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1. Introduction

We denote the sets of vertices and edges in a graph G by V(G) and E (G),
respectively. For a vertex xe V(G) , we denote the degree of xin Gby d, (x) ,
and we use A(G) to denote the maximum degree of vertices of G,

For an arbitrary finite set 4, we denote the number of elements of A by |A|
We use N to denote the set of positive integers. An arbitrary nonempty subset
of consecutive integers is called an interval. An interval with the minimum ele-
ment p and the maximum element ¢ is denoted by [ p,q]. An interval D is
called a A-interval if |D| =h.

A total coloring of a graph G is a function mapping E(G)UV(G) to N
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such that no adjacent vertices, edges, and no incident vertices and edges obtain
the same color. The concept of total coloring was introduced by V. Vizing [1]
and independently by M. Behzad [2]. The total chromatic number #"(G) is
the smallest number of colors needed for total coloring of G. For a total coloring
aofagraph Gand forany ve V(G) , let

S[a,v]= {a (v)} U {a(e) | e is incident to v} )

An interval total #-coloring of a graph G is a total coloring of G with colors
1,2,---,¢ such that at least one vertex or edge of Gis colored by i,i=1,2,---,¢,
and for any xeV(G), theset S[a,x| isa (d;(x)+1)-interval. A graph Gis
interval total colorable if it has an interval total #coloring for some positive in-
teger t. The concept of interval total coloring was first introduced by Petrosyan
(3].

Recently, Zhao and Su [4] generalized the concept interval total coloring to
the cyclically interval total coloring as follow. A total #coloring a of a graph Gis
called a cyclically interval total #coloring of G, if for any xeV(G), S[a,x] is
a (dc (x)+ 1) -interval, or [1,¢/]\S[a,x] isa (t —d, (x)—l) -interval. A graph
G'is cyclically interval total colorable if it has a cyclically interval total #coloring
for some positive integer ¢

For any teN, we denote by 3§, the set of graphs for which there exists a
$.. For any graph Ge§, the

minimum and the maximum values of ¢ for which Ghas a cyclically interval to-

cyclically interval total #-coloring. Let § = Ut21
tal #-coloring are denoted by w!(G) and W/ (G), respectively.
It is clear that for any G € §, the following inequality is true:

7'(G)<wi (G)<ws (G) <[V (G)|+|E(G)|-

The one point union C,Sk) of k-copies of cycle C, is the graph obtained by
taking vas a common vertex such that any two distinct cycles C, and C. are
edge disjoint and do not have any vertex in common except v: In this paper, we
study the cyclically interval total colorability of Csk) . Let V(C,(f)) = :;V(C;)
and V(Cf;)z{vf,v;,---,v;}, where C, is the i-th copy of C, and ie[l,k].
Without loss of generality, we may assume that the common vertex v of the
k-copies of cycle C, is the first vertex in each cycle, ie, v=v =v] ==},
For example, the graphs in Figure 1 are all C(?). Note that in the paper we al-

ways use the kind of diagram like (b) in Figure 1 to denote C,Sk) .
All graphs considered in this paper are finite undirected simple graphs.

2. Main Results

Vaidya and Isaac [5] studied the total coloring of C,(lk) and got the following
result.

Theorem 1 (Vaidya and Isaac) For any integers n>3 and k22,
2'(C)=2k+1.

Now we consider the cyclically interval total colorings of C,(f), show that

C,Sk) € § , get the exact values of w' (Cik)) , and provide a lower bound of
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Figure 1. (a) CS) ; (b) Another diagram of Cé” .

we ().

Theorem 2 For any integers n>3 and k22, w; C,Ek) =2k+1.

Proof. Suppose that n>3 and k>2. Let V(C")= U;Ci , where C! is
the /-th copy of C,. Let V(C;) = {vf,v;,---,v;} , where i€ [l,k] . Without loss
of generality, we may assume that the common vertex v of the k-copies of cycle
C, is the first vertex in each cycle, ie, v=v =v =---=v. Now we define a
total (2k + l) -coloring a of the graph C,Sk) as follows:

Case 1. n=0(mod3).

