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Abstract

In this paper, we construct two sets of vertex operators S, and S_ from a

direct sum of two sets of Heisenberg algebras. Then by calculating the vacuum
expectation value of some products of vertex operators, we get Macdonald

function in special variables x; =t (i=0,1,2,---). Hence we obtain the op-
erator product formula for a special Macdonald function P, (l,t,---,t"'l; q ,t)

when n1is finite as well as when 1 goes to infinity.
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1. Introduction

The study of topological string on Calabi-Yau manifolds is interested in
mathematical physics for many years. It was found that gauge theories with
certain gauge groups can be geometrically engineered from some Calabi-Yau
threefolds, and the topological string partition functions on such spaces are
related to instanton sums in gauge theories [1].

The topological vertex formalism provides a powerful method to calculate the
topological string partition function for non-compact toric Calabi-Yau 3-fold.
By transfer matrix approach, A. Okounkov, N. Reshetikhin and C. Vafa
proposed the topological vertex C,

(2]:

using Schur and skew Schur functions

x(u)

C/LUV (q) - q ’ SV‘ (qu)z S}f/i] (qﬂ/#7 ) S/ll’i (q7V17p)
n

where A,u,v are Young diagrams, A' denotes the transpose of A, and
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p=(-12,-3/2,-5/2,--). The topological vertex C,,, has a nice interpretation
by statistical mechanics of the melting crystal model [2] [3]. In this paper two
sets of vertex operators constructed specifically by the annihilation and creation
generators of Heisenberg algebra play important roles in realizing Schur and
skew Schur functions.

On the other hand, gauge theory partition function is a function with two
equivariant parameters. In 2007, based on the arguments of geometric
engineering, concerning the K-theoretic lift of the Nekrasov partition functions,
A. Igbal, C. Kozgaz and C. Vafa introduced a refined version of topological
vertex [4]. In this refinement, one more parameter ¢ comes in and the theory
seems to be deeply related to a Macdonald function with special variables, or
what we call a special Macdonald function, P, (t'p : q,t) :

o4 (4)
2 s Ut 4
Conlta)=ly) ~ 2R

Ululmll]

" ;[%j 2 Sitin (tqu—v ) Suln (t—v‘qu)

where ||/1||2 = zi/liz . Moreover H. Awata and H. Kanno proposed another
formula [5] which is expressed entirely in terms of the special (skew) Macdonald

functions:
Cy(a.t)=P,(t;a.t)f, (q.t) "
T wale i

where f, (q,t) = (—1)W qn(ﬂt)m‘/ztfn(ﬂ)fw2 and : is the involution on the
algebra of symmetric functions defined by (p,)=-p,, here p (x)=>" x'.
Although C,, (t,q) and C;,(q,t) have different expressions, they are
supposed to give the same result.

Therefore it seems that the key problem is to change Schur function for the
unrefined case to Macdonald function for the refined one. Hence to find a vertex
operator formalism for the refined topological vertex will be interesting. The
essential step is to realize the special Macdonald function P, (t"’ ; q,t) . However
a vertex operator formalism for P, (t'p : q,t) does not exist so far.

In this paper, we get the operator product formula for the special Macdonald
function P, (1,t,---,t”‘1;q,t). We also extend this formula to the case when n

goes to infinity.

2. Preliminaries

2.1. Notations

¢ Q: the set of rational numbers;
« Q(q,t): the field of rational functions of ¢, fover Q;
« The ginfinite product: (X;q) = H(l— xq”) .

n=0
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2.2. Partitions

A partition is any (finite or infinite) sequence A= (ﬂl,lz,---,/lr,---) of
non-negative in decreasing order: A4, >4,>--->4 >--- and containing only
finitely many non-zero terms. We denote by |/1| the size of the partition, ie.
|/I| =>4 and by 1(2) the number of non-zero 4 . The set of all partitions
is denoted by P.

A pictorial representation of a partition A is called 2D Young diagram , it can
be obtained by placing A, boxes at the ith row. For example, Figure 1
represents a partition A=(5,4,4,1).

