Equation (47) verifies that the symmetrized affine

connections are equal to the Christoffel symbols for an isotropic nonrelativistic
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rotator.
It remains to be shown that the intrinsic angular momentum is conserved for
the isotropic free rotator. The condition for that conservation is Equation (40).

From Equation (39) with /, =/ one obtains easily
fa,(bc) = (lz/z)bka (acbkb + abbkc)’

because the terms in ¢,; in Equation (39) cancel out. Then, using Equation (23),
it is a simple matter to hand calculate T abe) and show that indeed Equation
(40) is valid.

These results verify that this Euler angle metric space is indeed a space with
torsion, whereby it is not a Euclidean space. It must also be a flat space because it
is an isolated space. Using the values of the affine connections I'%, = g“T, ,
that can be obtained easily from Equation (45), it is straightforward if a bit
laborious to hand-calculate all the components of the curvature tensor R;,

defined by Equation (15) and show that they are indeed zero.

3.6. Anisotropic Rotators

In this section we investigate properties of the “zyz” Euler angle 3-spaces for

rigid rotators of arbitrary shape and structure.

3.6.1. Equations in Matrix Form
The computer program that we developed for the general algebraic calculations
requires the equations to be in matrix form. In matrix notation, Equation (25)

for the metric is simply
(2)=(8) (B). (48)

where (B)T is the transpose of (B). In order to calculate the affine connections,

we first define the matrix (M) by specifying its elements

(M,),,=T%, (49)
Then Equation (32) in matrix form is
(M,)=(0.(A)(A)", (50)

where (A) is the matrix with elements A,; defined by Equation (31). Equation

(50) is very convenient computationally.

3.6.2. Method and Results

Our computer algorithm calculates the affine connections, the Euler affine
connections, and the torsion tensor in any Euler angle metric space for any rigid
rotator, starting from Equation (50). The algorithm also calculates the corres-
ponding curvature tensor, using Equation (15), and the Christoffel symbols,
using Equations (28) and (5). We selected MATLAB [21], [22] to perform the
symbolic calculations. Equations (52)-(54) below summarize the results of our

calculations for the “zyz” Euler angles. The results are written using the following
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abbreviations:
sina' —s,; cosa' —>c; 2a’ —>2a3. (51)
Equations (52) show the nonzero Christoffel symbols [a,bc] , which as
expected are symmetric under interchange of their last two indices, and were
computationally found to be equal to the corresponding symmetrized Euler
affine connections fa’(bc). This result means that the Euler Equation (35) are
indeed equivalent to the geodesic equations for a torque-free rotator. Equations
(53) present the nonzero symmetrized affine connections Fa’(bc). Comparison
with (52) reveals that these symmetrized connections are not equal to the
Christoffel symbols. Equations (54) list the covariant torsion tensor 7, . Note
that it is not proportional to the Levi-Civita symbol ¢, . Also, note that in the
special case of isotropic rotators, for which all /, =/, the quantities in all these

equations reduce to their values calculated in Subsection 3.5.
[L12] = c,5, ('} 5} +15 =13 ) = [1,21]
[1,13] = s} sin (2a3)(17 - 12 ) /2= [1,31]
[1,22] = —c,c5s, (l lz)
[1,23] = =5, (cos (2a3) " —cos (24313 +17 ) [2=[1,32]

2,11] =5, (Bl — B3¢} +1; - 1)

[2,13] = s, (—cos(2a3) +cos (2a3) 15 +17 ) 2 =[2,31]
[2,23] =sin(2a3)(1} -17) 2 =[2,32]
[3.11] =53 sin(2a3)(1 - 13 ) /2 (52)
[3.12] = =, (~cos(2a3) } +cos(2a3); +17 ) /2 =[3,21]
[3,22] = —sin (2a3) (17 - 13 ) 2

T\ =sin(2a2)(h+1 +1L) (L =L+ e} = 1,c3 ) /4 =T\

Ty == sin(2a3) (4 =L ) (h +1, +1) /4= Ty

T\ = —heesss (4 —1)

Ty ==, (<1053 + 1} =0, =Lhs? + L1 + B8] +LLs7) 2 =T,
T,y = =685 (bl =1l + 4165 = LLes )

T, 00 = =668 (=) (4 +1,~15) /2= T,

Ty =5 (B83 =1 +10s] =153 + 12 =LLs3 +LL) [2=T,
T, s =in(2a3) (4 =5) (L + 5 +1L)/4=T,

Ty =hs; sin(2a3)(h - 1,)/2

T, ) = b, (I =1 cos(2a3) +1, cos (2a3)) 2 =T, (53)
sy =1 sin(2a3)(1,-1,)/2
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Ty :%(112032 —hl = el + 1L =B + 1+ Ll _132) =-T,

T, :c3s3(c§—1)(l l +1, - /2_— 3
T, =s2(1,2s§—12+11 —zzs3 +LL =15} + L LS} ) [2= =T,

T,y = —€,C58; (ll l +1,- /2—_ 212
Tz32_s3c3( Z)(l +l /2:_223
T, =%2(_z,2s§ + Ll + 1S3 + 153 =13 = LLs3 + [, ) = =T, (54)

L, = lsz l+l /2__321

In addition, we calculated the Riemann-Christoffel curvature tensor for an
anisotropic rotator using Equation (15) and the calculated values of the affine

connections. We found that all components are zero, as predicted.