Let

a(v)=1,

2j-1, ie€[2,n],je[l,k]and i=1(mod3);
a(vf): 2/, i€[2,n],je[l,k] and i = 0(mod3);
2j+1, ie€[2,n],je[l,k]and i=2(mod3)

El

]
]
]
2j-1, ie[l,n],je[l,k] and i=2(mod3);
a(vijv{;l)z 2/, ie[l,n],je[l,k]and i =1(mod3);
2j+1, ie[l,n],je[l,k]and i=0(mod3),

where v/, =v/ =v forany je[l,k].See Figure 2 for an example.

By the definition of a, we have

S[a,v]=[1,2k+1];
S[a.v/|=[2j-1.2j+1].i€[2,n] and j[Lk].

This shows that ais a cyclically interval total (2 +1)-coloring of C,Sk) .
Case 2. n=1(mod3).
Let

a(v)=1,

2j-1, ie[2,n-3],je[lk]and i=1(mod3);
2/, ie[2,n-3],je[l,k] and i =0(mod3);
a(vf): 2j+1, ie€[2,n-3],je[lk]and i=2(mod3);
2j+2, ie{n-2,n}and je[Lk];

2j-1, i=n-land je[Lk],
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Figure 2. 7-total coloring of C*).

2j-1, ie[l,n-3],j€[l,k] and i=2(mod3);
27, ie[l,n-3],je[l,k] and i =1(mod3);
a(viviy)=12j+1, ie[l,n-3],je[l,k]and i=0(mod3),
2j+1, ie{n-2,n}and je[l,k];

2j, i=n-land je[lk],

where v/, =v/=v for any je [l,k] . Recolor v', vE vE and V0 V' as
a(vi,)=2k=-2,a(vl,)=2k+La(vi)=2k-1 and a(vi,Vi )=2k-1. See
Figure 3 for an example.

By the definition of a, we have

S[a,v]=[1,2k +1];

Sla.v |=[2j-1.2j+1],ie[2,n-3]U{n-1} and j e[Lk];
Sla.v/ |=[2j.2j+2)ie{n-2,n} and je[lk-1];
S[avl, |=[2k-2,2k];

S[a.v) |=[2k-1,2k +1].

This shows that ais a cyclically interval total (2k + l) -coloring of C,Sk)
Case 3. n=2(mod3).

Let
a(v)=1,
2j-1, 16[2,n—1],je[1,k] andizl(m0d3);
. 2/, ie[2,n-1],je[l,k] and i = 0(mod3);
a(vl)=1" . .
2j+1, ie[2,n-1],je[l,k]and i=2(mod3);

2j+2, i=nand je[lLk],

2j-1, ie[l,n-4]U[n-2,n-1],je[l,k] and i = 2(mod3);
2j,  ie[Ln-4]U[n-2,n-1],j€[Lk] and i=1(mod3);
a(v;’v;il)z 2j+1, ie[l,n-4]U[n-2,n-1],j€[l,k] and i = 0(mod3);
2j+2, i=n-3and je[l,k];

2j+1, i=nand je[l,k],

where v/, =v/ =v forany e[l,k]. Recolor Vf-z"’f-pvf ’V:]I—s":—z’v:—2vf-l and
oy as (i) =2k-2, a(vl)=2k 51, a(v)=2%,
)71, als i) 2k and (o) <21 S Figure 4 for
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Figure 4. 7-total coloring of C!” .

an example.

By the definition of a, we have

S[av]=[1.2k+1];
S[av!]=[2j-1,2j+1],i€[2,n-4]U{n—1} and j €[1,k];
S[av/|=[2/.2j+2].ie{n-3.n-2.n} and je[Lk-1];
S[aviy]=[2k-1,2k+1];
S[avl, |=[2k-2,2k];
S[a.vl |=[2k-1,2k+1].
This shows that a s a cyclically interval total (2% +1)-coloring of C*).

Combining Cases 1-3, we have w/ (C,Ek))ﬁ2k+l. On the other hand, by
Theorem 1, w!(C{")2 7"(C1") =2k +1. S0 we have wf(C)=2k+1.

T

Theorem 3 For any integers n>3 and k>2,
2n+k-1, k<2n-2;
VVTC(C(k) >

)2 (n-2)|

J+2n+k—1, k>2n-1.

2n-2

Proof. Suppose that n>3 and k>2.We consider the following two cases.
Casel. k<2n-2.