The transpose of Ais denoted by A', A'= (ﬂf , /1;) , here
ﬂ} = Card {i |4 > j} . For example, the transpose of 1=(5,4,4,1) is
2'=(4,3331).

We denote by s= (i, j) €Z? for each square of a partition], here 1< j<4,.
For each square s=(i, j)e A, let

a(s)=4-1J, I(s)=4;—i, h(s)=a(s)+I(s)+1,
a'(s)=j-1 I'(s)=i-1.

The numbers a(s) and a'(s) may be called respectively the arm-length
and the arm-colength of 5,and 1(s), I'(s) the leg-length and the leg-colength.

2.3. Macdonald Function

We define a scalar product

14) 1 _ o
<p/1’ p'“>q,t :51;4211_‘[%’ (1)

i=1
. m;
here Z, = HI 'm,!, where m; =m; (1) is the number of parts of A equal to %
i>1

P, =P, P, - foreach partition A=(4,4, ) and p, =2 X .

Macdonald function P,(x;q,t) depends rationally on two parameters q,t,
ie. P, (xq,t)e A®,Q(q,t) , here A=Z[X1,---,Xn,---]s” and ®, means
tensor product over Z . They are characterized by the following two

properties[6]:
1) P,(xq,t) is of the form: Pi:ml+z#<iui![m!l,where u,, €Q(agt);
2) (P.P,), =0,if A% u.

When q=t, P,(x;q,t) reduce to the schur function s, .

In particular,

Figure 1. The Young diagram for 1=(5,4,4,1).
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§ 1— qa’(s)tn—l’(s)
et g t) =t AT
P (Lt ) =t gl_qa‘s)t'(s’ﬂ’ )
here I(2)<n and n(2)=)_(i-1)4.
Let n—> o,
g ) =T
P (Lt 1 ig,t) =t gl_qa(s)tu(s)ﬂ- 3)
3. Operator Product Formula for P, (1,t,---,t”'1;q,t).
3.1. Algebra *B,,
We introduce an algebra B,, generated by bosons {an}nez\{o} and {bn}nez\{o},

they satisfy the following relations:
[an.8, | =MG, 0o [Bnb,]=mG

m? ~n m+n,0 m?™n m+n,

cand [a,,b,]=0,for vm,neZ\{0}.

Let |O> be the vacuum state which satisfies the conditions a, |0> =0(n>0)
and b, |0)=0(n>0). For a partition A=(4,4,), we use a short notation
a,|0)=a,a, --|0).

The bosonic Fock space F is generated from the vacuum state:

F=span{a_b_,|0): 4, ueP}.

The dual vacuum state (0| is defined by the conditions (0|a,=0(n<0)
and <O|bn =0(n<0). The dual boson Fock space F " is generated by the dual

vacuum state:
F =span{(0la,b, : 4, uP}.

There is a paring F xF —C denoted by (<u|,|v>) = (u|v) between two
spaces, defined by the following properties:

(0]0y=1, ((u|a)|v)=(u|(a|v)) forallaeB,,.

3.2. The Vertex Operators

To construct the vertex realization for P, (1,t,---,t"’l; q,t), we propose two sets
of vertex operators depending on gand ¢

We define
SN =
A (4)=expid =(1-t")[ a? "t | &, 4)
n=1
A (4)=exp it qji_%t’i na : (5)
o Snl-q o
Since
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© @ e (i N T
gl [qz at.J (qm 2t“] (a.a.]

n:lm:ln ml_qm
© q1_ Aj=Ai+mii-j
=In H c]l»—/lier": j«1 [’
mool—q i AT

we can obtain

Aj=Ai+m

2 1-q t-]
AJ&MX%)ZHWA—(%)A+(i.)
(qu—iiti—j;q) (6)
L ALY
(q J*Atl—ﬁl; )
We define another set of vertex operators
=1
B = —(1-t")x"b, ¢, 7
. (x) exp{%n( )x } (7)
=101
B = = "o, ¢ 8
(%) exp{nZ_;nl_qnx } (8)
Since
=1 =1 1
- 1_tn nb , - m 3
|:§n( ) n mZ:lml_qm m:|
2311 1-t"
= = "y" b ,b
22 e XY [Pubon]
=In{ i 1—q";txy}
m-o1—q"xy
likewise we obtain
= 1-q™txy
B, (x)B = B B, (x
(08 (1)=TT1 (B (18, (9)