4. Conclusions and Discussion
4.1. Conclusions

The principal goals of this work were to investigate properties of affinely
connected metric spaces with torsion, and to provide applications to the familiar
Euler angle spaces that describe rigid body rotations. The results allow the
following conclusions:

1) In any affinely connected metric space, the symmetrized affine connections
are equal to the corresponding Christoffel symbols if and only if the covariant
torsion tensor is completely antisymmetric or zero (see Equation (13));

2) Any Euler angle 3-space is a flat space with torsion. The covariant torsion
tensor is completely antisymmetric if and only if the rigid rotator being described
is isotropic;

3) For torque-free rotations of all rigid bodies, the Euler-Lagrange equations
that follow from the kinetic energy expressed in terms of the Euler angles agree
with the Euler equations that follow from constancy of the intrinsic angular
momentum vector;

4) Torsion has no direct effect on the coordinate motions of any non-relativistic
Lagrangian system, because the torsion tensor does not appear in the Euler-
Lagrange motion Equations (4);

5) Torsion does have an effect on the detailed form of the Riemann-Christoffel
curvature tensor in any space, because the affine connections that appear therein
are not equal to the corresponding Christoffel symbols if the space is torsional;
see Equations (15) and (16).

As emphasized, the first and last of these conclusions apply in any N-space,
whereby they apply to relativistic systems. Extension of these results to
nonrelativistic systems of many rigid bosies is trivial: We simply have three
Euler angles and three CM coordinates for each body in the system. Extension to
relativistic many-body systems should be pursued, but it may not be simple, and

is beyond the scope of this work.
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4.2. Discussion

One topic that merits discussion is the significance of torsion. We should
consider two types of significance, geometrical and physical.

The principal geometrical significance follows directly from the definition of
the affine connection in terms of coordinate basis vectors, Equation (13), which
provides the insight that J,e, =0 e, inany torsion-free space. At first glance it
seems rather unlikely that these partial derivatives would be the same for p#gq.
However, as shown earlier, they are equal in all curvilinear coordinate systems x
in any Euclidean space. A corollary insight is also well-known: An isolated
N-space with torsion does not admit any global Cartesian or pseudo-Cartesian
coordinate systems, and is thus a non-Euclidean space. Another geometrical
significance was noted in conclusion v) just above.

The physical significance of torsion is still unknown. Several possible inter-
pretations and applications have been proposed, as discussed in the Introduction;
we will not repeat that discussion here. We have shown that nonzero torsion

always accompanies rigid body rotations.
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Appendix: Other Euler Angles

(52) and (54), and they reduce to the correct values for isotropic bodies.

[L12]=cps, (1 + 5563 - 13 — 3¢} ) =[1,21]

[1L13] =} sin(2a3)(5; - 1) 2 =[1,31]

[1,22] = —c,e,5, (5 - 15

[1,23] = —c, (17 —cos(2a3) 13 +cos(2a3) 17 ) [2=[1,32]
[2.11]=—¢,5, (FF + 556 - 15 - ¢}
[2,23]=—sin(2a3)(52 -1} ) [2=[2,32]

[2,31]=c, (i +cos(2a3)1; ~cos(2a3)17 ) 2=[2,13]
[

[

[

In Equations (Al) and (A2) below we present the results of calculations for
anisotropic rigid bodies using “xyz” rotations, with Euler angles known as yaw,

pitch, and roll angles. The results have the same character as those in Equations

3,11]= —(c22 sin(2a3)(53 —132))/2 (A1)
3,12] = —c, (I} +cos(2a3); —cos(2a3) ) [2=[3,21]
3,22]=sin(2a3)(5; - 17 ) /2

Ty =65, (112 _1112032 +lll3c32 — 4l 4'122032 ~1; +1,, _132032 )/2 =T,

Ty =cssin(2a3)(L -4 ) (L -1 +1)/4=-T,;

Iy =¢ (122032 —b 4 Ll = hhes +4] = e; + e )/2 =Ty

T, = _(Csszss (lz _13)(12 L+ ))/2 =-T,

Ty =—¢, (_122032 Ll + el + Bes =1 —Lles + 1, )/2 ==T;

Ty, =—(sin(2a3)(L, - 1,) (1, -1, +1,)) /4 =T, (A2)

T, =lc, (12 -+ )/2 =-T,
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