Now we define a total (2n +k —1) -coloring a of the graph C,Sk) as follows:
Let

a(v)=1,
a(vij)=2i+j—2,ie[2,n] and j e[L,k]|;
a(vaf;l)=2i+j—l,ie[l,n] and je[Lk],

where v/, =v/ =v forany je[l,k].See Figure 5 for an example.
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Figure 5. 20-total coloring of C\”.

By the definition of a, we have
S[a,v]=[Lk+1]U[2n,2n+k-1];
S[a.v/|=[2i+-3.2i+ j-1].i€[2.n] and je[Lk].
This shows that a is a cyclically interval total (2n+k—1) -coloring of C,Ek).

So we have VKt(C,(,k))22n+k—l if k<2n-2.
Case 2. k=2n-1.

Let s, = LZn —ZJ and 7, = j—(2n —2)Sj . Now we define a total
(2}1 +k— 1) -coloring a of the graph C,(lk) as follows:
Let
a(v)=1,

a(vf)=(4n—4)sj+2i+tj—2

(2n—2){2nj_2J+2i+j—2,ie[2,n] and je[l,k];
a(vijvl:il)z(4n—4)sj +2i+t;,-1
(2n—2)t2 J 2J+2i+j—l,ie[1,n] and j<[LA],

n—

where v/, =v/ =v forany je [l,k] . See Figure 6 for an example.

By the definition of a, we have

Sla.v]=[L(4n-4)s, +1, +1)U[(4n—4)s, +2n,(4n—4)s, +2n+1 1]

:{1,(2n—2)[2nk_2J+k+1}
U{(4n—4)[2nk_2J+2n,(2n—2){2nk_2J+2n+k—1:|;

Sl |=[(4n-4)s, +2i+t,~3,(4n—4)s; +2i+t,~1]

{(2”_2)@] 2J+zi+j—3,(2n—2)L 2J+2i+j—l}

This shows that a is a cyclically interval total [(Zn - 2)[2 k 2J +2n+k— 1]
n—

J
2n—
ie [Z,n] and j e[l,k].
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Figure 6. 20-total coloring of C\”.

J+2n+k—1 for any

n—

-coloring of C'"). So we have W* (C,(f)) >(2n— Z)L
k>2n-1.

3. Generalization

The one point of union C*) of any & cycles C,ll] ,sz,---,C,’fk is the graph ob-
tained by taking v as a common vertex such that any two distinct cycles C,
and C,{] are edge disjoint and do not have any vertex in common except v.

By the proof of Theorem 2, the following definitions are well defined.

Definition 4 A partial (i,i+1) -total coloring of C, (n>3) is a coloring
a:V(CHUE(C )\ (v} > [i-1,i+2] such that a(vyv,)=i, a(vy)=i+l
and S[a,vj] is an interval for each j€[2,n]. A partial (i,i+1)' ~total color-
ingof C, (n=>3) isacoloring a':V(C,)UE(C,)\{v,v,} >[i-2,i+1]
such that o'(vyv,)=i, a'(v,v)=i+1 and S[a',vj} is an interval for each
je [2,n] .

Now we consider the cyclically interval total colorings of c®.

Theorem 5 For any integer k>2, w. (C(k)) =2k+1.

Proof. Suppose that graph Cc® is the one point of union of cycles
C;l,Cjz,---,ka . Let V(Cii)z{v,i,v;,-~-,vii}, where i€[l,k]. Without loss of
generality, we may assume that the common vertex v of the & cycles C, is the
first vertex in each cycle, ie., v=v =1 =---=vf. Now we define a total

(2k+1)—coloring a of the graph C* as follows: Let a(v)=1, 06|Ci be a

partial (2i,2i+1)-total coloring of C,’;’_ for each ie[l,k—1], and a|ck be a
g

partial (2k,2k+1)l -total coloring of C,fk , respectively. By the definition of q,
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2k+1 is the largest color used in coloring @, and S[a,v]=[1,2k +1]. By Defi-
nition 4, S [a,vﬁJ is an interval for each ic [l,k] . So we have
") <2k +1. On the other hand, since A(C")=2k and
wi (CW)=A(CW)+1=2k+1, then wi(CY)=2k+1.
In this section, we consider the one point of union C* of k cycles with dif-
ferent length, show that cWeg, get the exact values of w' (C(/‘)) , and the
further research maybe more interesting.
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