(9)

3.3. Operator Product Formula for P, (l,t,---,t”‘l;q,t)

With the help of the vertex operator A, (4),A (4),B,(x),B_(x), we define

vertex operators S, (i) and S_(i) as follows:

S, (i)=exp {g%(l—t” ){[qht‘ ]n a,+ (q;ti ]n b, }} (10)
S (i)=exp {—é%l_lqn {(q“;ti ]n a,- (q;ti ]n an. (11)

We propose operator product formula

and
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S (n)S+ (n)S_ (n —1) S, (n —1)~--S_ (2)S+ (2)8_ (1) S, (1) (12)
After some careful computation via the commutative relation (6) and (9), the
Formula (12) is equal to

(qﬂj*litifj ; q) (ti—j+1; q)

© ©

]sj!':i[gn (qiriiti—jﬂ; q) (ti—j : q)

© ©

<5 (m)S (n-1)5 (2)S (5. (n)S. (n-1)--S. (2)5. (1)

Using the identity (we will prove it in the appendix)
(qzrﬂ«-tifj ; q)w (ti—i+l; q)w 1 qa'(s)tn—l’(s)
Ly Adiicje. i-j. a _ gl
1< j<i<n (q Tt ,q) (t 'q)w ser 1 q t

©

(13)

we get the vacuum expectation value of this operator product formula
(0[5 (m)s. (n)s_(n-1)s.(1-1)5_(2)s. (2)$_(1)s. (1)]0)
1— qa’(s)tn—l’(s) (14)
= i 1_qa(s)tl(s)+l '
In other words,

(018 (n)s. (n)s_(n-1)s, (n-1)--8_(2)s,(2)s_(1)8, (1)[0)

15
=t"P, (L, t" g t). (49
Therefore we get the operator product formula for P, (l,t, S q,t).
Similarly, by using the identity
(qzj—ﬂati—j;q) (ti—j+l;q) 1
Ai—A sl 3 ) - :H a(s)gl(s)+ (16)
jlsj<i<oo(q UGS Lt ,q) ('[Iij;q)oo sed 1—q t
we get
(05 (0)3, (n)S. (n-1)S. (n-1)--_(2)8, (2)$_(1)S, (1))
1 17)

ZQWZH”PA(Ltv'nt",---;q,t).

Hence we get the operator product formula for P, (1,t, et q,t) .

4. Conclusion

The operator product formula for a special Macdonald function
P, (1,t,---,t”‘l;q,t) when 2 is finite as well as when n goes to infinity are given
in this paper. A further investigation is to find a possible relation with the

refined topological vertex.

The Proof of Identity (13) and (16)

Firstly, we will proof the identity (13).
Suppose |(A)=r, the infinite product of the left side (13) can be separated
into three parts {1< j<i<r<n}, {I<j<r<i<n} and {1<r<j<i<n}.
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For the first part

(qﬂrﬂiti—j;q) (1_qﬂrﬂﬁti—j)(1_q4rﬂ1'+1ti—j)

]sj<i£r£n(qu_iiti7j+l;qio :Jsj<isr£n (1—qu_2“'ti7j+l)(1 q/1L it J*l) . (18)
(ti7j+l;q)w ) (1_ti7j+l)(1_qti—j+1)(1_qzti—j+l)'“
AL L e ey ™
For the second part i>r,4 =0
L R B S S
str<isn(q/1’t"”1;q)OO Kjgmsn(1—ql‘t"”l)(l—qlﬁlt'*”l)(l—qi'+2t'7”1)~~
H (tlfjfl;q)w _ H (1_ti—j+l)(1_qti—j+1)(1_q2ti—j+l)'“ o

I<j<r<i<n (t'”;q)w I<j<r<i<n (1—ti_j)(1_qti_j)(l_q2ti_j)“'

For the third part r<j<i, A =1;=0, the numerator and denominator

cancel out each other.
Next, we will simplify the left hand side of the (13).

(19):[(1—t2)(1—qﬁ)--}rl{(l—ts)(l—qts)---]r2'{((1_tr)(1_qtr)... ]

(1-t)(1-qt)--- (1-t2)(1-qt?)-- 1) (1=t ) -
=(t%a), (a), - (t™a), (t5a), (Ga).”
21— (1-t')(1-qt')-- (1-t)(1-qt)--
( ) rll_[n<1 ti—l)(l qti—l) (l tifz))(l_qtifz)(l_qzti—z)__.
(1 £ r+1)(1 qt' “1)...
(1-t7)(2-at™)--
_(t7a), (17%5a), (1),
(ta), (t%a) ~(t""a),

n-r+1. n-r+2. s
(19)x(21)=(t 'q)”(t(t ;rq)“’ (9)
q),
(l_q/lltr)(l_qﬂﬁltr).“ (1_qlltwl)(l_qlﬁltwl)'“
1_qlltr+l)(1_q/11+1tr+1)“. (1—q‘1t”2)(l—ql“lt”z)---
(1_q41tn-1)(1 q/11+1tn-1) .
(1—q’11t )(1 q/11+1 )
X(l_qﬂztr—l)(l q22+1 r l) . (1_q12t )( q/12+1 ) .
(1_q12t )( qﬂz+1 ) (1_q12tr+1)(1_q12+1 r+1)___
1_q22tn2 1— q/12+1tn—2 .
.x((l_qiztn 1;21 q12+1 )>

Xoeos

(20):(

XoeeeX
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B e

(1_qﬂft2)(1_qﬂr+lt2).“ (1—qi't3)(1—q2'*1t3)---
- (1_q/1,tn—r)(1_q/1,+1tn—r).__
(1_ q/lrtn—H-l)(l_ qﬂ.r+].tn—r+1>‘ .

Since ﬂ"l _ﬂ"wl < ﬂ"l _ﬂ’HZ

(q‘l’ﬁzt;q)w (qll—ﬂgtz;q)w m(qfll—/lr,qr—z;q)w (qlri'tr_l;q)w
(q/11-/12t2;q)w (qzr@ts;q)w <q/11-/1,,ltr—1;q)w (qzl—,irtr;q)w
Qo34 lp=7442 . Jp=lp_147-3. o=l 47=2.

( ta), (9 tta), (@ %a), (a4 ta),
X(qiz—ﬂstz;q) (q42*14t3;q) '..(q@fl,,ltr—z;q) (qlzflrtr—l;q)
(), (o), [0+ o),
(qi"rl“ltz;q)w (qzr,ra,ta;q)w (qlr’l%’tz;q)w

(¢xa),
= (1_q/11_/12t2)(1—q/11_/12+1t2)---(1—q’lr’lyltz)

<< A -4 <4, wecan get

(18)=

XeeoeX

1
(1_qallegta)(l_qzrzylts) ( g )
1
(1_ q/lr/lr,1tr-1)(l_ q/lr,l,,1+1tr-1)m(1_ qil—lr—].t r—l)
1 1
(1_q11—1,tr)<1_q11—ﬂ,+ltr)___(1_q11—].tr) (qﬂitr;q)w
(qlz’iat'q)
X(l—qlz‘%tz)(l o ) (1 o )
1
(1—q*2’14t3)(1—q12”14*1t3)---(1—q*2**5*1t3)"‘
1
(1_q1274,1tr72)( qﬂq A 1+1 r— 2) (1 qzz Iy 1 r— 2)
1 1

Xoooe

Y

(l_qlz—ﬁ.,tr—l)(l_qiz—ArJrltr—l) (1 qﬁz—l r 1) (qlztr—l;q)
(qj’rfz_)"rflt' q)
X(l—ql”rmt )(1 q/l o 1,1+1 ) (1 qz oAy 1 2)
1 1
(im0 ) o )
X () 1
(1—ql"1flrt2)(l—qlr’rl +1 ) (1 qﬂ 171 )(qAth;q)w
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(20)x(18)
(¢ ta),
(1_ qil%ztz)(l— qll—/12+1t2)_ . _(1_ q/11—/13—1t2)

1
(1_ q/ll—lstB)(l_ qﬂl—l3+].t3)‘ . (1_ q)~1714*lt3) cee
1
(1_ q/ll—ﬂr,ltr—l)(l_ qil%'*“]'t r—l). . '(1_ qﬂl—ir—ltr—l)
1
(1_ qﬂl—ﬂTtr )(1_ qﬂl—/lrJrltr ) (1_ qﬂi—ltr)
) (o *ta),
(1_ q/12%3t2)(1— q/12713+1t2)_ . .(1_ q12—14—lt2)
1
X (1_ qj’z’i4t3)(1— qz,szlts)_ . .(1_ qaz_%_lta)
1
(1_ q/zzfﬂf_ltrfz ) (1_ qlzfﬂf_li»].t r-2 ) L (1_ qlz—ﬂr—lt r—Z)
1
(1_ qazfz,tr-l)(l_ qlzf’lﬁltr_l)-”(l— q/Iz—ltr—l)
Xoo

X (2 ta)

(1_ qﬂr-z*/lr-ltZ ) (1_ qﬁ,_zfz,_ﬁltz ) . .(1_ qﬂ,_firfltz )

1

(1_ qlr,z—/l,t3)<l_ qz,,z—zruts)' . '(1_ qA,,2—1t3)
x (2,

(1_ qﬂr,rz,tz )(1_ q/lr,r/lrﬂ.tz ) . -(l— qzr,rltz )

Qe .

g t1,Q)w P

L (q,ﬁtn—iﬂ; q)
Before combing them all, we can check

) o) () (o)
O N G GO
:<1—t><1—qt)-l--(l_qﬂl—zz—lt)
(1—t><1—qt>.l-~(1—qwt)
(1—t)(1—qt)--1-(1—qﬂrw1t)
(1_t)(1—qt)1---(1—q"lt)

©

(22)
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() () (¢ ) (),
(@5a) ] (ot ) (@ )
-t oo
et ) {1 ) @
( nr+2)<1_qtn—r+2> (1 o 1nr+2)
<

1—t"" 1)(1 qtn r+1) (l—qu 1tn r 1)

In conclusion,

©

(18)x(19)x(20)x(21)
B 1 1
_a—oa—myua—q%%#)a—oa—myu@—q%%ﬂ)
1 1
a—oa—m}na—wﬂwﬂ)a—ma—m)~@—q%%)
1
X (1_ qgr/lztz )(1_ qil—lzﬁl_tz)' . '(1_ q/ll—ﬂg—ltz)
1
(1_q/12—/13t2)(1_q/12-/13+1t2)__.(1_q42_14_1t2)--.
1
(1_q/1,,27/1,,lt2)(1_q/1,,27/1, 1+1 ) (l q/l 20—t 1 z)
1
(1—qﬁ"l_l’t2)(1—ql”1_ir+1t2)---(l—qu’l_ltz)
N
“ 1
(1_qil—lr,ltr—l)(1_q21—/1r,1+1tr—1) (1 q/ll A = 1 r- 1)
1
(1_q/12 )(1 q/lz A+l 1) (l qﬂz—l t" 1)
1

(- g (g )
x(1-t")(1-qt")--(1-g* ")

(1-t")(1-qt™) (1 g™ ) (24)
(1=t ) (1-gt™ 7)o (1- g i)

(1_tn r+1)(1_ qt"™ r+1)m(1_ qzl,-itn-ru)

To show the identity (13), we need to use some properties of Young diagram A,
namely we need to interpret those powers of g in terms of arm lengths, leg
lengths, arm co-lengths and leg co-lengths of those squares of Young diagram A.

Now let us take ith row as an example. We can classify all the arm lengths
denoted as a(s) (where s means a specific square) of all squares of this row

according to their leg lengths (denoted as (s)). For example, for all squares s
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whose leg length 1(s)=0, there must be 4 -4, squares counting from the

end of row 1 Likewise for leg length 1(s)=1, there must be
A _)1’+2 _(A’I _ﬂ’wl) :/’iﬂl_ﬂ’

i i i+2

squares (See Figure 2). For I(s)=2, there
mustbe A —A,;—(4 —A4,,)=A.,,—4,s squares etc. The leg length for th row
must satisfy |(s)<r—i where ris the number of rows of A. For I(s)=r—i-1
there must be 4 -4 —(4—A4.)=A4_,—4 squares. For I(s)=r—i there

mustbe A, squares.

For those squares which have leg length 1(s)=0, their arm lengths are
ranged from 0 to 4 -4, —1. For I(s)=1, those squares have arm lengths
ranged from 4 -4, to 4 —A,,—1. Similarly for I(s)= j—i, those squares
have arm lengths ranged from 4, —4; to 4 —4,;, —1. Therefore the set qa(s)
on the #th row with leg length j—i becomes {qﬂ*%",qﬂ"f’l"ﬂ,--~,qj1'%"*r1
(where j=i,i+1---,r).

Similarly for leg co-length 1'(s)=0, these squares have arm co-lengths
ranged from 0 to 4 —1. For I'(s)=i, these squares have arm co-lengths
—1. Atmost I'(s)=r-1.

Now from previous computation of (18)x(19)x(20)x(21) and the analysis

ranged from 0 to 4,

i+l

about the properties of Young diagram, we can deduce the identity (13).
Next we will prove the identity (16).

we notice that if n goes to infinity
1-t')(1-qt' )(1-g*t')---
(21)= r!i:[w (1(—ti‘1))((l—qti‘l))<(1— qzti)‘l)m
. (1-t7)(1-qt"*)(1-qt"™") - )
(1-t%)(1-qt"?)(1-g’t"?)---
(1=t ) (1-qt ) (1-gt ™)
(1-t7)(2-at™")(1-g’t")---

(ta),

: ‘ﬂﬁ
()
P 1/ ,,,,,,,,, Ai = Ais
ﬁ/j
,,,,,,,,, Aist = Aisz

A

Figure 2. Some information of a Young diagram.
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1
(ta),
(1_q21tr)(1_qﬂl+ltr)___ (1_qﬂltrﬂ)(l_qﬂﬁltwl)_“
1_q/11tr+1)(1_q/11+1.tr+1)m (l—qlltﬁz)(l—ql“lt”z),_.
(g a ) g a-g)e
(1—q‘2t )(1 q/12+1 ) (l—q/lzt”l)(l—qlﬁlt”l)---
N
) (1—q*ft)(1—q"*lt)-~- (1—q4ft2)(1—q1'*lt2)mm
(1—qﬂ't2)(1—qﬁ'”‘t2)--- (l—qi’t3)(1—qﬂ'+lt3)---
ZIL[(QMFM;Q)OO

i=1

(19)x(21) =

(20):(

So when 2 goes to infinity,

(18)(19)x(20)x(21)
e e T
(1—t)(1—qt)~l'(1—q*'”flt) (1—t)(1—qt)1m(1—qlrlt)
(R
e
S SR
T IR T

Xooe

1
X (1_ qil_ﬂffltr’l)(l— qll—lr71+ltr—l). ] _(1_ q/ll-z,_ltr,l)
1
(1_ qﬂq—zrtm)(l_ qﬂq—/lﬁltr—l). ) _(1_ qlﬂt”l)
1

X(l_qil—irtr)(l PR ) (1 0 )

From previous analysis about the properties of Young diagram, we can deduce
the identity (16).
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